PACIFIC JOURNAL OF MATHEMATICS
Vol. 144, No. 2, 1990

CLASSICAL LINK INVARIANTS AND
THE BURAU REPRESENTATION

Davip M. GOLDSCHMIDT

The object of this paper is to show how to use the Burau repre-
sentation of the Artin braid group to calculate some invariants of an
oriented link in S. More precisely, we obtain

(a) generators and relations for the Alexander module, and

(b) a unimodular (—¢)-Hermitian form on the torsion submodule

of the Alexander module (see below for a precise statement).
Scaling our form by (1 —¢™!) yields a Hermitian form which, for
knots, is probably the Blanchfield form. If so, it would then follow
from Trotter that the S-equivalence class of the Seifert form of a knot
can be computed from the Burau representation. Even if this form is
the Blanchfield form for knots, the situation for links is less clear
because (1 —¢~!) need not be invertible in the endomorphism ring
of the Alexander module.

Introduction. To state the results precisely, let B, be the n-string
braid group, let R = Z[¢, t~!], and let ¥}, be a free R-module of rank
n affording the unreduced! Burau representation. For y € B, let §
be the link in S? obtained by identifying the ends of a geometrical
realization of y, and set W(y) = (1 —y)(Vy).

THEOREM 1. V,/W(y) depends only on §. In fact, it is the Alexan-
der module of the disjoint union of 9 with the unknot. Let U, C
V., afford the reduced Burau representation. Then W (y) C U, and
U, /W (y) is the Alexander module of 7 .

The fact that the Burau representation is intimately connected with
the Alexander module is well known (cf. [1], p. 122) but the exact
details may not have appeared previously.

To state Theorem 2, we let Q(z) be the field of rational functions
and let * be the automorphism of R defined by * =¢1. If M and
N are R-modules, a (—¢)-Hermitian form on M with values in N is
an R-module map f: M®rM — N such that f(x®y) = ~tf(y®x)*.
Such a map induces a natural map M — Homg(M, N). When this
map is an isomorphism, f is sometimes called a “perfect pairing”.

't is essential to use the unreduced Burau representation here.
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278 DAVID M. GOLDSCHMIDT

In the following, M is the R-torsion submodule of the Alexander
module, and N is Q(¢)/R.

THEOREM 2. Let A = A(y) be the R-torsion submodule of U, /W (7).
Then there is a (—t)-Hermitian form defined on A(y) with values in
Q(t)/R depending only on 9. When the Alexander polynomial is non-
zero, the form is a perfect pairing.

The paper is organized as follows. In §2 we recall the definition of
the Burau representation and define an invariant sesqui-linear form
which is essentially due to Squier [3]. In §3 we prove Theorem 1. In §4
we prove Theorem 2 by defining, for any braid y, a (—¢)-Hermitian
form on A(y) which we then show is invariant up to isomorphism
under the Markov moves ([1], p. 51). We defer the proof that the form
is unimodular (i.e. a perfect pairing) when the Alexander polynomial
is non-zero to §5, in which we describe an algorithm for calculating
the form and we do the calculations for the figure eight knot. In §6
we study the effect of the orientation-reversing symmetries. In §7 we
show how to get a rational-valued form (integral when A is monic) by
taking the trace. Finally, in §8 we apply the results to the (n, m) torus
link. We obtain a presentation for the Alexander module as a direct
sum of cyclic submodules, and explicit formulae for the (Blanchfield?)
form.

2. The Burau representation. Let B, be the n-string Artin braid
group with standard generators oy, 0>, ..., 0,1, and let F,,; be
the free group on n + 1 free generators xp, Xy, ..., X,. Let R =
Z[t,t"']. Then B, actson F,,; via

x,-x,~+1xi“l if j=1,
G',‘(Xj)= X if j=i+1,
X; otherwise.

Note that x is fixed by B, . Define ¢: F,,; — Z via g(x;) =1 for
all i, and let K = kere. Then V, = K/K’ is a free R-module with
basis f; = xox; 'K’ (1 <i < n), where the action of ¢ is given by
tfi=x; f,-xj'1 for any j (one verifies that this is well defined modulo
K'). An easy calculation then shows that

(I=-0fi+tfin fj=1i,
o(fj))=1 fi ifj=i+1,
fi otherwise.
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V,, affords the (unreduced) Burau representation of B, . The vector
up = y i t'"1f; € V, is fixed by B, and so is the augmentation
map &(f;) = 1 (1 <7 < n) (not to be confused with its cousin
defined on the free group). Let U, = ker(gg). Then U, has the
basis ¢; = f; — fi;1 (1 < i< n) and affords the so-called “reduced”
Burau representation. An important point which may not have been
thoroughly appreciated heretofore is that U, is not a summand of V),
as a B,-module; in fact (u,) @ U, has indexep(u,) = Y1, t=1 in
V.

