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A CONSTRUCTION OF HARMONIC FORMS
ON U(p+1,9)/U(p,q) x U(1)

ROGER ZIERAU

The point of this paper is to give a method for constructing bun-
dle valued harmonic forms on the indefinite Kihler symmetric space
U(p+1,9)/U(p,q)x U(1). Such a space of harmonic forms has been
studied by Rawnsley, Schmid and Wolf in order to unitarize certain
representations acting on Dolbeault cohomology spaces. They prim-
iarily study a space of “special” harmonic (0, s)-forms representing
Dolbeault cohomology, and s is the dimension of a maximal com-
pact subvariety. Here, harmonic forms are constructed in arbitrary
degree (0,s). We construct harmonic forms corresponding to “lowest
K-types” and we determine the other possible K-types in the repre-
sentation spanned by these. We also determine when these are L, (in
an appropriate sense).

The methods used here are similar to those used to construct the
discrete series of a semisimple symmetric space (see [2], [14]). First
we study the space of bundle valued harmonic forms of the Rie-
mannian dual, U(p + ¢q,1)/U(p + q) x U(1), (hyperbolic space) of
U(p+ 1,9)/U(p,q) x U(1). This is an easy extension of the work
of P. Y. Gaillard ([5]). Intertwining operators (called Poisson trans-
forms) of certain principal series representations of G = U(p + ¢, 1)
into the space of harmonic forms on hyperbolic space are obtained.
In §2 we give a vector bundle version of the Flensted-Jensen (F.-J.)
duality. To apply this we need to determine some H-finite vectors in
(the hyperfunction realization of) the above principal series represen-
tations. A fairly detailed account of such H-finite vectors which are
supported in a closed orbit is given in §3. In §4 we determine which of
the harmonic forms constructed as above (i.e. F.-J. duals of Poisson
transforms of the H-finite vectors) are L.

This project is motivated by the following very difficult problems.
Let Y be any indefinite Kéhler symmetric space and let .25 be a ho-
mogeneous holomorphic line bundle over Y.

(a) Under some negativity condition on .%, unitarize the Dolbeault
cohomology space H*(Y,.%;) by constructing L, harmonic forms. This
is done in [15] when a “holomorphic fibration” condition holds. One
would like to drop this condition to include many more Y.
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378 ROGER ZIERAU

(b) Determine the full space of L, harmonic .%-valued forms on
Y, along with its natural invariant indefinite hermitian form.

We do not solve either (a) or (b) completely. The contribution
here is to give an explicit construction of L, harmonic forms. For (a)
one must study the natural invariant indefinite hermitian form on the
image of the Poisson transform (see the remark in §4.1), we do not
do this here. For (b) one would like to construct the full space of L,
harmonic forms. The obstacles are the fact that the Poisson transform
constructed in §1 is in general not easy to study (for example when is
it onto, when does an H-finite distribution lie in its kernel?), also there
does not seem to be any way of working with H-finite distributions
which are not supported in closed orbits. Some results similar to the
results of this paper have been obtained for SO(4, 1)/ SO(2) xSO(2, 1).

I would like to thank Pierre Yves Gaillard, Jerry Orloff, Wilfried
Schmid, David Vogan and Joe Wolf for many useful conversations
related to this project.

1. In this section we will describe the relevant work of P. Y. Gaillard
(IS]) on the space of harmonic forms on hyperbolic space. We will
show how to extend this to the case of line bundle valued forms.

1.1. The main idea is to use the following version of Frobenius
reciprocity to construct intertwining maps from principal series repre-
sentations into the space of harmonic forms. Let G be any connected
linear reductive Lie group and K a maximal compact subgroup of G.
Let go, to be the Lie algebras and g, t their complexifications. Let
P = M AN be the Langlands decomposition of a minimal parabolic
subgroup of G. Let X be the roots of a in g (a = Lie(4)¢c) and Z* the
positive system defined by n. For any finite dimensional representation
W of P we define an induced representation as follows. /(W) is the
strong continuous dual of &/ (G/P,W*) = {«/(G) ® W* ® C,}* where
Z(-) denotes real analytic functions (sections), p = % Y 0s0® Cpis the
one dimensional representation with A4 acting by e” and the superscript
P means P-invariants. I(W) is the space of W-valued hyperfunctions
on G/P. The version of Frobenius reciprocity that we will use is

(%) Homp(W ® C_,, V) ~ Homg(I(W), V)

for any admissible 7 which is a “maximal” globalization. This follows
from work of Schmid ([17]), see [5] for a discussion of this.

The case of interest to us is when (i) N acts trivially on W (ii) 4
acts by some character ¢”, v € a* and (iii) M acts irreducibly. In
this case I(W) is the maximal globalization (in the sense of [17]) of a
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minimal principal series representation of G. V' will be the space of
harmonic forms on hyperbolic space and W will be the N-invariants
inV.

We will need some facts about hyperbolic space. Let G = U(n, 1),
K = U(n) x U(1), then X = G/K is hyperbolic space. The subgroup
T c G of diagonal matrices is a compact Cartan subgroup of G. The
root system A = A(t,g) is {¢; — &x|1 < j # k < n+ 1} where

41
81[ }=tj,
In

and we take At = {¢; —&;|1 < j < k < n+1} as a positive system. Let
g = £+ p be the Cartan decomposition. Set A, = {a € A|g®) C ¢} (the
compact roots), A} = A.NA* and A, = A—A, (the noncompact roots).
X has an invariant complex structure defined by J = Ad(¢), where &
is an appropriate element of the center of ¢&. The holomorphic and
antiholomorphic tangent spaces at eK are p+ = {n € p|J(n) = xin}.
We choose & so that A,c NAT = A(py) (= {a € Algl® C p,}).

