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MENGER SPACES AND INVERSE LIMITS

DENNIS J. GARITY, JAMES P. HENDERSON AND DAVID G. WRIGHT

M. Bestvina in 1984 characterized the Menger universal ^-dimen-
sional spaces. This characterization is used to identify certain inverse
sequences having inverse limit homeomorphic to one of the Menger
spaces. Specific models of the Menger spaces are then constructed in the
Hilbert Cube as inverse limits of polyhedra. The union of these models is
shown to be homeomorphic to the countably infinite dimensional space

1. Introduction. In 1984, M. Bestvina [Be] characterized the Menger

universal ^-dimensional compactum μn as follows.

THEOREM. A space X is homeomorphic to μn if and only if X satisfies

the following properties:

1. X is compact and n-dimensional,

2. Xis (n - lyconnected (Cn~ι\

3. Xis locally (n - lyconnected (LCn~ι), and

4. Xsatisfies the disjoint n-cellsproperty (DDnP).

Using this characterization, Bestvina showed that the various con-

structions in the literature of compact universal ^-dimensional spaces

([Mg], [Lf], [Pa]) all yield μn. In addition, Bestvina showed that each μn is

homogeneous. Prior to this result, there had been characterizations only of

μ0 (the Cantor set) and μλ (the universal curve) [An].

Using Bestvina's characterization, we identify certain inverse se-

quences that have μn as inverse limit. This leads to the construction of

models of μn in the Hilbert Cube. These models can be described by

putting restrictions on the coordinates of points in the Hilbert Cube. We

also show that the union of certain of these models naturally yields the

countably infinite dimensional space σ.

2. Notation and terminology. All spaces are assumed to be separa-

ble and metrizable. A reference for dimension theory is [En]. A space is

n — \ connected, Cn"ι

9 if each map of Sk

9 k < n — 1, into the space

extends to a map of the k + 1 cell into the space. A space X is locally

n — 1 connected, LCn~ι

9 if for each point p e X, and for each neighbor-

hood U of p there is a neighborhood V of p, V c [/, so that each map of

Sk into F, k < n - 1, extends to a map of Bk+ι into U.
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A space X satisfies the disjoint n-cells property, DDnP, if for each pair

of maps /, g: Bn -> X and for each ε > 0 there are maps fv gx: Bn -» X

so that fλ(Bn) Π gλ(Bn) = 0 and so that d(fl9f) < ε, and d(gl9 g) < ε.
We denote an inverse sequence of topological spaces

by { Xi9 pi). If X is the inverse limit of such a sequence, we let TΓ,: X -> Jζ

be projection onto the ith coordinate space and let p{j\ Xj -» Xn

j> ι, be the map induced by the bonding maps. If [Xi9 pt) is an

inverse sequence, we assume Xt is metrized by a metric di so that

diameter (X^ < l/T. We use the metric d(x9 y) = Σf^d^x^ yt) on the

product space Π°L0 ^

We view the Hubert Cube Q as Π?°=1 /, where /z = [0,1/2'] and we

view the «-cell /" as Π^i/,- β 7 is Π^-/,- so that for each /i, Q = I" X

A number x in [0, ̂ ] that can be written as k/2n

9 n > 1, with /r and 2

relatively prime is called a dyadic rational of order n. So 0 and ^ have

order 1, \ has order 2, | and f have order 3 and so on.

3. Inverse sequences. There are a number of results in the litera-

ture giving conditions which imply that the inverse limit of LCn compacta

is itself LCn. Z. Cerin [Ce] shows that the inverse limit is LCn if and only

if the inverse sequence is strongly n ^-movable. L. McAuley and E.

Robinson [M, R] show that the inverse limit is LCn if each bonding map

is UV\

For the examples we are interested in, we need conditions that yield

both Cn~ι and LCn~ι. Conditions 2 and 3 in the next Theorem are

sufficient for this purpose.

THEOREM 1. Let {Xi9p.} be an inverse sequence of LCn~ι n-dimen-

sional compacta, satisfying the following conditions,

1. For each i and map /: Bn -> X. there exists j > i and maps hv h2:

B" -> Xj withhι(Bn)Πh2(Bn)= 0 andpi}o he = ffor e = 1,2.

2. XιisCn'\

3. There is a constant c so that for each i9 for each map f: Bk+ι -» Xi9

k < n - 1, and for each map g: Sk -> Xi+ι with pi+1 o g = /1 Sk

9 there is

an extension h: Bk+ι -> Xi+1 with pm i+ι° h within c/2ι+ι of pm z° / for

each m < i.

