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ELLIPTIC CURVES WITH TRIVIAL CONDUCTOR
OVER QUADRATIC FIELDS

SALVADOR COMALADA

This paper concerns elliptic curves defined over quadratic fields and
having good reduction at all primes. All those real fields admitting
such curves having a 2-division point defined over the field and a
global minimal model are characterized. The number of isomorphism
classes, over the ground field, of these curves is also determined. If
the number of divisor classes of the field is odd, all the mentioned
curves without a global minimal model are classified and counted as
well. It is shown that there are only eight elliptic curves defined over
a quadratic field having good reduction everywhere and four 2-division
points defined over the field.

Introduction. The existence of elliptic curves with good reduction
everywhere over quadratic fields was first observed by Tate, by the
way of his result about the non-existence of such curves over Q. As
far as the classification of these curves is concerned we can mention
the following works:

1. Stroeker in [6] proves that there is no such curve admitting a
global minimal model over an imaginary quadratic field.

2. Setzer in [4] characterizes all the admissible elliptic curves de-
fined over imaginary quadratic fields. We recall that an admissible
elliptic curve over a number field K is an elliptic curve defined over
K , having good reduction everywhere and with a non-trivial 2-division
point rational over K .

3. Setzer in [5] characterizes all elliptic curves over a quadratic field
with good reduction everywhere and having a rational j-invariant.
In this paper, we extend some of those results to the case of a real
quadratic field and without any assumptions on the j-invariant. Like
the referred authors we follow the way of diophantine approach to
classify all elliptic curves with a given conductor. In our case, we shall
deal with certain diophantine equations in units of the real quadratic
field.

Let K be a quadratic field. An elliptic curve defined over K will
be called “ g-admissible” if it is admissible and has a global minimal
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model. By a result of Setzer [4], if 6 does not divide the number of
divisor classes of K all admissible curves are g-admissible.

In §1 we characterize the real quadratic fields admitting g-admis-
sible curves in terms of the solvability of certain diophantine equations
over Z. We also give an effective procedure for finding them all ex-
plicitly for each given K. The number of such curves is determined
in §3. The set of j-invariants of these curves is seen to be infinite
(Corollary of Theorem 3) unlike the case with rational j-invariant [5,
Th. 4]. In §2 we prove that there are only eight elliptic curves defined
over a quadratic field K having good reduction everywhere and four
2-division K-rational points. There is no such curve if K is imag-
inary and there are two curves in Q(v/7) and in Q(v/41) and four
curves in Q(v/65). These curves are explicitly given in Theorem 2. In
84 we characterize the real quadratic fields with odd number of divi-
sor classes admitting admissible curves. Finally in §5 we give a table
containing models of all admissible curves defined over K = Q(vd)
for 2<d < 100.

1. g-admissible elliptic curves. Throughout this paper—except in
§2— K will stand for the real quadratic field Q(v/d), where d is a
square-free positive integer. The symbols Ox, Ux, kg, N, tr will
always denote the ring of integers, the group of units, the number of
divisor classes, the norm and trace, respectively. We shall also use the
notation X for the conjugate of x € K. The aim of this section is to
determine all the quadratic fields K admitting a g-admissible elliptic
curve. They are characterized in the following way:

THEOREM 1. The following conditions are equivalent:
(i) There exists a g-admissible elliptic curve defined over K .
(ii) Either of the following equations has a solution in integers u, v €

Ug, X, Y € Og:

(1.1) u+64v = X%, X a square (modulo 4),

(12) u+v=X?, u=v=1+2vd (mod 4) and d =2 (mod 4),

(1.3) 4Y +u¥> = X2, 2+Y, N(Y) = £16, N(X)= -2 (mod 8)
and d =1 (mod 8).

(iii) d = 1023 or either of these sets of diophantine equations has a
solution:

(1.4) x> —-4dy*=-7, 7|d,

(1.5) x2—4dy? =65, 65|d,

(1.6) x> —dy?=-2, d =-2 (mod 8),
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(1.7)

x2—dy?=-8 _

r4—ds2=£c256} rodd, d =1 (mod 8),

(1.8)

r* —ds? = -16384 r=3(mod4),(m,r)=1

m? —dn? = 8r 128n=sm (mod r), d =1 (mod 8).

Every g-admissible curve E has a model:
(1.9) y2=x3+Ax*+Bx, A=2%w, A,BeOyx, wEix.

For primes P dividing 2, we shall make constant use of the criterion
for good reduction given in [4]. For quadratic fields, these conditions
can be reformulated as follows:

LEMMA (Setzer). (a) Let P be an unramified prime dividing 2. Then -
an elliptic curve with model (1.9) has good reduction at B if and only
if A and B satisfy either of these sets of congruences:

A= -20% (mod B?), B=a* (mod P?),
A =a? (mod P?), B =0 (mod %)
a is integral and prime to B.

