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ANALYTIC CONTINUATION OF LOCAL
REPRESENTATIONS OF LIE GROUPS

PALLE E. T. JORGENSEN

We consider a symmetric space (G, K, σ) where G is a Lie group,
K a closed subgroup, and σ the involutive automorphism defining the
space. A local representation π is defined for g in a neighborhood of e
in G\ and the operator π(g) is unbounded and defined on a dense
subspace in a Hubert space where the identity

holds. We study analytic continuations of π to unitary representations of
a group G* which is dual to G.

1. Introduction. Recent papers by Klein and Landau [12], and
Frόhlich-Osterwalder-Seiler [4] have studied local representations of Lie
groups in connection with Euclidean quantum field theory. See also [16,
19, 21]. Important physical ideas seem to have originated in part with the
earlier Lϋscher-Mack paper [13]. Earlier mathematical papers where local
representations and analytic continuation played an important role, are [6]
and [18]. The representations in question have become known as "virtual
representations" of symmetric spaces [4]. In these earlier papers, only
particular symmetric spaces were considered, and a technical spectral
condition was imposed. In a fourth paper, by the author [8], the case of
general symmetric spaces was solved, and, moreover, the spectral condi-
tion was removed completely. Integrability of Lie algebras of unbounded
operators [9] was used systematically, for the first time, in solving the
analytic continuation problem. As a consequence of this, the existence
theorems were established in a more general setting dictated by particular
models.

Let G be a Lie group, K a closed subgroup, and σ an involutive
automorphism with K as fixed point subgroup. If g = ϊ + m is the
corresponding real symmetric Lie algebras we form g* = f + ixn which is
also a real Lie algebra, and let G* denote the simply connected real Lie
group with g* as Lie algebra. R. Schrader suggested to the author [19]
that the suitable setting for local representations m of the symmetric space
(G, K, σ) is as follows: A complex Hubert space Jf, with dense linear
subspace Q, is fixed at the outset. A local representation π of a neighbor-
hood Uof e in G is given, and it is assumed that τr(g) is defined (possibly
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unbounded) on 3 for all g e U c G, and

(1.1) "(g- 1 ) c * ( σ ( g ) ) , g e t / .

In earlier work [4, 8, 12] it was assumed further that U is invariant under
translation to the right by elements k in the subgroup K, i.e., U K = £/,
and m{k)Q) = 3, k e AT. In this paper, we show that this global assump-
tion may be replaced by a purely foe*?/ one which was dictated by
particular models and suggested by Schrader, and the integrability conclu-
sion for the analytically continued representation π* of G* may still be
preserved.

The construction of TΓ* is carried out in two steps. First an infinitesi-
mal representation, dm of g, is constructed from π by differentiation,
generalizing classical ideas going back to Segal and Garding [9]. Starting
with dπ, we define a second infinitesimal representation, dπ* of g* = f
4- im, by

(1.2) dπ*(x + iy) = dττ(x) + idm(y), on 3, for x e ϊ, j> e m.

In the second step we prove, using a main result from [5], that the
representation dπ* of g* exponentiates to a strongly continuous unitary
representation TΓ* of G* on Jίf. We recall that π* may be viewed as an
analytic continuation because there are self-adjoint operators H and M,
defined on 3 such that iH extends the skew-hermitian operator dπ(x),
and similarly M extends the hermitian operator dτr(y). If exp: g* -» G*
denotes the exponential mapping of Lie theory [7], then for t e R, we
have

(1.3) τr*(exp(ta)exp(;o;)) = eitHeitM,

while eιtH extends ττ(exprx), and e'M (which is generally unbounded)
extends π(exp(y).

This paper originated with suggestions by R. Schrader [19], which he
kindly communicated to us after receiving [8] in preprint form. Applica-
tions will appear in [20].

We are extremely grateful to Professor Schrader for asking us to write
up the result, and giving permission to quote him. We also wish to thank
Professor W. H. Klink for useful suggestions during the author's talk in
the math.-physics seminar at the University of Iowa.