The usual geometric interpretation is to let B, act via the mapping
class group on the (n+1)-punctured disk D,,,; with F, | = (D).
K 1is then the fundamental group of an infinite cyclic cover C of D,
which can be embedded in R3 as the “parking garage”: an infinite ver-
tical stack of (2n + 2)-gons with n + 1 ramps going between succes-
sive levels as in Figure 1. Consequently, there is an integer pairing on
H,(C) = K/K', where (x, y)o is the linking number of the push-off
of x with y. We define

(X, y):Zti(tixa y)O

Then
1+t ifi=j,
141 ifi=, nr=Js
o -1 ifi=j-1,
(fi, i) =9t ifi<j, f(a,e)=3 _, iz il
1 ifi>j,

0 if |i —j| > 1.

If * is the automorphism of Z[t, t~!] defined by * = t~!, one checks
that (x, ay+2z)=a(x,y)+(x, z),and (x,y) =1, x)*. An easy
calculation shows that this form is invariant under the action of B, .
Up to a scale factor and the change of variable s? = ¢, the restriction
of this form to U, was discovered by Squier [3].

FIGURE 1
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3. The Alexander module. Let y € B, , let g be the union of the
geometrical realization of y with an additional straight string, and
let ¢ be the corresponding link. £ is the disjoint union of the link
defined by y with the unknot. The reason for introducing the unknot
will be clarified shortly.

Geometrically, it is advantageous to imagine the passage from g to
£ as occurring in two steps. First, we embed the braid g in a solid
torus 7 and identify the ends in such a way that a parametrization of
the resulting path(s) has positive longitudinal derivative at all points.
Then we attach a second solid torus along the boundary of 7" to obtain
S3 in the usual way. Let F = F,, ;. Since the complement 7 — g is a
twisted product of the circle with the (n + 1)-punctured disk, it’s not
hard to see that the fundamental group of 7 — g is the semi-direct
product G = (y)F . When we attach the other torus, the effect on =
istoset y =1, and thus =,(S*-2) = G/[y, G)(y) = F/[y, F], where
[y, F1= (yxy~'x~!| x € F) (see [1], p. 46 for details).

Let ¢: F — F/[y, F] be the natural map, and let K = ker(¢) C F.
K defines the “parking garage” whose homology affords the unre-
duced Burau representation of B, . Since &(yxy~!) = g(x) it follows
that [y, F] C K. Thus, ¢ factors through ¢ and defines a map é:
m (83— &) — Z. &(x) is just the linking number of x with g. Conse-
quently, ¢(K) defines the infinite cyclic cover of S’ —£ whose homol-
ogy is the Alexander module. In particular, we see that K/K'[y, F]
is isomorphic to the Alexander module of 2.

We would like to replace [y, F] by [y, K] because in additive
notation the group K/K'[y, K] is just V,,/(1 —)(V»). Indeed, since
y centralizes F /K it is tempting to conclude that [y, F] = [y, K],
but unfortunately this is not in general true. If, however, F = KX
where [y, X] =1 then the general identity

(*) [y, kx1=1[y, klk[y, x]k~!

implies immediately that [y, F] = [y, K]. This is the reason for
adding the extra string. Since Xx; is centralized by y we can take
X = (xp) above and conclude that ¥V}, /(1 — y)V, is the Alexander
module of 2.