If (7, E) is a finite dimensional irreducible representation of K with
highest weight y € t* then we may form the associated homogeneous
holomorphic vector bundle & — X. The Laplace-Beltrami operator
on &-valued differential forms is given by the following proposition.

PROPOSITION (see [8]). O = 1(r(Q) — (x,x + 2p)) where r(Q) is
the action of the Casimir as left invariant differential operator, p =
3> aen- @ and O, Q and {, ) are defined with respect to the trace form
on u(n,1).

DEFINITION. The Harmonic space # () or #(5)(G/K, &) is defined
to be the space of C*(r,s)-forms w satisfying Ow = 0.

It is known that #(%) is an admissible G-module, and in fact a
maximal glocalization (see [17] and [5]).

1.2. We will now show how to compute the N invariants in #(5),
First note that G = NAK by the Iwasawa decomposition. We take A4

to be exp ag with
0 1
a0=R[ }
1 0

Let X = Z(a, g) be the restricted root system, so X = {*¢,£2¢t}, we set

It ={t,2t} and np = gg) @ gf)z').
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Let A$)(X, &) denote the space of C*® &-valued forms on X of type
(r,s) and let A" be the elements of type (r,s) in A(p)* (the exterior
algebra of p*). Then A9 (X, &) ~ {C®(G) ® A* @ E}X, the K-
invariants (the K action on C*®(G) being right translation). This is
the space of functions w: G — A" ® E such that w(gk) = k! - w(g),
forall g€ G, keK.

LEMMA. {4 (X, &)} ~ C*®(ag) ® A™* ® E as M A modules.

Proof. Since G = NAK we have {C®(G)QA*QE}K ~ C®(NA)®
A" ® E, as NA module. The N-invariants (left N-action on C*) are
C®(A) QAP QE. ]

REMARK. The space of N-invariants of the lemma is identified with
C® functions R — A"*®E. Such a function ¢ corresponds to the form
w(ne'?k) = k~'¢(t) where

0 1
.. } € ap.

1 0

Also, the left action of Z is by —d/dt.
Let Q and Q), be the Casimir elements for G and M, both w.r.t.
the trace form.

ZzZ =

LEMMA. If ¢ € {A)(X, &)}V then

1d? d
= —Z-d_t(zp - nd—f + Q0.

Proof (sketch). This is a routine calculation with root vectors which
we will only describe briefly. Since g = (n+6n)®a®m is an orthogonal
decomposition of g we may choose orthonormal bases of n+ 0n, a and
m so that Q = () + %Z 2 + Qu. The term in parentheses can be
rearranged to lie in Z(g)n + a, the terms with n on the right kill n-
invariants, the terms in a give the —nd/dt term. a

Qo

In order to apply the Frobenius reciprocity (Eq. (%)) to W =
{#}N we must determine W as an M A-module. We are almost
done once we decompose (A" ® E)|3,. This can be done, but we are
more concerned with the less complicated case when E is one dimen-
sional and r = 0. So let E = C, where

()
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for / € Z. We use x to also denote the weight —/¢,,,; and we denote
the line bundle & by .Z;.

LEMMA. (A9 ®@ Cy)|py ~ Wy @ W, (for s = 0,1,...,n) where the
W; are irreducible M-modules with highest weights:

o = (:l—jgi-—l,l,...l,0,0,...O,i_zil> and

(:g—_s.,l,...l,l,o,...o,:f_z:z)

s

(g, does not occur for s = 0 and g, does not occur for s = n).

Proof. This follows immediately from the branching law for the
restriction of representations of U(n) to U(n — 1) see [18]. D

Now we are in position to solve the Laplacian on {49 (X, %)}".
Recall that Q,, acts on W, by (0;,0; + 2p(m)). There are two cases
p(t) Cc W, i = 1,2. By the preceding two lemmas we get

WI:D(pz%(%—Qn—(s—l—l))) (%—(s—l—l))(p and

Wi Op = g (55— @n=s=0)) (F-6-) e
The solutions are:
wyenEr=(=1=0))t 9y e W;, and
wyeMEM==DN ) & Wy,

Since the left action of Z is —d/dt we conclude the following.

ProrosIiTioN. W = {# ) (X, %)}V ® C, (C, gives the proper p-
shift for Frobenius reciprocity) is the sum of four irreducible P-modules
as follows:

(i) As an M-module W is the sum of two copies of W; & W,
(ii) A acts by e with v € a* given by vV(Z) = £(n — (s — [ - 1))
on the two copies of Wy, and v(Z) = +(n — (s — 1)) on the two
copies of W;.
(iil) N acts trivially.

CoROLLARY. For each of the four cases above there is a nonzero
Poisson transform of the corresponding principal series representations
into #(09),
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The operators & and 8" acting on N-invariants - can be written in
explicit form as follows. Let X; = {4, then (X;, X;) = 1 where X,
is the conjugate of X; with respect to the real form u(n, 1).