Then X = lim { Xi9 pi} is homeomorphic to μn.
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Proof,

compact ^-dimensional.

Since each Xt is compact and ^-dimensional, X is compact and less

than or equal to ^-dimensional. We show below that X is LCnl and

satisfies DDnP. A standard argument similar to that in [Ca] then shows

that maps from B" into X are approximate by embeddings. In particu-

lar, X contains ^-dimensional subspaces and is thus ^-dimensional.

DDnP.

Let fe: B" -> X, e = 1,2, be maps from H-cells B{, B2 into X and let

ε > 0 be given. Choose N so that diameter [ΠJL^ Xt\ < ε. By conditions 2

and 3, there is an arc a in XN connecting the image of πN © /χ to the

image of ττN ° / 2. We may view τrN ° fι[B"] U α U ^ o Λt^2 ] a s the image

of the «-cell Bn under a, map g. Furthermore, we may assume that

B" c Bn with 77̂  o fe = g 15^. For a similar argument see [Ga].

Choose j \ > N and maps hv h2: B" -> Jfyi as in condition 1. Define

Λ1: 5 ; -> Xyi, e = 1,2, by/,1 = A,|Λ;. Then

fιlBi] nΛ 1[ j B2] = 0 a n d πN°fe = PnJι°fe>

Repeating this argument, we inductively define a sequence of integers

Λ < Ji < Λ < ' * * a n d maps /e

w -> X7w, e = 1,2, so that for each positive

integer m,

P o / w + 1 = fm

Jm'Jm+l J e J e '

This procedure induces maps g l 5 g2: 5 " -> X with πt° ge = nτi o fe for

i < N9 and with πJχ ° gι[B"] Π TΓ̂  ° gχ[52] = 0 . It follows that ge is

within e of /, and that gx[B;] Π g2[52

w] = 0 .

C " " 1 .

Let ε; = c/2z. Let /: Sk -> X, k < n - 1, be given. Since Xλ is Cn~\

πλ° f extends to a map fλ: Bk+1 -> Jflβ Use condition 3 to extend π2 © / to

a map / 2: 5 / c + 1 -> X2 so that

In this manner we inductively define a sequence of maps fm: Bk+ι

with

d(Pl%m°fm>Pi,m-l°fm-l) < Em ^T ί < Πί ~ 1,
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Define a map g: Bk+1 -» Π°°=1 Xt by

gi(x)= lim pim°fm{x).
m—*oo

Since the sequence (pim°/w)m=i *s uniformly Cauchy, each gt is continu-

ous. The definition of the functions fm shows that gt extends eπi ° /.

Finally, since pi_li o g. = g.^,

Then the required extension has been constructed.

LCn\
Given q <Ξ X and ε > 0, choose N so that diameter (ΠfLNXi) < ε/2

and so that
00

Use the fact that XN is LCn~ι to choose 8λ < δ 2 < ε/SN so that any

map of Sk, k < n — 1, into the 8Y neighborhood of qN in XN extends to

a map of Bk+ι into the δ2 neighborhood of qN in XN. We may also

require that any set of diameter < 2δ2 in XN has image in Xi of diameter

< ε/SN under the map piN. This uses the uniform continuity of the

bonding maps.

Let / : Sk -> X be a map into the 8X neighborhood of q in X. Then

πN°f(Sk) is contained in the 8λ neighborhood of qN, and so there is an

extension gN: Bk+ι -> XN with image of diameter < δ 2 .

For each i < N9 we thus have maps gt= pt,N

o gN' Bk+ι -> X. with

image of diameter < ε/SN, and with g.\Sk = π( °/.

Since E° l^ ε, < ε/87V, we may now proceed exactly as in the proof of

Cn~~ι to construct an extension h: Bk+ι -> Z o f / s o that

It follows that ht is a map into the 4 ε/8N = ε/2JV neighborhood of qt

in ΛΓf for / < N.