(b) An elliptic curve with model (1.9) has good reduction at a ramified
prime dividing 2 if and only if A and B satisfy either the congruences
of (a) with B =2 or they satisfy:

A=4(a  +aVd), a;=0 (mod ?2),
B =4(by + b,Vd), by =1 (mod4), b, =2 (mod 4)
and
d=2 (mod4), a;=1 (mod?2),
by —by+1 Ed(a1 —a;—1) (mod 8),
or
d=3 (mod4), a =0 (mod?2),
2a, — by =d (mod 8).
Let E be an elliptic curve defined over K and having a model

(1.9). Then, if Setzer’s conditions are satisfied, we can find a suit-
able transformation to obtain a global minimal model for E. More
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precisely,

LEMMA 1. Let E be an admissible elliptic curve defined over K .
Then E is g-admissible if and only if it has a model (1.9).

Proof. If E has such a model we shall be able to obtain a global
minimal equation for it by means of a transformation:

(1.10) x=U?X'+R, y=U3+U?Sx'+T,
R,S, TeK,UeK".
The reader can check [7] for the explicit transformation formulae
for the coefficients of an elliptic curve having a Weierstrass normal
form. If A, B satisfy (a) of Setzer’s lemma, we setin (1.10): U =2,
S=a, T=B/2, R=-4/2, 0 depending on whether the first or the
second congruences are respectively satisfied by P = 2. Otherwise,
weset: U=2,S=1, R=A4A-1, T =4(m+ nw) where
{ 0 ifvp(d4+2)=3,
m =
1 ifop(4+2)>3,
0 ifvg(A—1)=2andm=l
orvg(A— 1)>2and m=0,
1 ifvﬁ(A—l)=2andmf—~0
orvﬁ(A—1)>2andm= 1.

B is a prime dividing 2 such that P|(4+2, 0), w = (1+Vd)/2.
Finally, if the congruences of (b) are satisfied, we set:

U=2, T=4, S=m,
R—{ —n? if 124~ B =a*+ n* (mod 32)
"\ —(@+7?) ifn24-B=5n%+4n% +7® (mod 32)

where 7 =Vd, 1 +Vd if d =2, 3 (mod 4), respectively. |

Before the proof of Theorem 1 we solve the diophantine equations
of (ii).

PRroOPOSITION 1. Let € € Ug denote either the fundamental unit of
K or its conjugate. The equation:

(1.11) u+64v=X>, u,vely, XeOg,
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has a solution if and only if u = +v and X?Og = 63Ok or 659k,
respectively, or in the following exceptional cases:

d=1, uedd, v=¢u, X=0&+1)Vu,
d=41, uey:, v=eu, X=e/u,
d =65, u=4%, v==&u, X=(Q2-1)u,

d=1023, -uey:, v=—eu, X=e/—u.

Proof. We consider first the cases ¥ = +1 or v = +1. If X? =
u + 64 then we have that X — 8, X + 8 € Uk, and taking norms we
get the solutions:

d=7, X=43V7, u=-1 and d=65, X=+V65, u=1.

Similarly, from X2 =1 + 64v we have:

{(X = )k, (X + 1)} = {20k, 2°Ox} or {§-F,¥°-F},
where 29k = B-P in the last case. Taking norms we get the solutions:

d=7, X=22e>+1), v=¢>; d=41, X=x+¢, v=c¢,

d=65, X=+V65, v=1; d=65 X=+02e*-1), v=2¢.

In the case X2+ 1 = 64v setting X = (r+svVd)/2, r=s (mod 2),
a = s2d , and taking norms we get:

a*+2(4-r>a+ (4 +r*)? - 16N(64v) = 0.

Let 64b? be the discriminant of this quadratic equation. From the
equality N(64v) = b2+ r?, we find that all the solutions of X2+ 1 =
64v are:

d=7, X=%3V7, v=1; d=1023, X =+e¢, v=c.

In the case X2+ 64 = u, proceeding as above we find that there are
no solutions. Since every solution of (1.11) with +u or +v € 4% leads
up to the preceding cases, we can assume that +u, v ¢ uﬁ. In this
case we have that uv = +w?, w € Yg . Setting uw = (r + svVd)/2,
r =s (mod 2), taking norms and having in mind that N(u) = N(v)
we have:

N(X)* = N(u)(1 + 22 + 2% tr((uw)?))
= N(u)(1 + 22 2" N(w) + 2°r%).
Taking into account all possible signs for N(u) and N(w) we find

in any case a finite number of possibilities for r and N(X), from
which only the following ones provide effective solutions to (1.11):

r=+2, N(X)=+63 or =65,
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and they lead to X2Og = 639Dg or 659, respectively. On the other
hand, it is clear that this last condition ensures the existence of a
solution to (1.11). O

PROPOSITION 2. Let ¢ € Uy denote either the fundamental unit of
K or its conjugate. The equation:
(1.12) u+v=X>, u,vely, XeOx, X#0,

has a solution if and only if u=v and 29k = X2k or u = wuy,
v =w?dy, Uy, w € Uk, tr(ug) asquare or in the following exceptional
cases:

d=2, ugsl, ue<0,v=—-eu, X=+v-2eu,
d=>5, ueu, v =e¢u, X =¢eVu,
d=6, O<ugus, v=e*u, X=7¢V2u.