Finally, set Fy = (x;, X2, ..., Xn) € F,;; and let  be the link
defined by y. Then ¢(Fy) = n;(S® — 9), and if we put Ko = KN F,
then Ko/Kjly, Fo] is the Alexander module of . Recall that f; =
xgxi‘lK’ and that the elements e; = f; — fi;1 = xixijrllK’ (1<i<n)
are a Z[t, t~!]-basis for U,. It follows easily that KoK'/K' = U,.
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In order to keep track of the various relevant subgroups of F, the
following lattice diagram may be helpful:

In such a diagram, a downward sloping line from A4 to B indicates
that 4 D B. A parallelogram with 4 at the top, B and C at the
sides and D at the bottom indicates that 4 = BC and D=BnNC.
The above diagram makes several such assertions:

(a) F =KF 0>

(b) [v, Fol € Ko,

(c) Ky =K'nKp,

(@) [y, RIK' =y, KIK'.
All remaining relationships are elementary group-theoretic conse-
quences of these. Assertion (a) follows immediately from &(x;) =1,
and (b) follows from the previously noted containment [y, F] C K.
As for (c), we have Kj C K' N Ky and, by the isomorphism theo-
rems, (K'NKy)/Kj is the kernel of the natural epimorphism K,/Kj —
KyK'/K'. But both of these groups are free R-modules of rank n—1,
so the natural map is an isomorphism.

To prove (d), we already have shown that [y, K] = [y, F], whence
[y, FolK' C [y, K]K'. Conversely, since K/K' is generated as an
R-module by {f;, ..., fu}, it follows that

K= (xé(xoxi“)x()_jll <i<n, jeLK'.

Notice that since [y, Fp] is normalized by Fy and [y, Fy]lK' < K,
we get [y, FolK' < F by (a). Now repeated application of (x) shows
that [y, K]K' is contained in the normal closure in F of

(v, x7 "1 <i<n)K'
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which is evidently contained in the normal subgroup [y, FoplK'. It
now follows from the isomorphism theorems. that

Ko/Kyly, Fol = KoK' /[y, KIK',
which says precisely that U,/(1—7)V, is the Alexander module of % .

4. The sesqui-linear form. Now fix y € B,, let R = z[t, 7],
W = W(y) =im(1 —y), and let 4 = A(y) be the complete inverse
image of the R-torsion submodule of V,/W . We want to define a
pairing ( , ),: A x W — R which is sesqui-linear, that is, conjugate
linear (with respect to the automorphism *) in the first variable, and
linear in the second. Set (a, w), = (a, v) where v is any element
of (1 —y)~!(w). Any two choices of v differ by an element u with
y(u) = u. To see that (a, w), is independent of the choice of v,
choose r € R such that rae€ W and let ra = (1 —y)(v;). Then

r(a, u) = (ra, u) = (v; = y(v1), w) = (v1, ) = (v, 7~ ()) =0
and therefore (a, u) = 0. This shows that ( , ), is well defined. It
is obvious that ( , ), is sesqui-linear with values in R.

Let a — @ be the natural map 4 — 4 = A/W, and choose
X,y € A. We define an element (X, y) = (X, ), of the R-module
Q(¢)/R as follows: choose r € R with ry € W and put (X,¥) =
r~Y(x, ry), +R.

We first argue that (X, ) is independent of the choice of r. Sup-
pose riy € W. Then
_ s nyly—ne, )y

rry

ri_l(x: rly)}’ —r_l('xa "y)y
We next argue that (X, y) is independent of the representatives
x,y.If y—y,=we W, then
r i x, ry), —r Y x, ry), = r i x, rw), = (x, w), € R.
On the other hand, if x —x; = (1 —y)(v) € W and ry = (1 —y)(vy)
then —ry~!(y) = (1 -y~")(v1), and
(x9 ry))’ - (xl ) "y)y = (’l) - Y(U), Ul) = ('U, Ul) - (U’ y_l(vl))
= —r(v, ')
whence r=!(x, ry), —r=Y(x, ry), = —(v, y~1(»)) € R.
It is now easily verified that ( , ), is a sesqui-linear form on A(7).
To see that it is (—¢)-Hermitian, choose x, y € A(y) and r € R such

that
rx=u—yum), ry=v-yQ)
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for some u,v € V. By expanding both sides, we easily verify the
identity
(rx,v)+ (u, ry) = (rx, ry).
Dividing both sides by rr* and using (u, y) = t(y, u)* we have
r e, v) + 2Ny, Wt = (x, )
and thus
x,yy+ty,x)*=0.

We will show that the pair (4(y), {, ),) depends only on the link 9

(up to a form-preserving isomorphism) by showing that it is invariant

under the Markov moves ([1], p. 51).
There are two moves. Suppose first that £ € B, . Then the identity

(1 =&p8™ V) =81 =)™ (Va) = (1 = ) (Va)

shows that multiplication by ¢ induces an isomorphism W(y)
W(&y&™") and thus isomorphisms V(y) = V(£7¢™!) and A(y)
A(EyE~1). We claim that

IR

€x,8y)gyer =(x,p)y forallxeA(y),yeW.