2. Local representations. Let G be a Lie group with Lie algebra g, K
a closed subgroup, and σ an involutive automorphism of G such that

(2-1) (Ka)oaKdKa
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where Kσ = (g e G: σ(g) = g}, and ( ^ σ ) 0 is the connected component
of the identity e in Kσ. We say that (G, ̂ Γ, σ) is a symmetric space [7]. Let
do: Q -* g, be the corresponding infinitesimal Lie automorphism. Then

f = { x e g : </σ(jc) = x}

is a sub-Lie algebra, and it is the Lie algebra of K. If

m = {>> G g: Jσ(j ) = -y},

then

(2.2) g = ϊ + m (direct sum of real vector spaces),

and

(2.3.1) [ ! , ! ] c ϊ ,

(2.3.2) [ ϊ , m ] c m ,

(2.3.3) [m,m] c f.

Then form g* = ϊ + zm, again defined as a direct sum of real vector
spaces. It is easy to check that g* is again a real Lie algebra. By Ado's
theorem [7], there is a simply connected Lie group G* which has g* as its
Lie algebra. Moreover, G* is unique up to Lie isomorphism.

Following [12] and [4], we shall consider a local homomorphism π of
a neighborhood U of e in G such that ττ(g) is a densely defined operator
on a complex Hubert space Jί? for all g G U. The restriction π | u n κ is, of
course, a local representation of the subgroup K, and we shall assume that
π\unK extends to a strongly continuous unitary representation, also
denoted by π, of K on J?. The following technical assumptions [LR1-3]
will be part of our defining properties for a local representation <n of the
symmetric space (G, K, σ):

(LR1) For all g G I/, the space ^ is contained in the domain
3)(π(g)) of the operator π(g).

(LR2) If gl9 g2, and gx g2 are in [/, and ψ in ^ , then π{g2)ψ G

(2.4) π(gi)π(g2)Ψ = τr(g! . g2)ψ.

(LR3) If y G m, and expj; G [/, then exp/y G [/ for all /, 0 < / < 1,
and

(2.5) lim ττ(exp/y)ψ = ψ

for all ψ E ^ .
While it was assumed in [4] that U is globally invariant under

right-translations by all elements k in K, and Q is π(A:) invariant, we
drop this assumption on U, and replace it by two purely local conditions.
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By virtue of [3, 11], and (2.4) and (2.5) above, we have a local
hermitian semigroup {τr(expίy)} of unbounded operators in 2P for each
y e m. It follows that, for some self-adjoint operator M, with 2{M)
containing 2), we have the operator inclusion

(2.6) π(expty)ae

tM,

for t sufficiently small, where the right hand side etM is self-adjoint and
defined by the spectral theorem applied to M. The restriction of M to 2
will be denoted by dπ(y). It follows that every local representation π
satisfying (LR1-3) has an infinitesimal representation dπ of the Lie
algebra g, and, moreover, the construction of dπ in this context gener-
alizes the Garding construction from [2]. Our construction of dπ uses the
nontrivial part of the Extension Theorem for local semigroups of hermi-
tian unbounded operators in Hubert space [11], see also [3,13].

In addition to (LR1-3), we shall assume that
(LR4) π(y)2o2, y ^m. Moreover,
(LR5) For each ψ G ® , there is a neighborhood Vφ of e in K such

that U Vφa U2, and

(2.7)

Finally, it is assumed that
(LR6) For y e m, and ψ e S , the function

(2.8) k^π(exp(Adky))ψ

is locally integrable on the subset

{keK:exp(Adky) e U).

Recall that Ad denotes the usual adjoint representation [7] of G or g.
We shall say that π is a local representation of (G, K, σ) if (LR1-6)

are satisfied. If the local representation π* constructed in §1 from π
extends to a strongly continuous unitary representation of G* or Jίf, then
we shall say that m can be analytically continued.

From [9] we have the notion of integrability for representations of Lie
algebras by unbounded operators. See also [14, 22]. A representation dπ*
of the Lie algebra g* was recalled in §1. It is easy to show that a given
local representation π of (G, K, σ) can be analytically continued to a
strongly continuous unitary representation 77* of G* if and only if dπ* is
integrable, and in this case, π* may be constructed as an exponential of
dπ*. We refer to [9] and [8] for details regarding integrability and local
representations.