Proof. Let u, v € Ug be a solution of (1.12) and let us assume first
that N(uv) = 1. Multiplying by %w both sides of (1.12) we get:

X’ =a+0=NuXuw.
Hence, N(u)uv = w?, w € Ugw > 0. From (1.12) we have:
Xw = uw + vw = uw + N(w)aw = tr(uw),

since N(w) = —1 would lead to a contradiction. Now, every odd
prime dividing tr(yw) is unramified in K ; hence, either tr(uw) or
% tr(uw) is a rational square. In the first case, taking uy = uw we have
u=wluy, v=wla and wl e ). If Jtr(uw) =r?, rez,
then the prime 2 is ramified in K and the prime ideal dividing 2 is
principal. If N(u) = N(v) = 1 we have a solution to r* — ds? = 1
and by a theorem of Cohn [1] we have uw = +1, that is ¥ = v, with
the exceptional case d = 6, when there is the possibility uw = +&2,
leading to v = ¢*u. If N(u) = N(v) = —1, w is a square; hence,
2 € D% and d = 2. Now, the equation r* — 252 = —1 has only one
solution in positive integers, namely r =s = 1 [3, D24-31]; hence we
have uw =¢, v = —&2u.

If Nu) =1 and N(v) = —1, then u > 0; otherwise either of
the sums u +v, #+ o would be negative and (1.12) would lead to a
contradiction. Hence, u € 4% and (1.12) furnishes an integer ¥ € Ok
such that Y -1, Y + 1 € Ui . Taking norms we easily see that d = 5
and the solutions to (1.12) must be those given in the statement. 0O



ELLIPTIC CURVES WITH TRIVIAL CONDUCTOR 243

PRrOPOSITION 3. Let ¢ € Uy denote either the fundamental unit of
K =Q(Vd), d =1 (mod 8), or its conjugate, and let B be a prime
dividing 2 such that B* is principal.

Then, the equation:

(1.13) 4Y + uY’ = X2

has a solution with X,Y € Ox, ucllg, YO =P*, if and only if:
(i) B is principal and there exists a generator of 3® whose trace
is a square. In this case, if B = HOg , the solutions of (1.13) are:

X=rH, Y=vH* u=vN(@),

where r € Z, v € g satisfy tr(vH®) =r?.
(i) B? is not principal and the following equations have an integral
solution:

(1.14) {

In this case, the solutions of (1.13) are: X = (m+nvd)/2, Y, u

such that u¥> = (r* + s\/d)/2, where m, n, r, s are a solution of
(1.14).
We have the following exceptional cases:

r* —ds? = —-16384, r odd
m2—dn?=8r; (m,r)=1, 128n=sm (mod r).

d=41, X=<%>\/E, Y=

4
d =41, X=<43‘°i0_1>\/§, Y=<%—3—> v, u=¢év, veuk,

v, u=uv, veuy,

d=65, X=<€;5>\/27, Y =

2
d=65, X=<38;1)ﬁ, Y=(821> v, u=é&v, veuk.

&V, u=v, veuy,

Proof. Suppose that there exists a solution to (1.13) with N(uY) =
16. Multiplying by #Y both sides of the equation we get:

X2aY = 4aY? + 167 = 4X°.

Hence, B? is principal generated by G = 2X/X. Replacing Y =
N(u)uG? in (1.13) we obtain:

X2 = AN(W)uG? + u®G" = N(u)Gr(uG?).

Since (d, tr(uG?)) = 1 we conclude that G is a square in O and
tr(N(u)uG3) is a square in Z. Thus, (i) is satisfied. If we have a
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solution of (1.13) with N(uY) = —16, taking norms directly from
(1.13) we get:

N(X)? = 4tr(uY).
Hence, if C = uY" , we have:
N(C)=-2"2, tr(C)=r*, NX)=2r, reZ,
so that the equations of (1.14) are satisfied, and from:
C—64N(u) = uY" +4YY =T X2,

we have that X divides C + 64 in Ok, which is equivalent to the
congruence, 128n = sm (mod r). To see that the solutions given in
(i1) do satisfy (1.13) we write:

(C+64)Dg = BA, N@) =12,

since N(C + 64) = 64r2. If r=p]"---p;*, from the first equation in
(1.14) we have that all p; decompose in Q(vd) and % = P34l ... pak
where each ‘B; is one of the two prime ideals dividing p;. Now,
since X divides C + 64, we deduce that X290, = —‘1—322(. Hence,
C+64=YX*w, w e Yg and equation (1.13) is easily obtained.
We have only to check that if 932 is principal then we fall in the
exceptional cases. We set P2 = GOg and Y = G*v, v € Ug. If
N(u) =1, N(Y) = —16, we have N(v) = —1. Hence, u = tw?,
w € Uy ; but ¥ = —w? never occurs since we would have from (1.13)
the congruence X? = —1 (mod B?), which is impossible. Thus, the
equation becomes:

4Y = (X —wY)(X +wY),

and
{(X —wY)Dg, (X +wY)Ox} = {20k, 20x)B*}.

Taking norms it can easily be deduced that d = 41 or 65 and the
first and the third exceptional cases can be obtained. If N(u) = —1,
N(Y) = 16, we have that v = +w?, w € Ug, but Y < 0 implies u >
0,sothat ¥ < 0, # < 0 which is impossible since 4Y + a¥2 = X~.
Hence, Y is a square and setting Y = H?, the equation becomes:

ulH' = (X - 2H)(X + 2H),

and we proceed as above to get the two remaining exceptional
cases. O



ELLIPTIC CURVES WITH TRIVIAL CONDUCTOR 245

Proof of Theorem 1. Let’s see first the equivalence between (i) and
(i1): If E is a g-admissible elliptic curve defined over K, having a
model (1.9), then from the equation of the discriminant:

B?(4%? — 4B) = 28w,

and the conditions of Setzer’s lemma, we have the following possibil-
ities:

(1.15) B=2%, A> -2%u=v, u,v €y and A =a? (mod 4),
(1.16) B=u, A>-4u=2%, u,v € Ux and 4 = —202 (mod 8),

(1.17) B = 4u, A*> — 2% = 2*v, u,v € g and 4 = 4/d
(mod 8), B =4+ 8V/d (mod 16) if d =2 (mod 4),

(1.18) B=4u, A> -2*u=2%, u,v € g and 4 =0 (mod 8),
B =4+8vVd (mod 16) if d =3 (mod 4),

(1.19) BOg =%, P a prime dividing 2, 42— 4B = uB’, u € Yig

and .
A=-2 (mod )
{ A=1 (mod P?)
if d=1 (mod 8).

The equation (1.1) follows immediately from (1.15) and (1.16).
Possibility (1.18) never holds because it would imply the existence of
a unit ¥ = 1+ 2v/d (mod 4), which is impossible if d =3 (mod 4).
The equation (1.2) can be easily deduced from (1.17) and so does
equation (1.3) from (1.19) together with the fact that the set of con-
gruences in (1.19) is seen to be equivalent to:

N(A)=-2 (mod8), tr(4)=3 (mod4),

as it can be easily checked by taking norms. Conversely, if we are given
a solution of either (1.1) (1.2) or (1.3), following the possibilities listed
above, we can clearly construct an elliptic curve £ with a model (1.9)
satisfying the conditions of Setzer’s lemma, so that, by Lemma 1, E
is g-admissible.

To prove the equivalence between (ii) and (iii), we first apply Propo-
sition 1 to equation (1.1). Hence, we may have N(X/3)==+7, 7|d
or N(X) = £65, 65| d. The condition of XOg being a square
(mod 4) is seen to be equivalent in this case to Xw = Xw (mod 4),
w € Uk . Thus, equations (1.4) and (1.5) are obtained. For d = 7,
65 these last equations are respectively satisfied. For d = 41 equa-
tions (1.7) and (1.8) are solvable and, finally, in the case d = 1023 a
solution to (1.1) can be found taking, for instance, u = —¢2, v = ¢,
X =1, & as in Proposition 1.
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Applying Proposition 2 to equation (1.2) we have that: X2 = 2u,
u =1+ 2vVd (mod 4), so that (1.6) is seen to be satisfied. For the
exceptional case d = 6, this last equation has also a solution. At
last, Proposition 3 gives us the equivalence between the existence of
solutions to (1.3) and the solvability of (1.7) or (1.8). Condition
N(X) = -2 (mod 8) is clearly equivalent to N(H) = -2, r = 3
(mod 4), respectively. Hence, Theorem 1 is proved. o

REMARKS. (1) We can find solutions to all the diophantine equa-
tions of (iii) taking, for example, d =7, d =65, d =6, d =41 or
d = 17867009, respectively.

(2) It 1s not difficult to check that every pair of diophantine equa-
tions of (iii) is not simultaneously solvable except for (1.7) and (1.8),
which can only have d = 41, 65 in common and (1.5) and (1.8),
which are both solvable for d = 65. I believe that this is the only
common d but I am not able to prove it.