Namely, let (1 — y)(v) =y. Then
E—&n@)=¢&y=(1-¢rE HEv), so
(fx, éy)e:yé“ = (éx, é'U) = (xs U) = (x’ y)}’

as required.

The second Markov move is trickier. With the standard embedding
B, C B,.; we have B,,; = (B,, g,) and we need to find a form-
preserving isomorphism A(y) — A(cf'y). We have the inclusion
Vo € Vayyrsinfact Vo =V, @ Rf1 = Vo @ Rey .

LEMMA. W(ctly) = W(y) ® Re,.
Proof. We make use of the formal identity
(%) (1—ofy)=(1-0of)Y+(1-p)— (1 -0 (1 =)

This implies that W (ot!y) C W(ot!) + W(y). Note that
0 fori<n,
(1—=a,)(fi) =1 ten fori=n,
—e, fori=n+1
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and
0 fori<n,
A-o, ;)= —t'e, fori=n,
én fori=n+1,

so W(ag;f') = Re,. In particular, W(a}t!) + W(y) = W(sf!) @
W (y). Moreover, (1 —aF'9)(fur1) = (1 —6F)(f41) = £e, because
?(fas1) = fus1, and therefore we have W (of!) C W (1 —yat!). Now
(x) implies that W (y) C W(o;t'y) and the lemma follows. O

Now the inclusion map ¥V, C V,,; induces a map V,/W(y) C
Vai1/W(y), and since V.| =V, & Re, the lemma implies that
Vaxi  _ Va® Rey ~ Va
W(as'y) W) ®Ren W)

Explicitly, the map ¢: V(y) — V(otly) given by ¢(v + W(y)) =
v + W(of'y) is an isomorphism. We need to show that ¢ is form-
preserving on the torsion submodule.

We first define linear functionals «, f on V,,; as follows: for
X € Vyqr write x = xo + a(x) fu + B(X)fns1, Where xp € V1. We
next observe that

(1 =0x)(x) = (B(x) — ta(x))en,
(1 =a;)(x) = (' B(x) — a(x))en,
and that if we define S(x) = (B(x) — ta(x))fu+1, then
(1 =0,)S(x) = (B(x) — ta(x))en, = (1 — 0,)(x),
(1 =0, )S(x) = (7' B(x) — a(x))en = (1 — 0, ) (x).
Since y(fns1) = fus1 it follows easily that
(1-0E'9)S(x)=(1 —of)(x) forall x € V4.
Now we get
l-ofly=(1-0cYyy+(1-7)
=(l—a;'7)Sy+(1-7)

and thus
L=y =(1-0;"'y)(1-5).
To show that ¢ is form-preserving on A, it suffices to show that

if a € A(y) and w € W(y), then (a, w), = (a, w),#,. Choose
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v € Vpyr with (1 = p)(v) = w and set u = (1 — Sy)(v). Then
(1-a7'y)(u) = w, so

(a,w)y,=(a,v) and (a, w)a"ﬂy = (a, u).
We conclude that
(@, w), = (@, w) 2, = (a,v~u) = (a, Sy(v)) = (@, fur1)

for some r € R because im(S) = Rf,,;. Now choose r; € R with
ria € W. Since gy(y(v)) = eo(v) for all v € V.1, W(y) C ker(g) .
Thus,

n—1 n—1
r1a=2a,~f,~ where Za,~=0.
i=1 i=1

But then |
n—
ri@a, far1) = (na, fun) = tZai =0

i=1
and therefore (a, f,+1) =0 as required.

To complete the proof of Theorem 2, we must show that the induced
map A — Hompg(A4, Q(¢)/R) is an isomorphism when the Alexander
module is torsion. We defer this argument to the next section, where
we obtain explicit formulas.

5. Computations. Theorem 1 says that a presentation for the Alex-
ander module of a link ) can be obtained as follows. Let w; =
(1= = = wijer (1 <j<n). Since Y /7!f; is a fixed
point for y we have Y~ #~'w; = 0 and therefore any n—1 of the w;
generate W (y). Hence, any n — 1 columns of the matrix W = w;;
are a presentation matrix for the Alexander module of .