LEMMA. For ¢ € {A®)(X, %)}V decompose ¢ as ¢, + ¢, where
pi(t) € W;. Let e and i denote exterior and interior multiplication.
Then

Q|

= 1 d
=0, ps= et (U2 (s~ Dp2) ana

—k 1. — d a*
71 = 11T <%—(2n—(s—l—l))¢1), 3"y =0.

Proof. This is a calculation similar to the one giving the formula
for O on the N-invariants (or see [5]). O

1.3. Nonzero maps of four principal series representations into
#99) (X, %) have been constructed. We now study these maps in a
bit more detail. Let 2: I(W) — # (%% (X,%,) be one such map.

LEMMA. Ker P is the sum of all G-submodules of I(W) not contain-
ing the K type A% ® C,.

Proof. If U C Ker % is a G-submodule then A% ® C, is not con-
tained in U because the image of % contains this K-type (and the
K-types in I(W) occur with multiplicity one). On the other hand if
U does not contain this K-type then U C Ker £, otherwise there is a
u € U such that #(u) # 0, i.e., (Pu)(g) # 0 for some g € G. But this
means that (g~ - u)(e) # 0, so evaluation at e gives a nonzero map
U— A% @ C,. O

Thus, we may determine the kernels of the Poisson transforms by
determining the composition series of the I(W). This is well known
(see [11], also [1] has a good treatment). The results needed are given
below, first for infinitesimal character p, then an application of the
translation principle gives the results for the correct infinitesimal char-
acter.

The irreducible admissible representations of U(n, 1) with infinites-
imal character p are parametrized by non-negative integers a, b with
0 <a+ b < n as follows:

For 0 < a+ b < n, J,, is the Langlands quotient of I,, =
Indg(a ®v) where v = n —a — b and ¢ € M has highest weight

a-b a-b
< 3 ,1,...,1,0,...,0,—1,...,—1,——2—>
with b ones and a minus ones.




CONSTRUCTION OF HARMONIC FORMS 383

For a+b = n, J, is the discrete series representation associated to
the chamber

(g—,—g——l,...,g—b+l,%—b—l,
%—b—z,...,—%+1,—%,g—b).
PROPOSITION. The socle filtration of I, is
Jab
Ja+1,b/ ™ Japi1

Ja+l,b+1

for0<a+b < n(and fora+ b = n — 1 the bottom term does not
appear).

From §1.2 it is clear that we are concerned with principal series rep-
resentations with infinitesimal character y + p. The appropriate form
of the translation principle is given in [10], Theorem B.1, page 496.
So, suppose we have a principal series representation Ind,Ga(a ®v) with
infinitesimal character A and we want to translate to a representation
with infinitesimal character A’. We consider A, A’ as elements of some
abstract Cartan subalgebra, A and A’ must lie in the same chamber and
A—A" must be integral. The translation y is accomplished by tensoring
by the finite dimensional G-module with extreme weight i = A’ — A.
Let u € ((tNm) @ a)* be the Cayley transform of j.

ProPOSITION (Knapp, Zuckerman [10]).
w(Indf(c ® v)) = Infg(0’ ® V')

where a' is the finite dimensional M-module with infinitesimal charac-
ter o + p(m) + Ulinm and v' = v + yla.

We apply this to translation from p to y + p. As we will see in
§83.2 and 4.2 the interesting case is then y + p satisfies the negativity
condition:

(x+p,B) <0, forBeA(p).

(Actually, a slightly weaker condition suffices but there are some added
(well understood) complications. This negativity condition for y =
—le, .1 is | < —n, assume this holds.
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LemMa. (i) For 0 < a+b < n,y(l,;) = Ind§(o’ ® v') where v' =
n—1—b and ¢' has highest weight

b+ l,-l-n+1,2,....2,1,....1,0,....0.2 _p+1],
3 Sl

b b P ] ’2
b-1 a
for b # 0.
When b =0, v' = —a—1—1 and a' has highest weight
—l-n+1+1 —l-n+a+1
( 3 ,1,...,1,0,...,0, 3 )

with a zeros.
(ii) For a+ b = n, w(J,) is the discrete series representation with
infinitesimal character y + p associated to the same chamber as J, .

Proof. This follows from the preceding two propositions by straight-
forward, but tedious, calculations. O

Let I,,(x) be w(I,,) and J, ,(x) the irreducible quotient. Then the
I, »(x) have the same socle filtrations as the I, ;. The four principal
series representations mapping into the harmonic space are I(W) =
Iy—s0(x), In-s—1,0(x) and their duals. The filtrations are:

(i) Wiy = Wi, v(Z) = —(n — (s = = 1)).

2<s<n: s=1:
Jn—s,O(X)\ In—-1,00)
Jn—s+1,0(0) \ In-s1(x)  Jnp(x) Jn—1,1(X)
In—se1,1(X)
(ii) Wiy = Wo,v(Z) = =(n— (s = 1)).
0<s<n-1: Jn—s—1,0(%)
Jn—s0(X) / \ Jn-—s—l,l(X)
Jn-—s,l(X)

(iii) Reverse the diagrams for the duals.

LeMMA. A% ® C, occurs as a K-type in J,_(x), and occurs in no
other J, ().

