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STRONG NEGLIGIBILITY OF o-COMPACTA
DOES NOT CHARACTERIZE HILBERT SPACE

JAN J. DUKSTRA

It is proved that the complement X of a 0Z-set in a Q-manifold is
an />-manifold if every finite dimensional compactum is strongly negligi-
ble in X. Moreover, we show that this statement is false in the general
setting: there exists a complete AR in which every o-compactum is
strongly negligible but which does not satisfy the discrete 2-cells prop-

erty.

1. Introduction. One of the most interesting topological properties of
Hilbert space [ is the strong negligibility of oZ-sets (and hence of
o-compacta), see Anderson [2]. (The terminology can be found in §2.) In
this paper we investigate whether it is possible to characterize /> with the
help of the concept of strong negligibility. In [11, 12] a sequence X,, X,
X,, ... of fake topological Hilbert spaces was constructed, which satisfied,
among many other properties, the following: (a) each X, is the comple-
ment of a oZ-set in the Hilbert cube Q, (b) every compactum in X, is a
Z-set and (c) a o-compactum in X, is strongly negligible iff its dimension
is at most k. The fact that (X, )¥_, forms an inverse sequence whose limit
is /2 suggests that one cannot use the method in [11] for the construction
of fake Hilbert spaces with stronger negligibility properties. Indeed, we
show in this paper that a complement of a 0Z-set in a Q-manifold with
the property that every finite-dimensional compactum is strongly negligi-
ble, must be an /*manifold.

In the general setting, however, the situation is more complicated. We
construct a complete absolute retract in which every o-compactum is
strongly negligible but which is not homeomorphic to Hilbert space. We
also obtain a positive result in this context: if X is a complete ANR in
which every Z-set is strongly negligible and moreover every compactum is
a strong Z-set, then X is an /*-manifold. Toruhczyk’s [17] celebrated
characterization of /?>-manifolds reduces our problem to establishing con-
nections between strong negligibility and discrete approximation proper-
ties. This is the approach for this article.

19



20 JAN J. DDKSTRA

2. Preliminaries. In this section we introduce and discuss the key
concepts: negligibility, the discrete approximation property and (strong)
Z-sets. All topological spaces are assumed to be separable and metrizable.

If X is a space then 5#(X) denotes the group of autohomeomor-
phisms of X. The identity mapping on X is denoted by 1 or simply by 1.
We say that h € (X)) is supported on V C X if h restricts to the identity
on X\ V. Let  be a collection of subsets of X. Mappings f, g: ¥ - X
are called %close if for each y € Y with f(y) # g(y) thereisa U %
containing both f(y) and g(y). Note that if h € #(X) is %-close to 1
then 4 is supported on U%.

DEFINITION 1. Let X be a space and S a subset. S is called negligible
in X if X is homeomorphic to X\ S. The set S is called strongly
negligible in X if for every collection % of open subsets of X (not
necessarily a covering of X) there is a homeomorphism % from X onto
X\ (S NU%) that is %-close to 1,. S is called almost strongly negligible
if for every open covering % of X there is a homeomorphism 4 from X
onto X\ S that is %-close to 1.

For a discussion of the concepts negligible and strongly negligible and
their relation with pseudo-boundaries see Dijkstra [11, §1.2]. The follow-
ing result has been taken from Dijkstra [11, §1.2].

PROPOSITION 1. Strong negligibility is open hereditary, closed heredi-
tary and in complete spaces o-additive.

The concept almost strongly negligible is introduced mainly for
technical reasons. It is weaker than strongly negligible as follows from the
observation that it is neither closed nor open hereditary. Consider the
space I X P where I is the interval [0, 1] and P is the space of irrational
numbers. It is an immediate consequence of the Alexandroff and Urysohn
[1] characterization of P that singletons are strongly negligible in P.
Consequently, every component I X { p} of I X P is almost strongly
negligible. However, the sets {(0, p)} and (0,1] X { p} are not negligible
in I X P since deleting them would result in spaces in which not every
component is homeomorphic to I.

DEFINITION 2. Let X be a space and let S be a closed subset of X.
The set S is called a Z-set in X if for every continuous f: Q — X and
every open covering % of X there is a continuous g: Q — X\ S that is
%-close to f. The set S is called a strong Z-set in X if for every open
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covering % of X there is a continuous h: X — X that is %close to 1, and
that satisfies Cl ,(h(X)) NS = &. A countable union of (strong) Z-sets
is called a (strong) oZ-set.