For example, let y = (010;')?, so $ = 4;. The matrix of 1—y
with respect to {f,, f2, f3} is

20—t -1 22141
22—t 1 -1
-t t'—1 2l —¢2
Thus we get

wy = (2t — t*)e, + tey,
wy = —tley+ (1 -1 Ne,

so A(y) is generated by {,, @,} subject to the relations

e =(t-1e,, e =(t-2)e,
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and we obtain the presentation A(y) = {&; | (¢ — 3t + 1)e; = 0}.
Returning to the general situation, let W, be a matrix consisting
of any n — 1 columns of W, and let A = det(W#)). Evidently, A
is the Alexander polynomial. Assuming A # 0, or equivalently that
A(y) = Uy, (€;,e;) can be computed by first solving the equation

Aej = Zukjwk
k

for u; ;. Thus, U = uy; is the classical adjoint of W, and
UWy = WU = Al
Then
@i, 2) =A""> (e, fi) = A tuij — uigy 5]
In the above example, fve get
(22 =3t+ ey = (17! = Dw; + twy,

1-2¢
ei.2)=A""1 -1 _ — = —_——
@1,e) =A7"[tt 1) —1] 2 341

Scaling by (1 —¢~!) and reducing modulo R, we get

(1-r e, 2) = ——

t=3+1
In the general case, we put
[t -1 0 -+ 07
0 ¢+ -1 0
T . .
t -1
o o0 --- 0 't |

and b;; = (¢;,¢;). Then B =A"'TU. Using this formula, we can
now complete the proof of Theorem 2.

For X, y € A, define ¢px(¥) = (X,y). To show that the map
®(X) = g5 is an isomorphism, we construct the inverse map as fol-
lows. Let ¢ € Homg(A4, Q(¢t)/R). Since A= U, is free on {ey, ...,
en—1}, @ can be lifted to a map ¢': 4 — Q(¢) with ¢(W(y)) C R.
Let ¢'(e;) = y; and let y = (1, ..., Vn_1) € Q)" !. Then
yWo € R. Let x = (X1,...,X,_1) be the row vector defined by
x* = yWyT~'. Then x* € R because T is unimodular. Moreover,
x*TU = yWoU = Ay and thus x*B = y. If we therefore let
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X =Y xe; €A, weseethat (X, ¢;) = ¢(¢;) forall j. Put ¥(p)=%x.
Then we have shown that ®(¥(¢)) = ¢ . Conversely, if we choose any
X=Yxe €A,set x=(x,..., x,_1) and let ¢ = ¢5, then there
is an obvious lift ¢’ corresponding to the row vector y = x*B. Then
x* =yWyT~! and ¥(¢5) = X as required.

6. Symmetries. Using the standard generators and relations for the
braid group, it is easy to see that there is an automorphism y — y’
such that ¢/ = ¢;! for all i. Then § is just $ with all crossings
reversed, i.e. the mirror image. Moreover, y'~! as a word in the o;
is just y read backwards, so $'~! is the inverse of . Then $~! is
obtained from $ by reversing both its orientation and the orientation
of §3.

The symmetry y — y~! is the easiest to analyze, so we will begin
there. From the identity —y~!(1 —y) = 1—y~! it follows that multi-
plication by —y~! induces an isomorphism U,/W (y) = U,/W(y~!).
Choose x,y € A(y), re R,and v €V, with ry = (1 —y)v. Then
~ry~ly = (1 =y~ v and since —y~! is unitary we have

(—y7'%, =79, =r (=X, v)

=—rl(x, yv)=-r"Yx,v-ry).
It follows that
(*) (-y7'x, —7—1?)y-' = —(X, V)y-

To analyze the mirror-image symmetry y — y’, we define a map *
on elements v € V,, (resp. R-linear maps 7T: V, — V, ) by applying
the ring automorphism * to each co-ordinate of v (resp. matrix entry
of T') with respect to the basis {f;, f>,..., fu}. Then (Tv+w)* =
T*v* +w*, and (T'T3)* = TyT;. For y € B, we abuse notation
slightly by writing y* for the action of the conjugate Burau matrix.

Define P: V, — V, via P(f;) = fy—i—1. Then P* = P~! = P,
Moreover, from the definition of the Squier form we have (Pf;, P f;)
= (f;, fi) from which it follows by sesqui-linearity that

(Px, Py)=(y*,x*) forallx,yeV,.