Proof. This K-type occurs in I,_;o(x) and I,_;_;0(x) and in no
other I, ,(x) (otherwise there would be more Poisson transforms, see
§1.2). By (i) above, A% ® C, must occur in J,_;0(x). By (ii) it does
not occur in J,_s_1 0(%). O
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COROLLARY. For the four Poisson transforms of §1.2 the kernels are
as follows:

W,w=n-(s-1-1), Ker# =0,
Whav=-n+(s—[-1),

Ker? = Jy_s41,0(X) + Jn—s,1(X) + Jn-s+1,1(X)>
Wyv=n—(s— l)’ Ker& = Jn—s—l,O(X) + Jn—s—l,l(X)a
Wyv=-n+(s—1), KerP=Jy_51(x)+ Jn-s-1,1(X)-

REMARK. Similar explicit calculations can be carried out for any
homogeneous vector bundle & — X (no negativity condition neces-
sary). One finds that #"°(X,&) can have summands with different
infinitesimal characters.

2. Our main concern is the construction of harmonic forms on the
indefinite Kéhler symmetric space U(p + 1,9)/U(p,q) x U(1). This
is the non-Riemannian dual X of hyperbolic space X in the sense
of Flensted-Jensen (and described below). There is a correspondence
between harmonic forms on X° and harmonic forms on X.

2.1. Asin §1, let go = u(n, 1), &g = u(n) x u(1), etc. The Cartan
involution is § = Ad[% 9 ]. Consider the involution

Ip
o=Ad -1, , where p + g = n.
1

The two involutions commute so we may decompose gy (and g) in
several ways.

go = & + po, =1 eigenspaces of 6.

go = ho + g0, £1 eigenspaces of o.

g0 = ho N ¥ + ¥ Ndqo + bo N po + po N do-
Define:

80 = bo N & + i¥ N qo + iho N po + bo N do.

€ = ho N & + ity N do.

ho = ho N €o + iho N po.

G is defined to be the connected subgroup of G¢ = GL(n+ 1,C) with
Lie algebra g). Thus G° = U(p + 1, ¢), defined by the hermitian form

I.U
—Iq .
1
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Similarly, K® = (G%)? ~ U(p,q)xU(1), H® = (G°)° = U(p+1)xU(q),
K=G=U(n) xU(l)and U = G° = U(p, 1) x U(q). Note that K°
is noncompact, H° is a maximal compact subgroup of G° and o is a
Cartan involution of G°.

DEFINITION. The non-Riemannian dual of X = G/K is X0 =
G°/KO.

There is a G%-invariant complex structure on X° so that the holo-
morphic and antiholomorphic tangent spaces are pJ = p..

2.2. Here we extend the duality of Flensted-Jensen ([2]),
C®(X) H-finite = C*°(X°) ro.finites

to a vector bundle setting. So, let (n, E) be an irreducible finite di-
mensional representation of K with highest weight y and let & — X
be the corresponding homogeneous holomorphic vector bundle. Since
K and K° have the same complexifications there is an irreducible fi-
nite dimensional representation (70, E) of K° with highest weight x.
There is a one-to-one correspondence between the finite dimensional
irreducible representations of K and those of K° (for more general
G, H, K ... integrality conditions must be considered and this is not
quite the case). The same holds for H and HO.

PROPOSITION. There is a left % (g)-isomorphism
Ars) (X, &) H-finite =~ A(r’s)(XO: gO)HO-ﬁnite
preserving the action by the invariant differential operators.
Proof. We state this a little differently as follows. Since (7*X)* ~ &
and (T*X%)* ~ &9 for E ~ p-, we may absorb the exterior algebra
terms in E (i.e., replace E by A"* ® E) and consider sections instead

of forms. Also, if (d, F) is an irreducible finite dimensional H-module
we need only show an isomorphism

C®(X,&)s = C=(X, &%)z,

where the subscript means the H (H?) finite vectors of type J (6°).
Thus we show

(*) {C®(G) ® F ® E}"K ~ {C®(GO)xFxE}"K’

where the action of H (resp. K) on C®(G) is by left (respectively right)
translation and similarly for the actions of H? and K on C*(G?).
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The decomposition G = exp(hg N po)exp(po N qo)K (see [13],
Theorem 5, page 31) will be used. For ¢ in the right hand side of (),
define @0 in the left hand side by

¢%(exp Xexp Yk) = (d(exp X)" ! @ n(k) Do(exp Y)

where X € by N pg, Y € pg N qo, kK € K and note that exp(pg N qg) C
G N GO. It is easy to see that ¢ — ¢° is a linear isomorphism. The
proof that it is a #(g) isomorphism (on the sum over J, 6° of each
side of (%)) is exactly as in the case of functions (E = C), see [2] or
[16] Theorem 8.2.1.

As for the action of any invariant differential operator, note that
an invariant differential operator & — & may be identified with an
element of {#(g) ® Hom¢(E|, E;)}X where the action of K is by Ad
on%(g) and k- A =ny(k)-A-n (k') for A € Hom¢(Ej, E;). An ele-
ment D = 3" u; ® 4; acts on {C*®(G) ® E}X by D(9) =3, Ai(r(u;)9)
where r(u;) is the right action on C*(G). An invariant differen-
tial operator on X is given by the same formula (and the same D,
note that the K-invariants coincide with the K%-invariants), call it the
dual operator. We check that Dp® = (D¢)°. It is enough to check
(D% (y) = (D¢)°(y) for y = exp Y € exp(po N qo), by the invariance
of D. We show ((r(Z) ® 4)p°)(y) = ((r(Z) ® A)p)°(y) for Z € g,
A € Home(E,, E,). Since functions corresponding by (-)° agree on
exp(po N qo) we may drop the 0 on the right hand side. Also, A4 plays
no role, so we show

(x)  (M(Z)e")») = (r(Z)9)(¥), Z €3,y € exp(poNdo).