LOCAL REPRESENTATIONS OF LIE GROUPS 401

Our main result below generalizes earlier work [12] and [4] in three
different directions, as described in the Introduction.

THEOREM. Let π be a local representation of a symmetric space
(G,K,σ). Then π can be analytically continued to a strongly continuous
unitary representation m* ofG*.

3. A subgroup of G*. We start with a symmetric space (G, K, σ) and
consider the corresponding real symmetric Lie algebra g = f 4- πt as in
(2.2)-(2.3). Let tλ denote the smallest Lie subalgebra of f which contains
[m, m] = spanR{[j1? y2]: yl9 y2

 e πx}. Then it follows that gx = lx + m
is again a symmetric Lie algebra, and moreover that fx is an ideal in f,
and gx is an ideal in g.

We now let Kλ be the smallest closed subgroup of K which contains
the set (expx: x e ϊ^}; and similarly we denote by Gf the closed
subgroup of G* which is generated bygf = E1 + /m. Recall that Gf is
the smallest closed subgroup of G* which contains the set {expz:
z e gf}. Since ϊλ is an ideal in f, and gf an ideal in g*, it follows that
the subgroup Kx is normal in K, while Gf is normal in G*. Moreover,
(Gf, ϋΓ1,σ*)isa symmetric space.

We shall make use of the following,

Observation 1. gf is the smallest real Lie subalgebra of g* which
contains the subset, ixn = {iy: y ^ xn}.

Proof. Let ί) be the smallest real Lie subalgebra of g * which contains
ixn. Since ΐ) is closed under the Lie bracket of g*, it follows that

for all yl9 y2^ m. Using again that ή is a Lie algebra, we conclude from
this that ϊλ c ί). Since z'm c ί>, it follows that gf = ΐ1 + ixn c ί).

On the other hand, gf is a real Lie subalgebra of g* and it contains
ixn. Hence ί) c gf since ί) is the smallest such real Lie subalgebra.

Let m be a local representation of (G, K, σ), and let dm be the
corresponding infinitesimal representation of the Lie algebra g of G.

Obersυation 2. For z = x 4- iy e ϊι + ixn = gf, x G fυ j> e m, we
define

(3.1) έ/ir*(z) = έ/ir(jc)
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and it follows that dπ* is a representation of the real Lie algebra gf such

that

(3.2) 9 c &(dπ*(z)) for all z e g*,

and

(3.3) dir*(z)9<z9.

Moreover,

(3.4) ( ^ * ( z ) ψ 1 ? ψ 2 > = -(ψ1,t/7r*(z)ψ2> forz e g*

and ψ1? ψ 2 e S

where ( , ) denotes the inner product of Jϋf.

Proof. Recall that, for every y e m, we have a local semigroup,

St = π(expty) of hermitian operators defined on 2 for t sufficiently

small. Properties (LR1-3) are used for this. The reader is referred to [11]

and [3] for the theory of local semigroups. The Extension Theorem for

such semigroups provides us with a self-adjoint operator M such that

Stcz etM where c refers to the usual inclusion for unbounded operators.

By virtue of properties (LR3 and 4), it follows that 2 is contained in the

domain of M, and by [8, Lemma A], 3) is a core for M, and for etM when

|ί| is sufficiently small. It follows that the limit

Urn r\S$ - ψ)
O

exists for all ψ E ® , We shall use the terminology

(3-5) £

We have seen that dτr(y) c M, and dπ(y) = M\&. Since M is self-ad-

joint with 2d as a core, it follows that dτr(y) is essentially self-adjoint as

an operator with domain 3.