Define 6, = gy, and inductively set J;,1 = g,0;,---0;6;. Then J, isa
half-twist of all n + 1 strings, and it is easily checked that d,0;9, ! =
on,—; (1 <i< n). By inspecting matrix entries we verify that

dPo;P 67 =07! (1<i<n)
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from which we obtain the basic identity
SPy*P~ 6" =y forall y € B,.
Now choose y, v €V, and r € R with ry = (1 —y)v. Then
r*y* = (1 -y )v*=(P)"'(1-7)0P(v*), and thus
r*oP(y*) = (1 —-9y)oP(v*).

It follows that the map y — )’ = 0 P(y*) defines a (conjugate-linear)
isomorphism U, /W (y) — U,/W (y'). Moreover, we have

(x', ¥, = (6Px*, 0Pv*)/r* = (Px*, Pv")/r* = (v, x)/r*
=t(x, v)"/r =tx, y);

This result together with equation (*) implies that for the inverse
symmetry y — y'~!, the map y — y" = —y~1dP(y*) defines a conju-
gate linear isomorphism U,/W (y) — U,/W (y'~!) with

<X” > y”>y’_l = '—Z<X > y);'

These results have particularly simple consequences in the special
case that the Alexander module is cyclic with generator ¢ and anni-
hilator A. The form is completely determined by the element (e, ¢),
and €' is another generator iff ¢’ = ae for some unit a of R/AR.
Since the form is (—¢)-hermitian, we have (e, e) = —t(e, e)* which
easily implies that non-invertibility cannot be detected in this case. If,
however, 7 is amphicheiral, then for some unit o of R/AR we have

ac*(e, e) =t(e, e)".

Non-singularity of the form implies that (e, e) is a unit, and thus we
get the necessary condition aa* = —1 for some unit «.

7. Taking the trace. We first observe that the form ( , ) actually
takes values in a cyclic submodule of Q(¢)/R isomorphic to R/Rr
for some r € R. Namely, recall that R is a noetherian UFD and
V,/W is finitely generated. Thus, A has a finite set of generators
{@y,...,am}. Let r =1lcm{anng(a;)}. Then the form takes values in
the R-module Rr~!/R which is isomorphic to R/Rr. Alternatively,
we could take r to be the Alexander polynomial of 7.

We can assume that the gcd of the coefficients of r is 1 (this
amounts to the assertion that V, /W is Z-torsion free, which can be
easily seen by specializing the Burau representation at ¢ = 1). Ten-
soring with Q then embeds R/Rr into the finite dimensional algebra
Ql[t, t711/(r) which admits the canonical linear functional tr(, , the
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trace of the regular representation. By applying this functional, we
obtain a rational valued form ( , )o = tr;y( , ) on the Alexander
module. This form appears to depend on the choice of denomina-
tor r, but in fact it does not. For if we replace r by rs, the coset
representing a given value (X, y) of the form is also multiplied by s
and thus has zero trace on the submodule (r)/(rs) of Q[z, t=1]/(rs).
Since the isomorphism

Qlt, t='/(rs)
(n/(rs) ——

implies that tr = tr,) +¢ where #/(x) is the trace of the restriction
of ad(x) to (rs)/(r), { , )o does not depend on r.

For example, in the calculation for the figure eight knot, we got the
hermitian

Qle, '1/(r)

-1
t—3+¢
since t—3+¢~! is monic, the Alexander module is finitely generated
over Z, in this case it is Z ® Z. If we take the basis {e;, tzel}3, the
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action of ¢ is [97'] and the matrix of the trace form is [Z573].

8. The (n, m) torus link. Let 7 = 0,0, ---0,—; . Then the obvious
braid representative for the (n, m) torus link is y = 7. It is easy to
see that

(1-1Ne,, ) =

(i) =>0-0f+tfin  (1<i<n),

©(fa) = fi-
Let e; = f;— fis1 (1 <i< n) asabove. We will calculate with respect
to the basis {e;, er, ..., e,_1, fu} of V,. Define ¢y = f, — f; and

note that ¢y = — Zl’-'z_ll e;. It is easily checked that 7(e;) = te;,; for
all { with subscripts modulo n. Moreover, 7(f,) = fi = fu — e, SO
we have

m—1
(&) = "eium, () =f— Y ten
i=0

The Alexander module Ay, for the (n, m) torus link is therefore

generated by {ey, e, ..., €,_1} subject to the relations
(1) Eiym=1t7"2; (0<i<n),
(2) Tipe=0,

