PACIFIC JOURNAL OF MATHEMATICS
Vol. 138, No. 2, 1989

EXTENSION OF THE THEOREMS
OF CARATHEODORY-TOEPLITZ-SCHUR AND PICK

SECHIKO TAKAHASHI

Let z,,..., z; be distinct points in the unit disc D and let ¢,
(a=0,...,n; — 1) be n; complex numbers for each z;. There exists
a holomorphic function f in D with | f| < 1 whose first n; Taylor coef-
ficients at z, are the prescribed values c;, if and only if the Hermitian
matrix defined by z; and c;, is positive semidefinite.

1. Introduction. Let D = {z: |z| < 1} be the open unit disc in C
and let & denote the set of holomorphic functions f in D such that
|f] <1in D. Let {zy,..., z;} be a k-tuple of distinct points in D. At
each point z;, let there be given a sequence of n; complex numbers
{cios---Cin,—1}. We want to show that there exists an f € & such
that

n—1

[(2)=Y cia(z=2)*+0((z~2z)")  (i=1,....k)

a=0

if and only if the Hermitian matrix 4, defined in §3 in terms of z;,
Cia, 18 positive semidefinite. This result contains both Schur’s theorem
[6], derived from the results of Carathéodory [2] and Toeplitz [7], and
Pick’s theorem [5]. Garnett announced in his textbook [3] that Cantor
found the matrix condition necessary and sufficient for interpolation
by finitely many derivatives of a function in .%Z at finitely many points
in D. But, because Cantor never wrote up his result, he and Garnett
encouraged us to publish this paper. Our proof is based on Marshall’s
method by induction [4].

2. Preliminaries. Schur’s triangular matrix provides a very efficient
tool. To a function

f(2) =) calz = 20)"
a=0
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holomorphic at zy and to a positive integer »n, assign a triangular n X n

matrix
Co

Ci Co
Alfszosm) =1 . .
Ch-1 '+ €1 Qo
For another g(z), we have at once
A(f + &; zosn) = A(f; 20; 1) + A(g; Zo; 1);
A(fg;zo;n) = A(f; zos n) - A(&; z0; 1) = A(g; zos 1) - A(S zo3 1);
A(1l;zg;n) = I, (the unit matrix of order n).
To a function
o0
(1) F(z,0)= ) aap(z = 20)* T = 0)*
a,B=0
holomorphic with respect to (z,{) at (zq, {y) and to a pair of positive
integers (m, n), associate an m X n matrix
Ao 0 Ao n-1
M(F;ZO’CO;man)= )
An-10 ' 4m-1 n-1
which will be our main tool. For another G(z, (), we have
(2) M(F + G; zo, {o; m, n) = M(F; 29, {o; m, n)
+M(G; 2o, {o; m, n).

Moreover, if f(z) and g({) are holomorphic at zy and {,, a simple
calculation gives

(3)  M(fFg zo,8;m,n)
= A(f;zo;m) - M(F; 29, {o;m, n) - A(g; {os n)*,
where A* denotes the transpose of the complex-conjugate of a matrix
A. We shall use in the sequel the matrix
4) Eqd) =M((z - 20)*(T= %0)%; 20, Lo m, ),

which is an m x n matrix whose (o + 1, f# + 1)-element is 1 and the
other elements are all0 (0 <a<m-1,0<f<n-1).

Now, let us establish a transformation formula. Let F(z,{), z =
p(x) and { = w(¢) be functions holomorphic at (zg, p), xo and &
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respectively. Assume zy = ¢(x) and {y = w(&y). Let (m,n) be a pair
of positive integers. Define

G(x,€) = F(p(x), y (&)).

For the simplicity, we write, with E\*) = E%),

9(x) =20+ (x —Xx0)01(x), P =A(p1;x0;m),
(DOZIm, q)a+l=q)a_(p

and
(5) Q(p; x0; m Z - E.

Similarly,

w(&) = o+ (& =So)wi(d), Y = A(yy;¢o; 1),
n—1
Qy;én) = ¥ B
p=0

LEMMA. With these notations, the transformation formula is
(6) M(G;x0,&0;m,n) = Q(p; x0;m)-M(F; 20, {o; m, n)-Q(w; &o; n)*.

Note that if ¢'(xp) = @1(xp) # 0 then Q(¢;xp; m) is a regular ma-
trix, because Q(p;xo; m) is triangular and its diagonal elements are

(91(x0))* (@=0,...,m—1).