We now turn to the infinitesimal operators dπ(x) for x e tλ. Recall

that 771 κ, and therefore also ir\κ, is a unitary representation, so the

operator dπ(x) is skew-adjoint and defined for vectors ψ e / such that

the limit

lim t~1(ττ(Qxptx)\p — ψ)

exists, and

d
(3.6) dπ(x)\b = —ί

at
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We claim that Si c B(dπ(x)) and dπ(x)B c B. It is enough to consider
elements x in tx of the form x = [yv y2], for yv y2 e m. We then have

e x p ( " ^ i ) e x p ( " ^ 2 ) M p ( ^ i ) e ^ ^ 2 ) J = exp|^2x + 0 | -

as an identity in the group G, cf. [7, Lemma 2.4]. For n sufficiently large
and \t\ small, both sides of the formula are in the neighborhood U. Using
(LR2), and self-adjoint operators Mi associated to d^y^, ί = 1, 2, we
then get

\e~itMι/ne-itM2/neitMι/neitM1/nλ " 2 ι

/ / -, / I
= 7r exp -/2JC + 0 -

By virtue of [8, Lemma A], and the Trotter-Chernoff-Nelson theorem
[15, Theorem 7], we conclude that the limit exists for n -> oo, and equals

e-ιt2[M1,M2\pt it follows that ψ G B(dπ(x))y and

x, M 2 ]ψ = - [ M 1 ? M 2 ] ψ

again using (LR4).
This concludes the proof of properties (3.2) and (3.3).
Let z = x + iy e gf, χ e ί 1 } _y e m . Then, by Stone's theorem,

dπ(x) = /// for a self-adjoint operator /ί, and dπ(y) = M for a second
self-adjoint M, where, initially, dπ(y) is only defined on «®. Let ψ1?

ψ2 e ^ . Then

proving (3.4).

Observation 3. The representation dπ* of gf exponentiates to a
strongly continuous unitary representation π* of the subgroup G* c G*.
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Proof. It follows from [8, Lemma A] (which in turn is based on the
Extension Theorem [11, 3] for hermitian semigroups) that Sd consists of
analytic vectors for each of the operators dπ(y), y e m. But the operator
Lie algebra, dτr*(gf) on 2, is generated as a Lie algebra by the set of
operators {idπ(y): y e m} by virtue of Observation 1. Hence, we may
apply the Exponentiation Theorem [22], or [5, Thm. 3.1], for Lie algebras
of unbounded operators. Using Observation 2, we conclude that the
exponentiated representation π* is unitary.

It remains to extend π* from the subgroup G* to all of G*.

4. Garding vectors. By virtue of (LR1), the integral

(4.1)

is well defined when / e C?(K)9 and ψ E / . Recall that dk denotes the
left-invariant Haar measure on K. Since π \ κ is a unitary representation,
the integral is convergent for all / with compact support. If / is also C00,
then τr(/) ψ is a C00-vector for the action of K, and, in particular, is in the
domain @(dπ(x)) for all x e f and

Λr(x)ir(/)ψ = *r(jc/)ψ

where

(χf)(g)=jtf(eχp(-tχ) g)\t=0

Observation 4. Let ψ G ^ , and let / e C?(K) have support in the
neighborhood V^ from (2.7) and (LR5). Then ττ(/)ψ is an analytic vector
for the operator dττ(y), cf. (3.5), for all y e m. Moreover,

(4.2) etMπ(f)ψ = ί f(k)ir(k)π[etAd*-lM]φdk

where M = dπ(y), and the integral on the right hand side is norm-con-
vergent as a Bochner integral with values in Jt?.

Proof. The proof is essentially contained in [8, §4]. We first note that,
by [8, Lemma 0], the function k -> π[etAάk~l(y)]\p, is continuous on Vψ for
all t in an interval (-ε, ε) where ε depends on ψ. It follows that the
integral on the right hand side of (4.2) is convergent for all / e C™(K)
with support contained in V^. Since Ή \ κ is unitary, the norm of the
integral in (4.2) may be estimated by

/
Jκ
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On the other hand, we have

by virtue of (LR1 and 5) for values of / and k specified as above. It
follows that the unbounded self-adjoint operator, etM passes under the
integral sign in (4.1), and (4.2) follows.

The proof that / -> etMπ(f)ψ is analytic for / e (-e, ε) follows from
[8, Lemma 1] and the Extension Theorem for hermitian semigroups, cf.
also [8, Lemma A.20].