Because diamίΠjl^AΓ,.) < ε/2, it then follows that h is a map into

the ε neighborhood of q in X. D

4. Specific models in the Hubert cube.

THEOREM 2. Fix n > 0. Lei Py c /', i > n, be a sequence of compact

n-dimensional LCnl spaces so that

(a) Pi X {0,l/2<+1} c Pi+ι andPi+1 c p. x J. + 1 ,

(b) Pn w Cw \ ^<i

(c) ΓΛere w a constant c so that for each map /: Bk+1 -* Pt X Ii+ι
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(k < n - 1) with f(Sk) c p. + 1 , there is a map g: Bk+1

d{fy g) < c/2i+1 and with f\Sk = g\Sk.
Let X = f\%n(pi x δ/+i) Then X = μn.

Proof. X is homeomorphic to lim{P/9 pt) where p{ is the restriction
of projection from /' onto Γ~ι. So it suffices to check that conditions 1,
2, and 3 from Theorem 1 are satisfied.

Conditions (a) and (b) above directly imply that conditions 1 and 2
are satisfied.

For condition 3, let /: Bk+ι -> P., k < n - 1, and g: Sk -> _Pί+1 be
maps with

Λ+i°g=/|S*.

Extend g to a map h: Bk+1 -> Pz X /.+ 1 so that pi+x°h = / . Use
condition (c) to approximate h by a map

λx: 5* + 1 -»P / + 1 , with

<*(*>*i) < ^ T ' andwith/z1 |S
/ : = /z|5/c.

Then pJJ+ι° hx is within c/2i+1 of p,-,- °/ for each y < / and condi-
tion 1 is satisfied. •

We now construct a specific model satisfying the conditions in
Theorem 2. Again, fix n > 0.

For X = Γ or β, let

X* = {x G XI for each choice of Λ + 1 coordinates x 9..., ̂ Ww+1 of

X with mx < < mn+l9 at least one of the

coordinates is dyadic of order < mn+1).

Let P, = /;.
For w = 1, the one-dimensional polyhedra Pv P2, and P3 are il-

lustrated in Figure 1.
When n = 0, P. = Π}=1{0,1/2-7'}, the corner points of the /-cell /'.

λ/ / A

FIGURE 1
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Let Xn = ΠfLn(Pι X Qι+1). Then Xn is Q*. Note that Xo is the
Cantor Set consisting of the corner points of the Hubert Cube. In
Theorem 3 below, we show that Xn = μn. Before proving this theorem, we
provide an alternate description of Pt that is easier to work with.

Fix n. Let P'n = /". Let P'n be viewed as a cell complex consisting of
rectilinear ^-cells with sides of length 1/2"+1 by subdividing each factor I.
of /" into subintervals of lengths l/2" + 1 . Let An be the (n — 1) skeleton
of this cell complex.

Define P' c Γ+1 as

Note that Pw'+1 can be viewed as a cell complex consisting of rectilinear
«-cells with sides of length 1/2"+2 by subdividing each factor It of In+ι

into subintervals of length 1/2"+2.
Inductively assume PJ c IJ has been defined so that PJ can be

viewed as a cell complex consisting of rectilinear /2-cells with sides of
length 1/2/+1 by subdividing each factor Jz of IJ into subintervals of
length l / 2 ' + 1 .

Let Aj be the n - 1 skeleton of this cell complex. Define PJ+ι c IJ+1

as

LEMMA 1. For each /, Pz = P/.

Proof. The proof proceeds by induction. When / = n, Pt = P- = In.
Assume inductively that P. = P . Let x be a point in P / + 1 . We may

view x as (a, b) where a = (xv..., JCZ) and b = xi+ι. Then α G Pz = P/.
If i — « + 1 coordinates of α have order < i -f 1, then a G i ( . and so
(a,b) G P/+1. If fewer than / - n + 1 coordinates of α have order < / +
1, then b must have order / + 1. So b G {0, l/2/ + 1} and (α, 6) G P/+1.

Conversely, let X = (α, b) G P/+1. Then α e P/ = P r If J G
{0,l/2/+1}, then ( f l , i )GP / + 1 , If b ΐ {0,l/2/+1}, then fl must have
i' - n + 1 coordinates of order < / -f- 1 since a is then in At. Again
(a, f t)e/> + 1 . D

THEOREM 3. Xn = /χw.

Proof. The alternate description of the P. given by Lemma 1 shows
that each P7 is a compact ^-dimensional polyhedron. Thus each P. is
LC"" 1 . So it suffices to show that the P, c /' satisfy conditions (a), (b),
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and (c) in Theorem 2. The alternate description of the Pt shows directly
that condition a is satisfied.