Proof. By means of (2) and (3), we derive from (1) and

H= Y aaﬂ(pl(x)a(x—xo)“(é—éo)”%(é)ﬂ

a=4=0
that
M(G; xo,&y; m, n)

m—1n-1

=3 S aupAl9gsxo;m) - Ent) - Ayl &g n)?
a=0 f=0
m—1n-1

=3 Y a.4(@ EY +- + @ ENTY)
a=0 B=0

aﬁ) (\.IJO EO)+ + -l .El(fl—l))*’
because E\ - ESP . EW* =5, - Oup EP). Then we have (6). O
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Let f(z) = Y22y ca(z—20)* and z = ¢(x) be holomorphic functions
at zo and xy with zyp = ¢(xp) and set

8(x) = f(p(x)) = Y dalx — x0).

a=0
Write Q = Q(p; xo; m). Calculating directly or putting F(z,{) = f(2)
and n =1 in (6), we obtain
(7) (do,...,dm_l)=(C0,...,Cm_1)' Q.

A Blaschke product of degree n (n > 0) is a function f € % of the
form

n

_ ,if Z—2

flz)=e Hl—zjz

(B€ER, |z]<1(=1,...,n).

If f is a Blaschke product of degree n and if 7 is a M@bius transfor-
mation, that is an analytic automorphism of the (open or closed) unit
disc, then both f o7 and 7o f are Blaschke products of degree n.

3. Main theorem. Let {z;,..., z;} be a finite set of distinct points
inD (k>1)and, foreach i =1,...,k, let {cip,...,Cin—1} be a finite
sequence of »n; complex numbers (n; > 1). Set n = ny +--- + n; and
write

Cio Ci
Ci= E .. 5 C: .. R
Cin-1 " Cio Ck

Ty =M(1/(1 - z0); z;, Zj5mi,mp), Ay =Ty — C;- Ty - Cf,

I“11"'1_‘1k All"'Alk
r={ ... A= .
| SIEED B9 Ay Akke

A=TI-C-T-C*.
We see easily that both I and 4 are Hermitian n x n matrices. We
shall write 4 > 0 if A is positive semidefinite (nonnegative).
A function f is said to be solution of (EI) in & if f € & and if the
extended interpolation conditions

Then

n—1

(ED  f(2)=) cialz—-2)*+0((z=z)") (i=1,....k)
a=0
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are satisfied. With these notations and terminologies, we state our
main

THEOREM. There exists a solution of (EI) in & if and only if A > 0.
If A > 0 and det A = O, then the solution of (El) in & is unique and
is a Blaschke product, whose degree is equal to the rank of A. If A >0
and det A > 0, then there are infinitely many solutions of (El) in %
and, among them, there is a Blaschke product of degree n.

Note that if 4 > 0, det A # 0 and if z; is a point in D different from
zy,..., 2, then the set of values {f(zy): f is solution of (EI) in &}
as well as {f(")(z;): f is solution of (EI) in #} is a nondegenerate
closed disc in C. This is an easy consequence of the theorem.

4. Invariance under the Mobius transformations. Before the proof
of the theorem, we show that the positivity and the rank of the Her-
mitian matrix 4 corresponding to (EI) are invariant under the Mobius
transformations of the variable and the function.

In order to avoid complicated calculations with the coefficients, it is
very convenient to introduce the notion of local solution and to make
use of the formulas given in §2. A function f holomorphic in some
neighborhood of the finite set {z;,..., z;} is said to be local solution
of (EI) if the conditions (EI) are satisfied. Of course, a local solution
exists in any case and a global solution is a local solution. Note that
in place of this notion we may use the notion of germ or the notion
of formal power series.

If f is a local solution of (EI) then, writing

A l=S@OTO _ 1 1 g
F(z,0) =~ 5" = 123 ~ /) =5 7O,

we have by (2) and (3) the fundamental relation
Ajj =Ty — C;-Ty;- Cf = M(F; z;, zj;n;, mj).

1°. Consider a Mobius transformation
z=9(x)=e"x—c)/(1-cx)

with 6 € R and |c|] < 1. Take a local solution f of (EI) and put
x;i = ¢~ 1(z;). Then we see by (7) that g(x) = f(g(x)) is a local
solution of another extended interpolation problem

n,—1
(ED*  g(x)= Y dia(x —x)*+O((x = x)")  (i=1,...,k),

a=0
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with the coefficients given by
(dios -+ > din—1) = (Ci0s -+ - Cin—1) - 'Qi,
where Q; = Q(¢; x;; n;) is defined in (5) of §2. Set

6. 8) = L850
=(1 __ICIZ)_ 1 . 1-f(¢(x))f(¢(§)) . 1
I-ox  1-9(x)p@) 1-cC

The formula (3) and the lemma in §2 give
M(G; Xi, Xj3 nis ) = (1= |cP)M; - Q; - Ay - Q- M,

where M; = A(1/(1 — ¢x); x;; n;) and Q; are all regular matrices.
Hence the Hermitian matrix corresponding to (EI)* for g is

M Q,
(1=|c|>)S-4-8*, whereS=( ), lc] < 1,
My

which proves the invariance under the Mobius transformation ¢.