The concept of a strong Z-set was recently introduced by Bestvina et
al. [5]. The examples constructed in that paper to show that Z-set and
strong Z-set are different concepts play an important role in §4.

Since in a complete space the complement of a negligible set is
complete and hence a Gg-set, we trivially have that (in complete spaces)
every strongly negligible set is a 0Z-set. Generally for incomplete spaces
this is false since a negligible set need not be an F,-set. Consider for
instance the space C X Q, where C is a Cantor set and Q the space of
rational numbers. Let 4 be a countable dense subset of C and consider
P = (C\ A) X {0}. The set P is homeomorphic to P and hence not an
F-set in the o-compact space C X Q. It is a consequence of the
Alexandroff and Urysohn [1] characterization of C X Q that P is strongly
negligible in C X Q.

DErFINITION 3. Let C(Y, X) denote the set of continuous functions
from Y into X. A space X is said to satisfy the discrete approximation
property if for every sequence ( f;)?2; in C(Q, X) and every open covering
% of X there exists a sequence (g,)7>; in C(Q, X) such that each g, is
%-close to f; and the sequence (g,(Q))?; has no cluster points, 1.e.

1
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a U gl0)-e.

A space is said to satisfy the discrete n-cells property if the same condition
holds for sequences in C(I", X).

Torunczyk’s theorem [17] states that a complete ANR is an />-mani-
fold iff it satisfies the discrete approximation property. Bowers [7] has
shown that the complement of a 6Z-set in a Q-manifold has the discrete
approximation property if it satisfies the discrete n-cells property for all
n e {0} UN.

DEFINITION 4. Let n be an element of {-1,0,1,2,...} and identify
the n-sphere S” with the geometric boundary of the (n + 1)-ball B"** A
subset A4 of a space X is called locally n-connected rel X if for every x € X
and neighbourhood U of x there is a neighbourhood V of x such that each
element of C(S",V N A) is extendable to an element of C(B"*},U N A).
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The set A is called LC" rel X if it is locally i-connected rel X for
= -1,0,...,n.

In the degenerate case n = —1 we have S" is empty and B"*! is a
singleton, whence locally (-1)-connected rel X simply means dense in X.
If a 0Z-set is LC" ' rel a Q-manifold then its complement has the
discrete n-cells property, Bowers [8].

3. Boundary sets. A boundary set is a 6Z-set in a Q-manifold such
that its complement is an /*-manifold. In this section we shall deal with
our problem in the class of spaces that are homeomorphic to the comple-
ment of a 6Z-set in a Q-manifold.

LEMMA. Let X be the complement of a 6 Z-set A in a Q-manifold M and
let n be a non-negative integer. If every n-dimensional o-compactum is
negligible in X then X has the discrete n-cells property.

Proof. In Dijkstra [10] it is shown that Q contains an n-capset. It is
easily seen that this result holds for any Q-manifold. An n-capset 4, in
M is characterized by (a) A4, is an n-dimensional 6Z-set in M and (b) for
every < n-dimensional oZ-set S and every collection % of open subsets
of M thereis an h € (M) that is %-close to 1,, with /(S NU%Z) C A4,.
Any set B that contains A4, is LC" 'rel M. This can be seen as follows.
Let % be an open AR-setin M and let f: S' - U N B be continuous,
where i < n. Extend f toa g: B'*! > U and put K = f(S"). Consider
the space C = B'*!\ g '(K). Let  be a canonical covering of U\ K
with respect to M (Borsuk [6, III. 1.4]) and select a Z-imbedding #:
C - U\ K that is %-close to g|C (Chapman [9, 18.2]). Since % is
canonical we have 4 = h U (g|g '(K)) is a continuous map from B'*!
into U. The set A(C) is homeomorphic to C and hence < n-dimensional.
So we can find an a« € (M) that is {U\ K }-close to 1,, with a(h(C))
C A,. This implies that a° h: B'"' — U N B is the required extension of
f,so Bis LC" ! rel M.