There is a decomposition g = ¢+ pNq+ Ad(y~)hNp for any
y € exp(po Nqo) (see [16], page 153). We check (xx) separately for Z
in each summand.

0 d o
Z et ((2)9")(y) = F;0 (yexpsZ)ls=o
d
= 7;1(exp(=5Z))p(¥)ls=0

_ —;—S(o(y expSZ)ls0 = (r(Z)p)(»).

d
Zepng, (r(Z)p%)(y) = %wo(y expsZ)|s=o

- -c%q)(y expsZ)|s—0 = (r(Z)9)(¥)
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Z=Ad(y"'Z',Z' epyep,

(HZ)9")(7) = 29"y exp(Ad(y™)sZ)]s—o

d )
= 3;¢°(exp(sZ ))ls=0

= 4 s(exp(~sZp(leco
= 4 pexp(sZ") oo

2 9y exp(AdY)5Z lsoo = (Z)P) ).

The important cases of this are §, 8 and O = B_Q* +878. 9 is
expressed by choosing a basis {X;} of p, so that (X;, X;) = dji, then
0 = Y r(X;)®e(X;). The dual operator 3° on X° is given by the
same formula, we check that this is the & operator on X0.

.....

.....

(—is conjugation w.r.t. the real form G°). Then
Oxo=—Y r(X;))®eX))+ > r(¥;) @e(Yy).
1 1

This is given by the same formula as d given in the preceding para-
graph because there the conjugation is w.r.t. G and this differs from
the conjugation for G° only by a minus sign on the X; € p, N 0. A
similar calculation for 8" gives the following lemma.

LEMMA. The operators on X° dual to 8, 8" and O on X are the
3,9 -operators and the Laplacian on X°.

CoROLLARY. The proposition gives a one-to-one correspondence be-
tween the H-finite vectors in the space of &-valued harmonic forms on
X and the HO finite vectors in the space of £°-valued harmonic forms
on X0

3. By §1 we have nonzero maps of certain principal series repre-
sentations into #(%%)(X,.%). Since our goal is to determine H'-finite
Z-valued harmonic forms on X°, we must produce H-finite vectors
in the appropriate principal series representations. These will be dis-
tributions supported in closed H-orbits in G/P.
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3.1. Asin §1 P = M AN is a minimal parabolic subgroup of G with

ap = RZ s
0 1]
1 0
H is the fixed points of

1
g=Ad -1, .
1

By the work of Matsuki ([12]) there are two H-orbits in G/P. One
can see this directly as follows.

Give C"*! the hermitian form — Y7, |z;|? + |z,41|*. G/K can be
identified with {positive lines in C"*!} ~ open unit ball in C". G/P
can be identified with {null lines in C"**!} ~ $27~! (the boundary of
the domain G/K). There are two H-orbits in {null lines} (p,g > 1)
by Witt’s theorems. They are:

Fl‘
0
0
g=H-|-|~Up,1)/Up, 1)NP =~ S¥!
0
0
[ 1]
and
0
0
o =H-|1
0
0
| 1]

@ is closed and @’ is open.
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It is very important for the upcoming calculations that for the P
that we have chosen H N P is a minimal parabolic in H and H =
HNK-A-HnNN is the Iwasawa decomposition of H. Thus, for the
closed orbit we have # ~ HHHNP~HNK/HNM.

3.2. Certain H-finite vectors in I(W) are written down explicitly
when W is W) ® e¥ or W, ® e” as in §1.2. These will be distributions
given in terms of the invariant measure on the closed orbit and certain
matrix coefficients. This is an extension of the construction in [2].

Let (J, F) be a finite dimensional irreducible H-module. Let W be
one of the four possible P-modules from §1. Suppose that

{F*® W ®C_ 125, }'"P ~ Hompnp(F, W ® C_12,,)

contains a nonzero element ¢, (py is half the sum of the positive a
roots in h). The corresponding matrix coefficients are & — t(6(h~!)v),
veF,heH.

DEFINITION. Ty(9) = [y~ (@D, t(6(I" 1)) di, p € C°(K/M,W*)
= {C®(K)® W*IM.

ProrosITION. T, is H-finite of type (6, H) in I(W).

Proof. We will use the following facts.

(i) C®(K/M,W*) ~ C®(G/P,W*) as K-modules, the identifi-
cation is ®(g) = e¥—PHE&Ng(x(g)). The Iwasawa decomposition
KAN determines x and H: g € x(g)e®N. Thus, for h € H,
(h='- 9)(I) = e=PHED) gk (h1)), any [.

(ii) [y f(k)dk = [ f(k(g™'k))e=(2pH(&"k) dk for any g € G,
this is proved in [7], page 197.

(iii) Let le HNK, he H, [ = hh~'] = hk(h~'1)eH""'n implies
k(hx(h=11)) =1 and H(hk(h~'1)) = —H(h~']).
(iviLet e HNK,he H,v € F.