2°. Suppose |cjo] <1 (i=1,...,k). Take a local solution f of (EI)
and put g(z) = e’?(f(z) —c)/(1 —¢f(z)) with @ e R and |c| < 1. g(z)
is holomorphic in a sufficiently small neighborhood of {z,,...,z;}
and is a local solution of another extended interpolation problem de-
termined by A(g; z;; n;) = €9(C; — cI,,)(I,, — ¢C;)~ . Setting

o 1 1-ffQ 1
(1 |Cl2)1_éf(z) 1-2z¢ 1-cf(0)’

we have by (3)

M(G; z;, Zj;ni, ny) = (1 = [¢|*)N; - A - N},
where N; = A(1/(1 = ¢f(z)); z;; n;) is a regular matrix. As in 1°, the
Hermitian matrix corresponding to this problem is

Ny
(1—-|c|>)N-A4-N*, where N = ( ) , el < 1.
Ny

This shows that the positivity and the rank of 4 are invariant under
the Mobius transformations of the function.
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5. Proof of the theorem. First of all, note |cjp| < 1. In fact, if there
exists a solution of (EI) in &, then |c;o| < 1 trivially; conversely, if 4 >
0, then the (1, 1)-element (1 — |c;o|?)/(1 — |zi|?) of A;; is nonnegative.

1°. Now, we treat the case where one of the |c;o| is 1. If f € & is
a solution of (EI) with |co| = 1, then f is constant by the maximum

principle, so that ¢jp = -+ = ¢, and ¢;, = 0 for @ > 0. Therefore,
A =Ty —ciotjol';j = 0 and 4 = 0. Conversely, when 4 > 0 and
|cio] = 1, we claim that ¢;g = - -+ = ¢k and ¢;, = 0 for a > 0. Let agfg)

be the (a+ 1, B + 1)-element of 4;;. Then ac(,})l) =0. As 4 > 0, we see

(11) (i) (i1) (1) _ (i1))2

go "Gy — dgo g’ = ~ldge " 2 0.
Hence a((,’b” = (1 = cjpc10)/(1 — z;2;) = 0, which shows ¢,y = ¢;9 and
a(()’o’) = 0. As above,

fall) - a8l ~ ~1alD > 0,
so that a(%) = 0. Suppose now 1 < a < n; and, if o > 1, that we have
seen cj; = - -+ = Cjo—1. Calculating directly, from 4;; =I';;—C;-I';;-C},
we derive i

i) _

— (i
alh = —ci, oy =0,

where the (1, 1)-element y((,lo') of Tj; is (1 —|z;|?)~! # 0. Thus ¢;o = 0.
By induction, this proves the assertion. In this case, 4 = 0 and the
constant c;q is the unique solution of (EI) in &, which is a Blaschke
product of degree 0.

2°. Let us prove the theorem by induction on 7 = Y% n;. The
case n = 1 holds because 4 is reduced to

1 —|eiof?
1—|z;2
Assume n > 1. By 1°, we assume |cjp| < 1 (i =1,...,k). By virtue

of the invariance under the Mobius transformations established in §4,
we can assume z; = 0 and ¢;o = 0.

Let f be a local solution of (EI) in & and put g(z) = f(z)/z.
For the simplicity, put m; = n; — 1, m; = n; (i = 2,...,k) and
Z; = A(z;z;;m;). Because A(f;zism;) = Z; - A(g; zi;m;), g(z) is a
local solution of another extended interpolation problem

m,—1
ED°  g(z)= ) di(z—2)*+0((z=2)™) (i=1,....k)

a=0
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with the coefficients d;, given by

{d1a=01a+1 (a=0,...,m1—1), . .
(dios -+ > dim—1) = (Ci0s -+ > Cim—1)' 27 (i=2,...,k),

where Z; is a regular matrix for i/ > 1. Conversely, if g(z) is a local
solution of (EI)° then f(z) =z - g(2) is a local solution of (EI).
Let B;; = M((1 - g(2)g(¢))/(1 = 2{); zi, Zj; m;, m;) and set

Then B is the Hermitian matrix of order n» — 1 corresponding to (EI)°.
From

we derive, by (2) and (3), with E;; = E\.) given in (4),

A11=E11+( Im. )( By, )( I, )
0 £ eee % 0 --- 0

Hence
10 ... 0} I,
Ey Z
a=p.|° s | P wheeP= [P
0 Epy Z

P is an n x n regular matrix because Z; is regular for i = 2,...,k.
This shows that 4 > 0 < B > 0, that det 4 = 0 & det B = 0, and that
rank A = rank B + 1.
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Clearly, a function f(z) is a solution of (EI) in & if and only if

g(z) = f(z)/z is a solution of (EI)° in &. By induction, this is the
case if and only if B > 0, which is equivalent to 4 > 0. This proves
the first statement of the theorem.

A function f(z) is a Blaschke product of degree r with f(0) = 0

if and only if g(z) = f(z)/z is a Blaschke product of degree r — 1.
The rest of the theorem is an immediate consequence of what we have
mentioned. o

(1]
(2]
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