Following [8], we let 2K denote the span of the vectors π(/)ψ for
ψ <= 2, and / e C?{K) with support of / contained in Vr

We have seen that 3)κ is contained in the domain of dπ(z) for all
z e g. It follows from (3.1) that 2K is also contained in £ϊ(dπ*(z)) for
all z e g*.

LEMMA 5. Let C\Q*) denote the completion of 2)κ in the graph
norm-topology defined by the operators in dτr*(g*). Then C1(Q*) is in-
variant under π(k) for all k e K.

Proof. Since the operator Lie algebra dττ*(gf) exponentiates by
Observation 3 in §3, it is immediate that Cx(gf) is invariant under π(k)
for all k Ξ KV Recall that Kλ is the closed subgroup of Gf which is
generated by tv

Let z e gf. Then there are analytic functions a((k) on K such that

(4.3) AdΛ-i(z) =

where {yt }"=1 is a basis for gf. It follows that

(4.4) dπ*(z)π(k)ψ = f a

for all ψ e 2K. Although 2K is not invariant under π(k), we conclude
from (4.4) that the completion C°°(gf) is 7r(A:)-invariant. The proof of
(4.4) in turn follows from (LR1) as in [8, §5].

It follows that π \ κ restricts to a continuous representation of K on
the Frechet space C°°(gf). Since dm{x) is defined on 2K for all x e f, it
follows that dπ(x) may be viewed as a continuous linear endomorphism
in C°°(gf) where continuity is understood in the sense of the Frechet
topology, [9].

5. Extension from Gf to G*. By assumption, TΓ | u n κ is the restriction
of a strongly continuous unitary representation, also denoted 77, of K. We
now consider dπ*(z)π(k)\p for z ^ f \ΐv k G K, and ψ e 2K. Using
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the above fact, we get dττ*(z) = dπ(z), and

= π(k)dπ(Adk-i(z))χp.

When this is combined with formula (4.4), the proof of Lemma 5 may
now be completed.

Consider y e m, and the self-adjoint operator M = dπ(y).

LEMMA 6. For ψ e Qκ, t e R, andz e g*, we have

dπ*(z)eitMψ = eitMdπ*(e-itady(z))ψ.

Proof. We have seen that ψ in 2K is analytic for M. On Qκ, we
consider the norm

where {zz} is a fixed basis for g* obtained by completing the basis {yt}
for gf considered in §4.

We proved in [5, Observation 1] that ψ is also analytic for M when
M is regarded as an operator with dense domain in the || l^-completion
of 3>κ. This completion is denoted C\ g*).

In Observation 2 of [5], we proved the estimate

for some positive constant c. The estimate holds for / e C , with |Im^|
sufficiently large.

It follows from a variant of the Hille-Yosida theorem [1, vol. I, thm.
3.2.22] applied to Cx(g*), that M, regarded as an operator in Cx(g*),
generates a strongly continuous one-parameter group on CL(g*), and that
this group agrees with eιtM on 3C.

Combining Lemmas 5 and 6, it follows that, for |Im*?| sufficiently
large, / G C , the space

is dense in C1(Q*) for all z e g*. This is just an application of the
"converse" Hille-Yosida theorem to the Banach space Cι( g *).

The integrability of the operator Lie algebra ί/7r*(g*) now follows
from [9, Theorem 9.2] (which is the main theorem on exponentiation of
operator Lie algebras from [9]. This result was announced in [10].)

This concludes the proof of the Theorem in §2 above.
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REMARK. In special cases, an alternative approach to the extension of
7r* from the subgroup G* to all of G* may be based instead on [5,
Theorem 2.2]. We may apply TΓ*, viewed as local representation of G*, to
formula (4.3). Using the argument above, and formula (4.4), we get the
estimate

(4.5) | |^(x)ψ| |< Const[||ψ||+ Σ ]

valid for x e ϊ, and ψ e Cx(gf) = the completion of 2K in the graph
norm on the right hand side of (4.5).