HS(I"HY(h)v) = t(S(h~ 1)~ ) = t(8(r(h~ 1 1)eH " 'D)~1(y))
= e H Dy s (i (h~11)) " 1w)
= e~ Wmrr2oe BT D) (5 (1 (h ™1 1)) ).
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Now we prove the proposition. Let 2 € H.
(h-T))(9) = To(h™" - p)
- / WP HID) (o e (RI)), (31~ ) dI, by (D).
HNK

= [ et I g e (1), (B e D))
HNK
ce~@eHRT0)Y g1 by (ii).

= [ entmrnam D o), o3 (h™ D) w)) dl, by i)
HnNK

= [ (oo sk dl
HNK

= Ts5(hyw(9)-
Therefore v — T, is an H-homomorphism of F into I(W). O

REMARK. The motivation for the definition is as follows. If M is
a manifold, N C M a closed submanifold, " — M a vector bundle
and Z° — N the pullback to N, then the space of Z"-valued distri-
butions on M is 9'(M,7") = C(M,7* @ APT*M)'. This con-
tains 2'(N,7 ® A"P?(TM/TN)). Therefore the distributions on M
contain the sections C®(N,7” ® A°?(TM/TN)) (and does not con-
tain C*(N,7")). In our situation we have @ = H/HN P C G/P,
AYPT* = Cy,, AP(TM/TN) =C_3,42,,, 7 = WQC, so we see that

C®H/HNP,WxC_,,2,) C2'(G/P,WQC,) Cc I(W)
(and the shift by —p + 2py is explained). Finally,
C®(H/HNP,W ®C_pi2p,)Henite = 9 F @ {F* @ W ®C_ 42, }17F,

where the sum is over all finite dimensional irreducible H-modules.
Now we must determine which (, F) satisfy { F*®@W&C_ 2, }1"P
# 0, note that this is equivalent to

Homrung(F/(n N )F, W ®C_y125,) #0.

Recall from §1 that there are four possibilities for . We must de-
compose each W ® C_, 3, as M AN H-module.

Case 1. W = W, ® e"~I=1) W,|ysnn decomposes into M N H
modules with lowest weights

—l—-s+1 —l-s+1
(—2—,0,...0,1,...1[0,...0,1,...1,——2———)
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with s — 1 ones appearing (the line separates the pth and p + 1th slots).
After applying the Cayley transform, W ®C_ ., |4 has the following
weight on the compact Cartan subalgebra:
2p—(s=1-1) 2p—(s—1-1)

(2=Crlon g g 2leol=D)
Therefore (p—s+1,0...0,1,...1]0,...0,1,...1,—p—/+1) is the lowest
weight of an H-module with {F* ® W ® C_,.1,, }'"F # 0 provided
this weight is antidominant for H. This is the case as follows: For
s>p+1,(p-s+10,...0,1,...1]0,...0,1,...1,—p — [ + 1) when
[ < —p (orl < —p+1in case there are no ones in the first p places)
and for s =p, (1,1,...10,...0,—p — [+ 1) when / < —p.

Case 2. W = W; @ e~(n=(=I=1)) " The lowest weights of possi-
ble F are: Fors <n-p, (-n+p-10,...0,1,...1/0,...0,1,... 1,
n—p-s+1)(withs—1ones)when/>—-n+p(orl/>-n+p+1
in case there are no zeros in the first p places) and fors =n—-p —1,
(=n+p-1,0,...0|1,...1,0) when / > —n + p.

Case 3. W = W, ® e"~6~_ The lowest weights of possible F are:
Fors > p, (p —5,0,...0,1,...1]0,...0,1,...1,—p — [) (with s ones)
| < —p—1 (or/ < —p in case there are no ones in the first p places)
and fors=p-1, (1,...1]0,...0,—p —/) when / < —p — 1.

Case 4. W = W, @ e~("=(=1)) The lowest weights of possible F
are:. Fors <n-p-1,(-/l-n+p,0,...0,1,...1]0,...0,1,...1,
n—p—s) (with s ones) when / > —n+p (or/ > —n+p—11in
case there are no zeros in the first p places) and for s = n — p,
(=l —n+p,0,...0/1,...1,0) when [ > —n + p.

3.3. The following theorem gives information on the possible H-
types in I(W). Let W be one of the four cases listed at the end of
§3.2 and assume that H-types listed there occur (i.e., the conditions
on s and / hold).

THEOREM 3.3. Let T be an H-finite distribution in I(W) supported
in the closed orbit and suppose that T is a lowest weight vector. Let
A € (tNm)* @ a* be this lowest weight. Then A = 6, —Y_ngf, where
the sum is over all positive (tN'm) @ a-roots in q with Bla #0, ng >0
and 6, is one of the lowest weights listed in the four cases of §3.2.

Proof. Let d, be one of the lowest weights listed in §3.2, (J, F)
the corresponding finite dimensional irreducible H-module and let
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{Ty}ver be the corresponding H-finite vectors in (W) of type . For
p € CO(K/M,W*)

T,(p) = /H .06 )l
/ / A)m), t(8(k(T)m) " v))e~ CP-HM) g dn
NNH MﬂH
= [ (ol 16 (e(m) o))e= o d
NNH

The second equality is an integration formula (see [7], page 198) and
the last equality is because m € M N H. Now take v to be a lowest
weight vector v_w.r.t. NN H for (J, F). Then

t(v_) =t @) v_) = t(d(n e H Mk (@)~ v_)
= e~ V=Pt 2 HM) 1§ (ke (1) " )v-).