Pn is an n-cube and hence is (n — l)-connected. Therefore condition
(b) is satisfied. For condition (c), let / be a map from Bk+ι to PtX Ii+ι

(k < n — 1) with f(Sk) c Pi+ι. Using the alternate description, Pi+ι may
be viewed as the ^-skeleton of a cell complex L with underlying space
Pι X Il+V We may assume that L consists entirely of rectilinear (n + 1)
cells with sides of length l/2' + 1 .

Let σ be such an n + 1 cell of L. Since fc-f 1 < « , / | / ~ 1 ( σ ) "
/ - 1 (σ) -> σ may be replaced by a map g: /~1(σ) -> 3σ so that g|/~1(3σ)
= / | / - 1 ( 3 σ ) [H, W]. It follows that d(f \ f~\o\ g \ Γ\σ)) <
diameter(σ) = (n + l)/2'+ 1 .

By following the above procedure on each n + 1 cell of L, one
obtains a map g: 5 / c + 1 -> P / + 1 so that g\Sk=f\Sk

9 and so that d(f, g)
< (Λ + l)/2 / + 1 . D

5. Menger spaces and σ. In this section, we show that if X =
U ^ = 1 ^ , then X is homeomorphic to σ. Recall that σ may be viewed as
the set of points in Hilbert space having at most finitely many nonzero
coordinates. In order to obtain the desired goal, we will show that X
satisfies the following characterization [He]: X is a σ-manifold if and only
if:

1. XisanANR.
2. X is the countable union of finite dimensional compacta.
3. Each compact subset of X is a strong Z-set in X.
4. For each integer k, mapping /: R* -> X, and ε: X -> (0,1), there is

an injection / ' : R* -> X with d(f(x)J'(x)) < ε(x).
The last property is referred to as the Euclidean injection property

(EIP). Condition 3 means that if A is a compact subset of X, for each
open cover °lί of X and sequence of mappings α 1 ? α 2 , . . . of Q into X,
there are ^-approximations /? l 9β 2,... such that \J{βi(Q): 1 < i < oc)
misses a neighborhood of A [B, B, M, W]. Condition 2 is satisfied since
each Xn is a compact finite dimensional set. The space X will be shown to
satisfy the other conditions through a sequence of results.

The first lemma involves approximating mappings of R* into Q by
mappings into X. Throughout the remainder, by a basic open set V in Q
we will mean an open set in Q of the form V = (ΠjLx FJ) X βπ+i where Vt

is a connected open set in I.. We let Dk = {(X) e Q: xi = 0 for i > k)
and set Z> = U™=0Dk.

L E M M A 2 . L e / V be a basic open s e t of Q. For f : R k - * V and ε :
R* -> (0,1), ίΛerέ? w a mapping/': R* -> D w/ίA d(f(x),f'(x)) < ε(x).
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Proof. Let /, be the ί'th coordinate function of /. Define the z'th
coordinate function f{ of a function / ' : Rk -» V by

x) if iί n

),/ '(x))<ε(x). D

We now turn to the problem of showing that X is an ANR. Accord-
ing to Dugundji [Du], it suffices to show that given any open cover Φ of
X, there is an open cover Y of X such that given any simplicial complex
K, any partial realization of K in Y extends to a full realization of K in
°U. A partial realization of K in °ll is a mapping A: L -> X in which L is
a subcomplex of K containing every vertex of K and such that the sets
h(\L π s|) refine °U where s is a simplex of K. A full realization of K in Φ
is a partial realization of K in Φ where K = L.

PROPOSITION 1. Xis an ANR.

Proof. Let °U be an open cover of X. Choose Y to be a locally finite
open cover of X refining °U such that each open set in Y is of the form
V = V Π X where V is a basic open set in Q. Given a partial realization
h: L-*XinYyit suffices to show that a mapping h: Bdlk -> F ' e ^
can be extended to /*': 7Λ -> V to conclude that Λ can be extended to a
full realization of K in Y, and hence in Φ. Given a /:-simplex ^ in K, the
image of all vertices of s lie in at least one element V of Y. If
K/ = Π{ Kr e ^ : the image of all vertices of s lie in V'}9 then VJ = Vs Π
X where Vs is a basic open set. Thus extending the mapping of \L Π s\to
\s\ in F5 extends the mapping in each basic set V & Y containing the
image of the vertices of s. Since Vs is contractible, h: Bd/* -> J^r can be
extended to hλ: I

k -> F .̂ It now follows from Lemma 2 that the mapping
hλ restricted to the interior of Ik can be approximated by a mapping g:
int Ik -> F/ which extends by A to all of /*, yielding /ir: 7Λ -> Vs'. D

PROPOSITION 2. X satisfies the EIP.