Our result [5, Theorem 2.2] now implies that C°°(gf) is invariant
under dπ(x), and that the operator family {dπ*(yi): 1 < i < n) analyti-
cally dominates dπ(x). Since 2 consists of analytic vectors for this
family, it follows that every vector in Q) is also analytic for dπ(x), and
integrability of dπ*(q*) follows from a sέcond application of [5, Thm.
3.1], or [22],

Alternatively, it follows that the assumptions in Nelson's extension
theorem [14, Theorem 6] are fulfilled, see also [17, Theorem 3.1], and we
conclude that TΓ* on Gf extends to a unitary representation, also denoted
by 7Γ*, of the bigger group G*. Moreover, the extended representation is
seen to be the exponential of the operator Lie algebra dττ*(g*), see [14,
Lemma 6.3], by analytic domination.

REFERENCES

[1] O. Bratteli, and D. W. Robinson, Operator Algebras and Quantum Statistical
Mechanics, Springer-Verlag, Berlin-N. Y. 1979.

[2] L. Garding, Vecteurs analytiques dans les representations des groupes de Lie, Proc.
Natl. Acad. Sci. USA, 33 (1947), 331-332.

[3] J. Frόhlich, Unbounded symmetric semigroups on a seperable Hubert space are
essentially selfadjoint, Adv. in Appl. Math., 1 (1980), 237-256.

[4] J. Frόhlich, K. Osterwalder, and E. Seiler, On virtual representations of symmetric

spaces and their analytic continuation, Ann. Math., 118 (1983), 461-489.
[5] F. M. Goodman, and P. E. T. Jorgensen, Lie algebras of unbounded derivations, J.

Funct. Anal, 52 (1983), 369-384.
[6] R. Goodman, Complex Fourier analysis on a nilpotent Lie group, Trans. Amer. Math.

Soc, 160 (1971), 373-391.
[7] S. Helgason, Differential Geometry and Symmetric Spaces, Academic Press, New

York 1978.
[8] P. E. T. Jorgensen, Analytic continuation of local representations of symmetric space,

preprint 1984, submitted.
[9] P. E. T. Jorgensen, and R. T. Moore, Operator Commutation Relations, D. Reidel

Publishing C o , Dordrecht-Boston 1984.
[10] P. E. T. Jorgensen, Perturbation and analytic continuation of group representations,

Bull. Amer. Math. Soc, 82 (1976), 921-924.



408 PALLE E. T. JORGENSEN

[11] A. Klein, and L. J. Landau, Construction of a unique self adjoint generator for a

symmetric local semigroup, J. Funct. Anal., 44 (1981), 121-137.
[12] A. Klein, and L. J. Landau, From the Euclidean to the Poincare group via Oster-

walder-Schrader positivity, Comm. Math. Phys., 87 (1983), 469-484.
[13] M. Lϋscher, and G. Mack, Global conformal inυariance in quantum field theory,

Comm. Math. Phys, 41 (1975), 203-234.
[14] E. Nelson, Analytic vectors, Ann. Math, 70 (1959), 572-615.
[15] E. Nelson, Topics in Dynamics, I: Flows, Princeton Univ. Press University Press,

Princeton, N. J. 1969.
[16] K. Osterwalder, and R. Schrader, Axioms for Euclidean Green's functions, I, II,

Comm. Math. Phys, 31 (1973), 83-112; 42 (1975), 281-305.
[17] R. C. Penney, Non-elliptic Laplace equations on nilpotent Lie groups, Ann. Math, 119

(1984), 309-385.
[18] , Harmonically induced representations on nilpotent Lie groups and automorphic

forms on nilmanifolds, Trans. Amer. Math. Soc, 260 (1980), 123-145.
[19] R. Schrader, Personal communication, 1985.
[20] , Reflection positiυity for the complementary, series of SL(2«,Q, preprint

1985. To appear in Pub. RIMS, Kyoto University.
[21] E. Seiler, Gauge Theories as a Problem of Constructive Quantum Field Theory and

Statistical Mechanics, LNP, 159, Springer-Verlag, New York 1982.
[22] J. Simon, On the integrability of representations of finite dimensional real Lie algebras,

Comm. Math. Phys, 28 (1972), 39-46.

Received July 3, 1985. Work supported in part by NSF.

T H E UNIVERSITY OF IOWA

IOWA CITY, IA 52242