Hence,
T, () = /N nH(q:(x(ﬁ)), t(v_))ew=PH®) gy,

There is an inclusion N ~ N - ¢eP — G/P ~ K/M as an open and
dense submanifold, and N N H is open and dense in the closed orbit.
We may restrict distributions 7 on K/M to distributions 7’ on N.
Under the identification of C®°(K/M,W*) ~ C>®(G/P, W*) we have
D(g) = ev-PH(®)) p(k(g)). Therefore,

T (@) = /m@(ﬁ), t(v_)) d7

This formula defines an N N H-invariant distribution on N supported
in NN H. Since C*(N, W*) ~ C*(N)® W* we conclude that all W*-
valued distributions on N which are N N H-invariant and supported
in N N H are normal derivatives of some T (v_ € F for some (6, F)
listed in §3.2).

Let T be as in the theorem and T its restriction to N. T" is NN H
invariant (because 7 is a lowest weight vector) and has support in
NN H. We conclude that 7/ = u - T} for some v_ and some u €
% (@Nq). Here u is acting by left invariant differential operator on N
and N q is the direction in N normal to N N H. We may also assume
v_ is a lowest weight vector for (tNm) @ a (since the same holds for
T by assumption).

Let Y € (tNm)@a,y =expY and let & € CP(N) @ W*.
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Case (i), Y € a. Note that (y-T)'(®) = eV~ (y) T’ (PoAd(y)) because
(y~! - @)(7) = @(y7) = e’ (y)P(Ad(y)7).
AT(®) = (v - T) (@) = " ?(»)T'(® o Ad(y))
=e"?(y)u- T, (PoAd(y))

=e’P(y) /ﬁ nH((Ad(y)(u) - ®)(Ad(y)7), t(v-)) d

=) [ (Adw)u- ®)(m), v-))e () d
= eV P (y)(Ad(y)u - T, )(®D).
Case (i1), Y € tNnm. Let o denote the representation of M on W.
As above we have (y~! - ®)(7) = o(y)~'®(Ad(y)7). Therefore,

AT(®) = /_ (Ad(y)u - @)(Ad(y)7m), 0 (¥)t(v-)) dn
NNH

= [ (Adpu- @)@, oy -v-)) dr
NnH
= &% (y)(Ad(y)u - T, )(®).
Since u € (M N4q), u is a sum of terms X" ~~Xf’ﬂ] with B; as in

the theorem. Thus for y € (tNm) @ a, Ad(y)u = e'z””ﬂ(y)u and we
conclude A =4, — ) ngp. a

REMARK. The proof gives a bound on the number of times an H-
type can occur in I (W) with support in the closed orbit. This bound is
the number of ways to write A as d, —)_ ngf as in the theorem. To see
this note that if S, T are as in the theorem and 8’ = u -7, = T’ then
(S — T)' =0 on an open subset of the closed orbit. Since the support
of an H-finite distribution is a union of H-orbits, supp(S —7) =
(since contained in & — N N H and ¢ is minimal).

REMARK. Theorem 3.3 holds for general semisimple symmetric
spaces and any W (under conditions similar to those listed in cases
1-4 of §3.2), this is given in the appendix. In the case of Wl ~ C
this was done by Flensted-Jensen and Okamoto ([4]).

3.4. An explicit integral formula for H-finite harmonic forms on
X = G/K is given here. First we will explicitly write down the Poisson
transform discussed in §1. Then we apply it to the H-finite distribu-
tions constructed in §3.2.

Consider the general situation of §1.1. The Frobenius reciprocity
stated there is

Homp(W ® C), V) ~Homg(I(W),V)
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and we assume that V is an admissible subrepresentation of
C*(G/K,&). Given a G-homomorphism I(W) — V we obtain a
P-homomorphism by restricting to W ® C, C I(W). It takes a bit
of care to go the other way. Suppose we are given a nonzero P-
homomorphism W ® C, — V. If this map is followed by evaluation
at e we get an M-homomorphism W|;, — E|j;. Let us make a few as-
sumptions. (i) Assume that this map W/, — E|)s is an isomorphism
(there is no loss of generality), (ii) 4 acts on W by e” for some v € a*,
and (ii) N acts trivially on W. Let {w;} be a basis of E(W) and {w;}
the dual basis of E*(W*). It makes sense to define
(PT)(x) = 3 T(e™W+PHO" D (ae(x 1)~ yw} w;
j
for TeI(W)=w(K/M,W*Y, x €G.

PROPOSITION. Z is a G-homomorphism of I(W) into V and the
restriction of  to W is the original map W ® C, — V.

Proof (sketch). One must show that
e~ WP HET ) (e (x ) YYw € o (K/M, W™)

and that T € V C C®(G/K, &) so that the definition makes sense.
Also one must show that & is a G-homomorphism. These are rou-
tine (but tedious) calculations using simple properties of the Iwasawa
decomposition. O

REMARK. £ is called the Poisson transform of the P-homomorphism
W — V. In case E (and W|,s) are trivial this reduces to the usual
Poisson transform

(PT)(x) = / e~ HPHOT R T (k) dk,
K

see [6].
REMARK. In case T is given by a function f € G®°(K/M, W) we get

(P 1)(x) = / e~ 0P HO RN 1 e (x~ 1)) £ (k) dk.
K

We now apply £ to the H-finite distributions constructed in §3.2
to obtain explicit formulas for H-finite harmonic forms on G/K. So
let T, € I(W) belong to the H-type (J, F). Then

(ZTy)(x) =/ e~ P HOT D (i (x = D) (t(6(17 v)) dl.
HNK
This will be used in §4 to determine when these harmonic forms are

L,.
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4. We now discuss the square integrability of the harmonic forms
on X? which have been constructed above. A notion of L, is required,
this comes from [15] (§7) and is described below.