According to Bessaga and Pelczynski [4, V. 3.1] we may assume that
A, is disjoint from A. We have that 4 U 4, is LC" ! rel M and hence
M\ (A U A,) has the discrete n-cells property, Bowers [8]. By assump-
tion A, is negligible in M\ 4 = X and hence X has the discrete n-cells
property.

Note that this implies that the fake Hilbert space X, in Dijkstra [11]
has the discrete k-cells property. An easy adaptation of the proof of
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Dijkstra [11, 5.4.2] shows that X, does not have the discrete (k + 1)-cells
property.

THEOREM 1. If X is the complement of a 6Z-set A in a Q-manifold M
then the following statements are equivalent.

(a) X is an I*manifold (A is a boundary set).

(b) Every finite dimensional a-compactum is negligible in X.

(c) Every finite dimensional compactum is strongly negligible in X.

(d) Every o-compactum is strongly negligible in X.

Proof. (a) — (d) Anderson [2].

(d) = (c) Trivial.

(c) — (b) Proposition 1.

(b) — (a) The Lemma and the fact that if a complement of a oZ-set
in a Q-manifold has the discrete n-cells property for every »n then it is an
[*-manifold, Bowers [7].

The implication (c) — (a) can be proved directly without using Bowers
[7] or Torunczyk [17]. Let B be an fd-capset in M. According to
Anderson [3] we have M \ B is an /> -manifold. Since Z-sets are thin in M
we may assume that B and A are disjoint, Bessaga and Pelczynski [4,
V. 3.1]. So 4 is a o-compactum in the /2“manifold M\ B and hence
negligible, Anderson [2]. On the other hand, B is a countable union of
finite-dimensional compacta in X = M \ A and hence negligible, Proposi-
tion 1. So we have X = M\ 4 = M\ (4 U B) = M\ B which means
that X is an /2-manifold.

Comparing the Lemma with Theorem 1 it is natural to ask whether in
this setting (complements of oZ-sets) the discrete n-cells property implies
certain negligibility properties.

PROPOSITION 2. For every n € N there is a space X which is the
complement of a oZ-set in Q such that X satisfies the discrete n-cells
property and contains a non-negligible singleton.

Proof. Let A, be an n-capset in Q, see the proof of the Lemma.
Let C, be a Z-imbedded (i + 1)-cell in @\ 4, and assume moreover
that the C,’s are disjoint and that (C,), converges to a point x €
o\(4,uU, C). Let F, be the geometric interior of an i-face of C,.
Our example is given by

i=1
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Then X is the complement of a 6Z-set in Q that satisfies the discrete
n-cells property. De Groot and Nishiura [14] have shown that the space
C;\ F, has defect i, i.e. C;\ F, has a > i-dimensional remainder in any
compactification. Since dim 4, = n it follows that x is the only point in
X every neighbourhood of which contains X-closed copies of C;\ F; for
every i. This implies that { x} is non-negligible in X.

4. A counterexample in the general setting. We shall see that in general
strong negligibility of compacta does not characterize />-manifolds among
the complete ANR’s.

PROPOSITION 3. There exists a topologically complete absolute retract X
with the properties (a) every a-compactum is strongly negligible in X and (b)
X does not have the discrete 2-cells property.

The basis for our construction is formed by the examples in Bestvina
et al. [S]. These spaces are AR’s that are very similar to /> but have one
“bad” point, i.e. there is a singleton that is not a strong Z-set and whose
complement is Hilbert space. Obviously, we cannot use these spaces
directly since the bad point is non-negligible. The idea is to modify the
spaces in [5] in such a way that a space is formed with many bad points so
that deleting a few of them will not make a difference.

Proof. Consider the set
A= ({;11—|n S N} ><I) U(I x{0})cR?

with the Euclidean topology. Put « = (0,0) € 4 and define
A=((A\{a}) xI*) U{a).

If o is the “projection” from A onto A then basic neighbourhoods of « in
A are preimages of neighbourhoods of a in A. Furthermore, the set
(A \ {a}) X I? is an open subset of A that carries the product topology.
Bestvina et al. [5] constructed the spaces 4 and A and proved the
following: 4 and A are topologically complete AR’s and {a} is a Z-set
but not a strong Z-set in both 4 and A. »
Let S be a universal pseudo-boundary in R, see Geoghegan and
Summerhill {13]. Then S is a zero-dimensional o-compactum in R such
that for every zero-dimensional s-compactum K in R and every collection
% of open subsets of R, there is an & € J#(R) with 4 and 1 %close and
(KU S)YNUZ=SNU%. The set S is homeomorphic to C X Q, in
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fact any dense copy of C X Q in R meets the requirements. Now, let B be
the product 4 X R and define our example X by

X =B\({a} X S).