Proof. Recall that D = {(*,.) e β: jcy = 0 for almost all /}. By
Lemma 2, it suffices to show that D has the EIP. Let /: Rk -> D and ε:
Λ* -> (0,1) be given. Let Π: Q -» 7 2*+ 1 be projection onto the first
2A: -h 1 coordinates. It is well-known [H, W] that a map of JR* into I2k+1
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can be approximated by an injection. Let g: Rk -> j 2 k + 1 be such that
rf(Πo/(χ), g(x)) < ε(x) for each x in Rk. Define / ' : Rk -> D to be a
map whose first 2/: + 1 coordinates are given by g and whose remaining
coordinates are the same as /. Then / ' shows that D has the EIP. D

The final necessary result is that each compact subset of X be a
strong Z-set. This will be accomplished by first showing that each
compact subset of X is a Z-set in Q, and then getting the stronger
property in X. Recall that a closed subset A of an ANR X is a Z-set if
the relative homology groups //*(£/, U — A; Z) = 0 for each open set U
in X and A is 1-LCC embedded in X.

PROPOSITION 3. Xn is a Z-set in Q.

Proof. Since Xn is a finite dimensional subset of g,

H*(U,U-Xn;Z) = 0

[D, W]. Thus it suffices to show that Xn is 1-LCC in Q. Let p be a point
in Xn and U be an open set containing p. Choose V to be a basic open
set containing /? with F c U. For g: S1 -> F - Xn9 there is a homotopy
*,: Sι -> F with /KS1 X /) c F - X", Λo = g, and hλ(Sι) aDkΠV
for some /: > n 4- 2. Since Xn Γ) Dk is & tame, ^-dimensional subpoly-
hedron of Dk, h^S1) contracts in DkΓ) V missing Xn, and Xn is
1-LCC in Q. D

COROLLARY. Each compact subset C ofXis a Z-set in Q.

Proof. Since C = U ^ = 1 ( ^ Π C\ and I n Π C i s a Z-set in Q, it
follows [C, D, M] that C is a Z-set in Q. Π

LEMMA 3. For each open cover ^ of Q and each mapf: Q —» Q there is
a ^approximation f so thatf\Q) c D.

Proof. The proof is similar to the proof of Lemma 2 and is left to the
reader.

PROPOSITION 4. Every compact subset of X is a strong Z-set in X.

Proof. Let C be a compact subset of X, °U an open cover of X, and
{αz} a sequence of mappings of Q into X. We may suppose that °ll is the
restriction of an open cover if of Q. Let Ψ* be an open star refinement of
#". Since C is a Z-set in Q and hence a strong Z-set in Q [B, B, M, W],
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there are ^approximations /?/ to ai in Q such that for some neighbor-

hood N of C in Q, β/(<2) misses N for each i. Let M be a neighborhood

of C in Q whose closure is contained in N. By Lemma 3, each β- has a

^approximation β, that takes Q into 2λ We may further assume that

each approximation βi is so close to βl(Q) misses M. Since /?/ is a

^approximation of ai and /?,- is a ^approximation of /?/, β, is a

^approximation of αz. However, fit(Q) is contained in D which lies in

X, so βi is a ^-approximation of ai9 and our proof is complete. D

THEOREM 4. X is homeomorphic to σ.

Proof. Since X satisfies the characterization theorem, X is a σ-mani-

fold. We have not shown that X is homeomorphic to σ. However, a

σ-manifold may be factored as \K\ X σ where Γ̂ is a countable, locally

finite simplicial complex [Ch]. It follows from Lemma 2 that πn(X) = 0

for all ft, so πn(\K\) = 0 for all n, and |AΓ| is contractible. Thus X is

contractible and homeomorphic to σ since they have the same homotopy

type [Ch]. D

It should be noted that a more general result follows from the above

proofs. The following theorem is immediate.

THEOREM 5. Let X = \J™smlXn9 where each Xn is a compact, finite

dimensional Z-set in Q, with X containing the set of all points in Q having at

most finitely many nonzero coordinates. Then X is homeomorphic to σ.

Note that this immediately implies that D is homeomorphic to σ.
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