(3) The proofs of Theorem 1 and Propositions 1, 2, 3 give, in fact,
a procedure for effectively constructing all g-admissible curves for
a given K. This will be treated even more explicitly in Theorem 3
below.

2. Admissible elliptic curves with four 2-division K-rational points.
In this section, the set of the elliptic curves defined over any quadratic
field K = Q(v/d), with good reduction everywhere and all 2-division
points rational over K is completely determined (see [2]).

Let o be the non-trivial Q-automorphism of K. We have:

THEOREM 2. Let K = Q(Vd). Let E be an elliptic curve defined
over K with good reduction everywhere and having four 2-division K-
rational points. Then we must have d = 7, 41 or 65 and E is
isomorphic to one of the following eight curves:

Ei:y?=x3+4x*+Bx, A=22D, 1<i<8,
d A B D j

E; 7 —(1+2€) 16¢3 &b (255)3

E; 41 (3e-1)/2 ele—=1)/2 &* (e—16)3/¢

Es 65 2¢2-1 16¢3 el (257)3
Eg 65 10e2-5 400e3  (5¢)®  (257)3
E; 65 8e¢+1 16¢2 &b (17)3

Ey 65 40e+5  400e2  (5¢)°  (17)

E, = E], E4 = EJ. In each case, ¢ stands for the fundamental
unit, i.e., € =8+ 3v7, 32+ 5V41 or 8+ /65, respectively.
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Proof. Let E an elliptic curve with good reduction everywhere and
four 2-division K-rational points. Then E has a model:

(2.1) E:y*=x3+A4x*+Bx, A,Be9g,
with discriminant:
(2.2)  A=16B*4>—-4B)=2"D, Deoi, (D,2)=1.
By Setzer’s conditions, given in [4], we have:
ADx = DA, BOx =2*B, DOx =22,

where A, B, © are ideals of Ox and B = Og, 16Dk, 40k or
B4, the two last cases being only considered when 2 = P> or PP
respectively. Let’s assume 9B = P*. Since B3Og = D'2P!2 we have
that 912 is principal and from (2.2) we get the equation

N(X? - 64) = £2!2, XeDg, 2tX,

which ensures the principality of 9. In any case, since B is always
principal, we conclude that ©% and 2 must be principal, too. Thus,
we may set:

A=aOg, ‘BZbDK, QZZCDK, a,b,ceDK,

(2.3) A=cauy, B = c*bu,, chéug, Uy, Uy, Uz € Ug.
From (2.2) we have:

b2(a*ui — 4buy) = 28udu; .
If b=1 or 16, this last equality leads to a solution of
(2.4) X? =u+64v, XeOg, u,velg,
with v € U2 or u € 4%, respectively. If b =4 we have:
(2.5) X’=u+v, XeOk, u,vely,
with u € 42 . If bDg =P* we obtain:
(2.6) X2=4Y +u¥>, 2+tY, N(Y)=+l16,

X, YeOk, ucig,

with u € 42 . Equations (2.4), (2.5) and (2.6) are completely studied
in Propositions 1, 2 and 3, respectively. In our particular case, where
one of the units u, v is a square, it is easy to see that equation (2.4)
implies d = -7, 7, 41 or 65, equation (2.5) implies d = 2 and from
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equation (2.6) we have d = -7, 41 or 65. Finally, from its finite
number of solutions, we can construct all the desired curves. Notice
that for d = -7, by Stroeker’s result in [6], no elliptic curves with
good reduction everywhere can be found. Also, for d = 2 we have
already shown in Theorem 1 that no admissible curves exist.

Clearly, by Lemma 1, all the curves obtained have a global minimal
model except for E¢ and Eg, which cannot have it. Notice that these
last curves have been obtained by setting ¢ = 5 in (2.3). In fact,
following Setzer in [4], it can be easily shown that two admissible
curves over Q(+/65) attached to a solution of (2.4) or (2.6) with ¢,
¢, respectively, are isomorphic if and only if D, ©, are equivalent
ideals. o

3. Counting g-admissible curves.

THEOREM 3. Let K = Q(vVd), d # 7, 41, 65, 1023 satisfy the
conditions of Theorem 1. Then the number of g-admissible elliptic
curves over K (up to isomorphism) is:

2 if (1.6) is solvable, d # 6,

6 ifd =26

8 if either (1.4) or (1.5) is solvable and d = 3 (mod 4),
4 if either (1.4) or (1.5) is solvable, (1.8) is unsolvable

and d # 3 (mod 4),
2/N if (1.8) is solvable and (1.5) is unsolvable,
4+ 2N ifboth (1.5) and (1.8) are solvable,
2/+IM if (1.7) is solvable,

where M is the number of solutions in positive integers (r,s) of the
equation r* —ds? = £256, 2 + r. N is the number of solutions in
integers (r, s) of the equation r* —ds* = —16384, r =3 (mod 4) for
which the whole set of equations (1.8) has also a solution. Let f =0, 1
according to whether the norm of the fundamental unit is —1 or 1,
respectively. For d = 7, 41, 65, 1023, the number of g-admissible
elliptic curves is 8, 6, 6, 8 respectively.