4.1. The trace form defines a hermitian form (X,Y) on p°, thus
giving a G%invariant indefinite hermitian metric on X°. A noninvari-
ant positive definite hermitian metric on X° is defined as follows. On
T,xo(X%) =~ p0 it is given by —(X, cY). On other tangent spaces we de-
fine it by using the decomposition G° = H°BK?, B = expb,b C ppNqp
maximal abelian. An arbitrary point of X0 is x = A°K° and tangent
vectors at x are of the form v = 1,07,(X), for X € p° (7, is left trans-
lation by g € GP). Set ||v||*> = (X,0Y). This is well defined because
(X,0Y) is H*NK°® = H N K-invariant.

Consider 479 (Xy,.%). Let # be the Hodge-Kodaira orthocomple-
mentation operator with respect to the noninvariant positive definite
metric on X°. Then

(w,0) = / o A #o
Xo

defines a hermitian form on the space of L, forms where we define a
form o to be L, if |||}, = (@, ®) < c.

DEFINITION.

%("J) — %(r’s)(XO,f/}()
={we A" (X%, %)|0w =0 and ||w||7, < oo},

we call this the L, harmonic space.

4.2. Let w be the harmonic form on X° ~ U(p+1,4q)/U(p,q)xU(1)
corresponding to the harmonic form £ T, on X by the duality of §2.2.

PROPOSITION. Corresponding to the four cases in §3.2 we have: |||,
< oo as follows;

Casel. l<—-n+s—1(and | < —p, for T, to exist).

Case2. | >-n+s—1(and! > —n+p).

Case3. l<—-n+s(andl < —p-1).

Case4. | > —n+s (and | > —n +p).

Proof. Let dx be the invariant measure on X9. Let || - ||x be the
positive definite form on AT} (X°) coming from the positive definite
form on Ty(X?). Note that || - llney = || - || = positive definite form on
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Ap* (coming from (X,07)), h% € HOexpb.
lol, = [ o) nto) = [ ol dx
X0 X0

= [ [ 10t IR,30) dy ar®
(by an integration formula in [7], page 186)

= [ [ NotiPsw)dyan
H° Jb+

0
<cY [ lowIPew)dy
i=1 70"

0
-cy. [ 1oL, 006 dy
=17

<c [ mo)Psw)dy.
The first inequality is because

lo(R®p)]l = (A%~ - )W)l < € Z lleo: ()l

where (h°)~! - w = Y%, ci(h%w; (d = dim HOtype containing w,
and w; are a basis of this HO-type). The v; € F are chosen so that
w; = P(Ty,,). The last inequality is as follows.

Tl = H /H . eWHPHU™Y) (3 (71 y))t(é(l")v)dl“

< ’/ e—(u+p,H(1"y)>”n(x(l“y))t(a(l"‘)'v)lldl'
HNK

f
HNK

where y; is the function constructed by Flensted-Jensen (see [16] page
125) with A = —v.

/b+ lv,(»)?6(»)dy < 00, when (v,a) < 0,Ya € Z(a, 9)

(see [16] page 157). Checking this condition for the four possible v
parameters finishes the proof. O

< const

o= v+p.H(I'Y) d[l = const [¥; (V)|

Appendix. A version of Theorem 3.3 for general semisimple sym-
metric spaces is stated and proved. We let G/H be a semisimple sym-
metric space, i.e., G is a semisimple Lie group and H is the fixed point
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set of an involution ¢ of G. The Lie algebra go of G decomposes as
ho + go, the =1 eigenspaces of do. For a minimal parabolic subgroup
P = M AN, the action of H on G/P has finitely many orbits, see [12].
Fix a closed orbit #. Suppose P may be chosen so that @ = H - eP
and P has the property that HN P is a minimal parabolic subgroup of
Hand KNH-ANH-NNH is an Iwasawa decomposition of H.

Fix a representation W of P so that N acts trivially. Consider the
set {(d;, F;)} ¢ H of irreducible finite dimensional representations of
H for which {F} @ WQC_ 12, }'"F = Hompnp(F;, W®C_,12p,,,.,) i
nonzero. For each t € Hompnp(F;, W ® C_,,,,,) and for each v € F;
define a W-valued distribution 7, on K/M as in §3.2.

ProrosITION. T, is H-finite in I(W) of type (;, F;).

The proof is exactly as in §3.2.

Let W|gnp = W) @ --- @ W), and consider the following condition:

(*) For each W there is a (d;, F;) such that {F* @ W; ®C_,,, }"F
# 0.

THEOREM. Suppose (x) holds. Let T be an H-finite distribution in
I(W), assume T is a lowest weight vector. Assume T is supported in
@. Then the weight of T is A, — Y_ ng 8 where A, is the lowest weight of
some 9d;, and the sum is over all positive (tNm) @ a) Nk roots in g with

Blany # 0, ng > 0.

The proof is exactly as in §3.3. Note that cases 1-4 at the end
of §3.2 determine exactly when condition () holds for the particular
G/H and W under consideration there.
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