We first make a few simple observations. Since {a)} is a Z-set in A, the
set {a} X R is a Z-set in B. Consequently, {a} X S is a 6Z-set in the
complete AR B and hence X is a complete AR, see Torunczyk [16]. The
set P={a} X (R\S)isa Z-setin X that is homeomorphic to P. The
complement of P in X is (4 \ {a}) X /> X R and according to Toruhczyk
[15] homeomorphic to /% Let £ =m X 1 and observe that basic
neighbourhoods of (a,r) in B are preimages under the mapping § of
basic neighbourhoods of (a, ) in 4 X R.

Claim 1. If p € P then there is an open covering  of X and a
sequence (g;)%; in C(I?, X) such that for every sequence (%,)%, in
C(I?, X) that is %-close to (g,)%2, (h{—,(I*))*, has p as a cluster
point.

This means that X fails to satisfy the discrete 2-cells property at
points of P. It implies that no non-empty subset of P is a strong Z-set in
X.

Proof. Let (a,r) be an arbitrary point in P. Construct for every
i € N a homeomorphism f;: I — J;, where J; is the arc

[N [ P

Let ¥~ be an open covering of R® with sets of diameter less than 1 /2 with
respect to the standard metric. Put = {£7/(V) |V € V}. For technical
reasons the g,’s will be functions from 7 X [-1,1] into X:

g.(s,t)=((f(s),0),t +r) forseland:?e[-1,1],

where 0 is the zero vector in /2. Suppose that &, is %-close to g,. Then
£oh, and o g, are ¥<close and hence d({°h,£°g) <1/2. Note that
£og, i1s a homeomorphism from I X [-1,1] onto J; X [r — 1,7 + 1].
Since £ o A, is close to § o g, we have that the image of £ o 4, must contain
the set

1 1 1 1
et RCE S R ||
which is a central region in the disk J;, X [r — 1, r + 1]. Consequently,
(a,r) is a cluster point of the sequence (£ A,(I X [-1,1]))%,. Since basic
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neighbourhoods of (a, r) in B are preimages under ¢ of neighbourhoods
of (a,r)in A X R we have (a, r) is a cluster point of (A (I X [-1,1]))%,
in B and X.

Claim 2. Every o-compactum in X is strongly negligible.

Proof. If L is a o-compact subset of X then L N P and L\ P are
also o-compacta. Since strong negligibility is o-additive it suffices to show
that every compact set in P and in X \ P is strongly negligible in X. We
have seen that X\ P is Hilbert space and hence every compactum K in
X\ P 1s strongly negligible in X\ P. Since we may assume that the
associated homeomorphisms are supported on a set whose closure in X
misses P, we may extend them with 1, and conclude that K is strongly
negligible in X.

Consider now the case that { a} X K is a compact subset of P. Let %
be a collection of open subsets of B. Since K is a zero-dimensional subset
of R it is possible to select a sequence O,, O,, O,, ... of bounded, disjoint,
open intervals in R and positive real numbers ¢, €,, €5,... such that

7= {£(U2(a) X 0)]i € N}

is a refinement of # and U¥'N ({a) X K) =UZ N ({a} X K) (U? de-
notes the e-ball in R?). We shall construct a homeomorphism h: X —
X\ (({a} X K)nU7¥7) such that 4 and 1 are ¥~close.

Since S is a capset for zero-dimensional compacta there is a homeo-
morphism f: R — R thatis { O,|i € N}-close to 1 and that satisfies

o0

f(s)ynyo=(svkK)ny o.
=1 i=1
Define the isotopy H: R X I = R by H(r,t) = &(r,t)(r — f(r)) + f(r),
where

min{l,7/¢} ifre 0,
o(r0) =1, itre U o,

=1

Since H is supported on U, O, it suffices to show that H is continuous
and each H, one-to-one. Since f is strictly increasing it is easily seen that
each H,|O, is strictly increasing. This means that H, is one-to-one for
every ¢t € 1. Since it is obvious that H |(O, X I) is continuous it suffices
to verify the continuity in points (r,7) € (R\ U, O,) X I. Note that
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H(r,t) = f(r) = r, so for an arbitrary (r’,¢’) € R X I we have
|H(r',¢") = H(r,t) | <|o(r', ) (r" = f(r) + 1 (r') = f(r)]
<[r = r+f(r) =)+ f(r) = f(r)]
<[ = rl+2lf(r) = f(7)].