(3) "rstve =0.
These relations may be unraveled as follows. Let d = ged(n, m),
m = kd, n=10d, and e = lcm(n, m). The relations (1) can be
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iterated to obtain
Cirrm=1t"""¢; (0<i<n)

for any integer r. Note that there are exactly / distinct multiples of
m modulo n,namely {0,d, 2d, ..., (/-1)d} and a set of orbit rep-
resentatives for translation by m isgivenby {0, 1, ..., d—1}. Thus,
relations (1) say precisely that A4,,, is generated by {€p, e, ..., €4_1}
and that (1—#)e; =0 (0<i<d). Since Im = kn = e, we see that
(1 — #¢) annihilates A,, . Relations (2) and (3) can be re-written in
terms of {€p,e,,...,€,_;} as follows. Let a be the least positive
integer such that am =d (modn). Then e,.; = t~%"e; for all i.
Let

u==eg+e +---+ey4_y,
v=2ey+te;+---+ 19, ;.

Then relation (2) says that

(4) rU=ham(q 4 gam 4 g2am g gl=Damyy = 0
and relation (3) becomes

(5) (14 ¢d-am 4 2ld=am) o 4 fk=D)ld=am))y, — @,

Let d —am = bn, and put
—l_tlam—l_tae _l_tkbn_l_tbe
pm(t)—l—-tam—l—t“m’ pn(t)_l—tb"—l—tb"'

There are two special cases to consider: a = 0, b = 1, in which
case d =n;and a=1, b =0, in which case d = m. In the former
case, put p,(¢) =1, and in the latter case, put p,(z) = 1. Then is all
cases, we can re-write (4) and (5) as

Pm(t)u = 0= py(t)v.

However, we also have (1 —#)u =0 = (1 —1¢)v,so u (resp. v) is
annihilated by the gcd of p,,(¢) (resp. pn(t))and 1—1¢. Now, pn,(?)
1s the product of the cyclotomic polynomials ®,(¢) as r ranges over all
divisors of ae = aml which do not divide am . Since d = am + bn,
we have 1 = ak + bl which implies that if r|e and rlam, then r|m.
We conclude that

(6)
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It is not difficult now to check that A4,,, is generated by {¢p, €y, ..
€4-1} subject to the relations (6) and

(7) (1-;=0 (0<i<d).

To present A4,, as a direct sum of cyclic modules, we set

)

1 1-¢
,_ _ — —
v-————l_t(u v) 2 —7¢" and
__ ¢bn __sam _ ¢bn _ ¢bn
,_1 t +tb"1 t _1 tu+1 1-—¢
1 -4 1—p44 1 -4 1 -4

Routine calculations then show that {«¥', v',e,,...,@,;_;} is a basis
for A,,,, provided that d > 2 and d # n, m. Moreover, it follows
that

(- -e9) ,_~ (1=)1-1) ,
(8) A=y =tm)" _0“(1——td)v’

and that relations (7) and (8) imply (6) and (7).
Note that in the knot case (d = 1) we have v = u = ' = ey.
Hence, the Alexander module is cyclic with annihilator

(I=""(A =0)/(1 =")(1 =)

If either n | m or m | n then v/ =0 and {v',€,,...,€,_;} is a
basis for Ay, . For example, A4, ;i is cyclic with annihilator

1 =tY1 -0/ ~1).

Finally, if n =m, then ' =v' =0 and {&,,...,€,_;} is a basis.
To evaluate (¢;, @;) we use relations (1) to write

(1- te)ej =(1- rm)(ej + tm€j+m + 12m€j+2m + -+ l(l‘l)m€j+(1_1)m).

Hence we obtain

1 -1

(*) (El ’ E}) = 1—¢ze Z tpm(ei’ ej+pm)-
p=0
Recall that
1+t ifi=j,
-t ifi=j-1,
e,e)= o for1<i,j<n.
(e, &) -1 ifi=j+1, o

0 ifli-jl|>1,
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In fact, the same formulas extend to 0 < i, j < n, and using them,
it is not difficult to make (*) explicit. For example, in the knot case
we get

(1-em -

_ 1 _
(eo,eo>=1—_2m[1+t—tam—ll am]: = gom
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