Proof. Let & be the set of classes of isomorphic g-admissible el-
liptic curves. In each case, we shall consider different sets $ and we
shall establish a mapping ®: & — § of & onto $. We shall obtain
the result about the cardinal of & in terms of the cardinal of $ and
the fibres of ®. Notice that two models: 2 = x3 + 4;x2 + Byx,
y? = x3 + A,x2 + B,x, belong to isomorphic elliptic curves if and
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only if they are related by a dilation:
Ay = A U*, B, =B U*, U e .

In fact, if a transformation (1.15) changes one model into the other we
must have S =7 =0 and R3+ 4;R>+ B;R=0, R € Og and since
d#7, 41, 65 (see Th. 2), R = 0. Using this argument we shall
have, in any case, that @ does not depend on the particular choice of
the model.

Assume that (1.6) is solvable. We define:

H={ueclg;tr(u)=2r*, reZy,

4B

If A=4C, B=4u, Ce€ Ok, uc g then C2=u+v, v € Ug
and ®*(E) = nv . By Proposition 2, #v € 4% and ®(E) € §. Let us
show that ® is onto: Setting u = r2 +sv/d and taking C € Og such
that N(C) = —2 we have:

C?=2v,velg, v=1+2Vd (mod 4), u+u=2r2=C?vr?;
hence uv + av = (Cr)? with wv =1+ 2vVd (mod 4).

Thus, uv, av, Cr is a solution of equation (1.2) and a g-admis-
sible curve E can be obtained by taking: 4 = +4rC (sign determined
by (b) of Setzer’s lemma), B = 4uv, so that ®(F) = u. Finally,
®(A,, B)) = ®(A4,, B,) if and only if (4,/4,)* = B;/B, and since
B\/B, € Uk this is equivalent to: A, = Aju; By = Bju?, u € g, if
u € 4% the curves are isomorphic and if u ¢ 4% we obtain two non-
isomorphic curves such that all curves with the same image by ® must
be isomorphic to one of them. Therefore, in this case, the number
of g-admissible elliptic curves defined over K (up to isomorphism)
is just twice the number of units in §, i.e., the number of integral
solutions (r, s) of the diophantine equation:

rt —ds?* = 1.

1/2
<D(E):=<I>(A,B)=(£—1) , Eec®.

Applying a theorem of Cohn ([1]), we get the first two cases (d # 6,
d=6).

If (1.4) is solvable and E € & has a model (1.9) then we have:

A% = 282y 4 2et2y B = 2¢y, u,v € Uk, with e = 0 or 4.
Let $ be the set of classes [C] of elements of the set: {C € O,
N(C)= -7, C isasquare (mod 4)}, classified by the relation:

B~C iff CB 'eyi.
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In this case we set:

®(A4, B)=[-4/3] ife=4,

®(A4, B)=[4/6] ife=0.
By Proposition 1 together with (1.15), (1.16) we get that ®(A4, B) € ).
Also, let us see that there are exactly two elements of & which map

to every class of $: Let T e, I =[C], C € Ox. From C? = Tu,
u € g , we can take the g-admissible curves E;, E, given by:

A1=—3C, Bl=16u, A2=6C, B2=—u.

Clearly, ®(E,) = ®(E,) = I. It is also clear that E,, E, are not
isomorphic and they are the only elements of & which map to I, for
if (I)(Al , Bl) = (D(Az, Bz) , either A, € [A;] or 24, € [A1] and, in
any case, By, B, are uniquely determined by equations:

A\* _B A4\?
(§> =7E or <—6—> ——‘7B.

Therefore, the cardinal of & is twice the cardinal of § and this is
four if d =4 (mod 4), being [C], [-C], [C], [-C] all the classes,
and two if d # 3 (mod 4) being [C], [C] all the classes.

If (1.5) is solvable and (1.8) is unsolvable we take $ to be the set
of classes [C] of elements of the set:

{C €Dk, N(C)=65, C isasquare (mod4)}
classified as above. Now, we set:
®(A4, B) =[A4] ife=4,
®(4,B)=[-A4/2] ife=0.
Arguing as in the preceding case we can show that ®(4, B) € §.
Moreover, the proof of the existence of two elements of & mapping

to every I € § 1is practically the same, but now, the curves E;, E,
are given by:

A1=C, B1=16u, A2=—-2C, B2=u,

where I = [C], C € O and C? = 65u, u € $lg. Finally, the
cardinal of § is the same as before. If (1.8) is solvable and (1.5) is
unsolvable then we take: H={C € Og, C=(r2+sVd)/2, r,s€l
where (r,s, m,n) satisty (1.8) for m,n € Z}, and ®(4, B) =
A*B — 4N(B). From (1.19) and the fact that the primes dividing 2
are not principal we get that 4, B must satisfy equation (1.3) with
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N(uB) = —16 (see Prop. 3). Now, multiplying by B both sides of
this equation we get:

A’B =4N(B) +uB’,

so that ®(4, B) = uB’ , ®(4, B) € $H. We show that either one or
two elements of & map to every C € $ depending on whether the
norm of the fundamental unit is —1 or 1, respectively. If C € 9,
then from Proposition 3 and the last equality we have that:

A’B=4N(B)+C,

where 4 = (m +nvd)/2, 21 B, N(B) = 16, so that B can be
found and the elliptic curve with coefficients, A, B is g-admissible.
Clearly, ®(4, B) = C. If ®(4,, B;) = ®(A4;,, B,) from N(B;) =
N(B,;) = £16 we get that B,/B; = (Az/Al)z . Now, since B;/B; € Uk
we have:
Ay = Ayu, B2=Blu2, ueig.
Hence, if u € L@( the curves are isomorphic, and if u ¢ uf{ we obtain
two non-isomorphic curves only when N(u) =1, i.e., when the norm
of the fundamental unit is 1, as we must have N(4;) = N(4,) = -2
(mod 8). If both (1.5) and (1.8) are solvable we fall simultaneously
in the two last cases, but, clearly, curves coming from different cases
are non-isomorphic, so that the cardinal is the sum of the two last
cardinals and the result follows.
If, at last, we assume that (1.7) is solvable we consider:

H={CeOk; NC)=+256, r(C)=r*,reZ,(r,2)=1}
and ®(4, B) = —24B/4. To show that ®(E) € § we put by
Proposition 3: 4 = rH, B = uH*, where u € g, N(H) = -2,
tr(uH®) = r?. Hence, —2AB/A = —2A°B/N(A) = uH®. Now we
show that either one or two elements of & map to every C € § de-
pending on whether the norm of the fundamental unit is —1 or 1,
respectively. If C € $ with tr(C) = r?, then from:

C=uH® wueily, NMH)=2, He Dy,
we have that the elliptic curve given by: A4 = +rH (trd = -1
(mod 4)), B = uH*,is g-admissible and ®(4, B) = C. If ®(4,, B))
= ®(A4,, B,) since N(A4;) = N(A4,) we get
Bi/By = (A1/43)*, Bi/B; € iik.
Thus,
Ay =Awu, By=Bu*, ueyy,
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and we argue as in the preceding case to get the result. For d =7, 41,
65 and 1023 we construct all the g-admissible curves directly from
the solutions of the diophantine equations in (iii) of Theorem 1. It is
straightforward to check that there are 8, 6, 6, 8 curves respectively.
In §5 we give explicit models for all these curves with d = 7, 41 and
65. O

REMARK. Assume that (1.7) is solvable. Then if the norm of the
fundamental unit is 1 we must have:

r* —ds* =256, (r,2)=1.

Otherwise, from (r2 +svd)/2 = uH®, N(H) = =2, we should have
N(u) = —1. Also, if the norm of the fundamental unit is —1 and
d # 41 we must have:

r*—ds?*=-256, (r,2)=1.

Otherwise, proceeding as above we would have N(u) = 1 and, hence,
u € 4% so that the g-admissible curve given by: 4 =rH, B =uH*,
should have all the 2-division points rational over K, and Theorem 2
would lead to contradiction.

Let J;, J, be the sets of j-invariants of all g-admissible elliptic
curves defined over imaginary or real quadratic fields, respectively.
Setzer ([4], [S]) has proved that J; and J,NZ are both finite. In fact,

Ji ={17%, 257%},
J,NZ={173,257%, —-153, 2553, 20%}.

On the other hand, as a consequence of Theorems 1 and 3, we can
state the following:

COROLLARY. J; is not finite.

Proof. For any integer m = 13 (mod 32) let d,, be the square-free
positive integer determined by:

(3.1) Tm® + 1 = 16d,,n>.

Taking x = 7m3, y = 2n, d = 7d,, we obtain a solution to (1.4) with
d =3 (mod 4). Since, (3.1) has only a finite number of solutions for a
given d,, , we get in this way an infinite number of real quadratic fields
K = Q(vd) admitting g-admissible elliptic curves. By Theorem 3,
there are exactly 8 such curves for each K and by [S, Th. 3] not all
of them can have a rational j-invariant. O
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4. Admissible curves. It seems very difficult to characterize all the
admissible curves defined over K by means of this diophantine ap-
proach. Nevertheless, in the case 2 t A; it is still possible to solve
it completely. In fact, under this assumption on /4, , almost all the
admissible curves turn out to be g-admissible and they are already
characterized by Theorem 1. More precisely,

THEOREM 4. Assume 2 | hy . All admissible elliptic curves defined
over K are g-admissible except for the case:
d prime, d =1 (mod 16) and P not principal, where B is a prime
dividing 2. In this latter case, the following conditions are equivalent.
(1) There exists an admissible elliptic curve defined over K .
(11) The equation:

(4.1) uY*+64v =X?, 2+Y,N(Y) =48,

has a solution in integers u, v € g, X, Y € Og.
(ii1) The following equation has an integral solution:

(4.2) r* —ds?> =256, rodd.