Since f is continuous this yields the continuity of H. Define the homeo-
morphism h € #(B) by

h(x,r) = (x, H(r,min{1,d,(7(x),a)})) forx € 4 and r € R,

where d, is the standard metric on R%. For r € R we have H(r,0) = f(r)
and hence A(a, r) = (a, f(r)). This means that

h{a} xS)NU7=({a} X(SUK))NnU ¥
Consequently, 4| X is a homeomorphism from X onto
X\(({a} X K)NnUY).

If (x,r) & UY" then either r € U2 ,0, or r € O, and d,(7(x),a) = ¢,
for some i. In the first case we have ¢(r,¢) = 1 and hence A(x,r) = (x, r).
In the second case we also find h(x,r) = (x,r) since ¢p(r,t) = 1if t > ¢,
Furthermore, it is obvious that (V') = V for each V € ¥". To sum it up
h|X: X - X\ ({a} X K)nU7¥") is a homeomorphism that is ¥~close
to 1. Since ¥~ refines % we have that {a} X K is strongly negligible in X.
This proves Claim 2 and the Proposition.

REMARKS. This example also answers two natural questions concern-
ing strong negligibility. We trivially have that in complete spaces every
strongly negligible set is a 6Z-set. The example shows that strong negligi-
bility of a set does not imply that the set is a strong o Z-set.

Strong negligibility implies the existence of many autohomeomor-
phisms of the space. For example, a space with a strongly negligible
singleton cannot be rigid. One might conjecture a relation between strong
negligibility and homogeneity in connected spaces. Since the example
contains two kinds of points (in X\ P every singleton is a strong Z-set in
X and in P no singleton is strong Z-set) it follows that a connected space
need not be homogeneous even if every compactum is strongly negligible.

5. A positive result in the general setting. In §4 we found that strong
negligibility of compacta does not characterize />-manifolds among the
complete ANR’s. In an />-manifold, however, not just compacta but all
Z-sets are strongly negligible, Anderson [2]. In fact, in /*-manifolds the
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concepts oZ-set and strongly negligible set coincide. Strong negligibility
of Z-sets alone does not characterize /?>-manifolds. Consider the spaces
R", which satisfy this condition, simply because they have no Z-sets.
Obviously, we need some additional condition that guarantees that there
are enough Z-sets. It is natural to ask the following

Question. Let X be a complete ANR in which every Z-set is strongly
negligible and moreover with the property that every compactum is a
Z-set. Is X necessarily an /*-manifold?

Note that in the space X of §4 every compactum is a Z-set and every
strong Z-set is contained in X\ P = /? and hence strongly negligible.
This example does not settle the problem above since P is a Z-set in X
whose complement is /2. We do not know the answer to the aforemen-
tioned question but we have the following result.

THEOREM 2. If X is a space in which every Z-set is almost strongly
negligible and moreover every compactum in X is a strong Z-set then X has
the discrete approximation property.

Proof. Let C(Q, X) denote the space of continuous mappings from Q
into X equipped with the compact-open topology. Select a sequence #;,
hy, hy, ... in C(Q, X) that is dense. Assume that we have an arbitrary
sequence f,, f,, f5,... in C(Q, X). We shall construct inductively a
sequence g;, g, &3,--- in C(Q, X) such that each g; is close to f, and the
set of cluster points of g,(Q), g,(Q), g,(Q),... isa Z-setin X. Let p be
a metricon X and let ¢ > 0.

The compactum h,(Q) is by assumption a strong Z-set. Conse-
quently, there exists a continuous a;: X — X with p(a;,1) < (g/2)27
and p(a,(X), h(Q)) =6, > 0. Put g, = a, ° f;. Assume now that «,, g,
and 8, have been determined. Since g,(Q) U h,,,(Q) is a strong Z-set
thereis an «,, ;: X — X that satisfies

p(a,.,,1y) < min{e/2,8,,...,8,}27"!
and

p(a,(X), g,(Q0)V h,.1(Q))=8,,,>0.

Putg, ., =a,,° - cap°f ,, and note that p(g,,, f,.,) < &/2.
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Let Z be the set of cluster points of the sequence g,(Q), g,(Q),
83(Q),...,1e.

z- N c1(k[jn 0(0)

n=1

If Kk > n then p(aj©° -+ °ca,,;,15) < 8,/2 and hence

p(age -+ ca,(X), g,_.(Q) Uh,(Q)) > $,/2.

Since a, ° - -+ oa,(X) contains g, (Q) this implies that Z is disjoint from
8,-1(Q) and £ ,(Q). So every g; and 4, is a mapping from Q into X\ Z.
Since { h,;|i € N} is dense in C(Q, X) this means that Z is a Z-set. By
assumption Z is almost strongly negligible and there is a homeomorphism
B: X\ Z — X with p(B,1) < &¢/2. The sequence (B © g,)% , obviously has
the following properties: p(Be g;, f;) < € and (B ° g,(Q))?, has no clus-
ter points in X. This proves that X satisfies the discrete approximation

property.

COROLLARY 2. A complete ANR is an [>-manifold iff every Z-set is
strongly negligible and every compactum is a strong Z-set.

Acknowledgment. Thanks are due to Jan van Mill for suggesting the
present short proof of Theorem 1.

REFERENCES

[1]  P. Alexandroff and P. Urysohn, Uber null-dimensionale Punktmengen, Math. Ann.,
98 (1928), 89-106.

[21 R.D. Anderson, Strongly negligible sets in Fréchet manifolds, Bull. Amer. Math. Soc.,
75 (1969), 64-67.

, On sigma-compact subsets of infinite-dimensional spaces, unpublished
manuscript.

[4] C. Bessaga and A. Pelczynski, Selected topics in infinite-dimensional topology, PWN,
Warsaw, 1975.

[S] M. Bestvina, P. L. Bowers, J. Mogilski and J. J. Walsh, Characterization of Hilbert
space manifolds revisited, Topology Appl., to appear.

[6] K. Borsuk, Theory of retracts, PWN, Warsaw, 1967.

[71  P. L. Bowers, Discrete cells properties in the boundary set setting, Proc. Amer. Math.
Soc., 93 (1985), 735-740.

(8] , General position properties satisfied by finite products of dendrites, Trans.
Amer. Math. Soc., 288 (1985), 739-753.

[9] T. A. Chapman, Lectures on Hilbert cube manifolds, CMBS Regional Conf. Series in
Math. no. 28, Amer. Math. Soc., Providence, R. 1., 1976.

[10] I. J. Dijkstra, k-Dimensional skeletoids in R" and the Hilbert cube, Topology Appl.,
19 (1985), 13-28.

, Fake topological Hilbert spaces and characterizations of dimension in terms of

negligibility, Dissertation, Univ. of Amsterdam, 1983; publ. as CWI Tract 2, Centre

for Math. and Comp. Sci., Amsterdam, 1984.

(3]

(11]




30
(12]

(13]

(14]
(13]
(16]

(17]

JAN J. DDKSTRA

J. J. Dijkstra and J. van Mill, Fake topological Hilbert spaces and characterizations of
dimension in terms of negligibility, Fund. Math., 125 (1985), 143-153.
R. Geoghegan and R. R. Summerhill, Pseudo-boundaries and pseudo-interiors in
Euclidean spaces and topological manifolds, Trans. Amer. Math. Soc., 194 (1974),
141-165.
J. de Groot and T. Nishiura, Inductive completeness as a generalization of semicom-
pactness, Fund. Math., 58 (1966), 201-218.
H. Torunczyk, Absolute retracts as factors of normed linear spaces, Fund. Math., 86
(1974), 53-67.
, Concerning locally homotopy negligible sets and characterization of l,-mani-
folds, Fund. Math., 101 (1978), 93-110.

, Characterizing Hilbert space topology, Fund. Math., 111 (1981), 247-262.

Received October 7, 1985.

LOUISIANA STATE UNIVERSITY
BATON ROUGE, LA 70803

AND

FLORIDA STATE UNIVERSITY
TALLAHASSEE, FL 32306

Current address: University of Tennessee

Knoxville, TN 37996