When these conditions are satisfied, the number of admissible elliptic
curves is twice the number of positive integral solutions of (4.2). None
of these curves is g-admissible.

Proceeding as in §1, we solve the equation (4.1) before the proof of
the theorem.

PRrROPOSITION 4. Let ¢ € Ug denote either the fundamental unit of
K =Q(/d), d =1 (mod 8), or its conjugate, and let ¢ be a prime
dividing 2 such that B33 is principal. Then, the equation:

(4.3) uY* + 64v = X?

has a solution with X,Y € Ok, u,v € Ug, YOr = P> if and only
if there exists a generator of B° whose trace is a square. The solution
is then given by: X =rY, v =@, where tr(Y?u) = r*, r € Z, except
for d = 41, when there are also the solutions:
- 27 - 17
lela 2\/5’ v =eu, y & ,
10

_e-17
10

ue ik,

v € k.
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Proof. Let us assume that (4.3) has a solution. Then, multiplying
both sides of the equation by Y~ we get:

—\ 2
(4.4) uY? +0Y = (%) .

If N(uv) =1, multiplying both sides of (4.4) by uv we have:
(XY/8)2 = 0Y? +aY’ = (XY /8)70N ().

Hence, +u7 € Ll%(. Setting +%0 = w?, w € Ug and multiplying
again (4.4) by w, we get:

truwY?) = uw¥? + N(w)uw Y’ = (XY /8)?w,

for we must have N(w) = 1. Now, since (d, tr(uwY?)) = 1, we con-
clude that tr(uwY?) must be a square in Z. Setting Y’ = YVw-!,
#' = uw? we have:

X=rY, v=u, wheretr(Y))=r*, rel.

If N(uv) = —1, we may assume N(u) =—1 so that N(v) =1 and
+v € 4% . But from (4.4) v = 1 (mod P?). Thus, v € Y3 and we
may write:

(ESX_\/EY) (XT?+\/1_)7) =uY? and

{(%?—\/W)DK, (%?—+\/57)DK}={‘43,‘35}-

Taking norms we have d = 41 and the two exceptional solutions are
obtained. O

Proof of Theorem 4. Let E be an admissible elliptic curve with
model (2.1) and discriminant (2.2). Then, we also have:

ADx = D%, BOx =28, DOg =212,

where A, B, D are ideals of Ox and B = O, 16Dk, 40 or
p4. Since D!? is principal and 2 t 4, we conclude that ©3 and,
consequently, ©% are principal. If © is principal then by a dilation
we get an admissible curve isomorphic to E with a model (1.9) so that
by Lemma 1 a global minimal model for it can be obtained. Otherwise,



ELLIPTIC CURVES WITH TRIVIAL CONDUCTOR 255

the non-principality of © is equivalent to the non-principality of 3,
where B = 4. In this latter case we may set:

P =a0,, D =bOg, a,beOg,
B3 =ua*h*, D=vb* u,vei.

From the discriminant we have:

2
(gb—lz) = ua* + 64v.

Hence, equation (4.1) is satisfied. Now it suffices to apply Proposition
4 to get the equivalence between (ii) and (iii). It is well known that
for d =1 (mod 4) condition 2 ¢ A& is equivalent to ([8]):

d prime or

d=qq, q=q' =3 (mod4).

In the last case, the norm of the fundamental unit is 1 and, by the
Remark at the end of §3, we have that only the plus sign is possible in
(4.2). Now, it is easy to see that this equation is not solvable for these
values of d . Hence, d must be a prime. In this case, the fundamental
unit has norm —1 and only the minus sign is possible in (4.2). It is
clear that the solvability of (4.2) implies d = 1 (mod 16) so that the
first assertion of Theorem 4 is proved. Let’s assume a solution X,
Y, u, v, of (4.1) such that N(Xu) = —8 (mod 32). Let F € Ok
be a uniformizing element for 9, where YOy = P> and let us set
G = F3/uY . Then, the elliptic curve given by:

B=u"'F* AB=2XG?, D=uvG*,

is admissible. It is not difficult to check Setzer’s conditions (a) on
A, B, which are equivalent to the following ones:

N(A)=-2 (mod 8), tr(4)=3 (mod4),
N(B -1)=0 (mod 8).

To prove the last assertion of the theorem we count the number of
admissible curves proceeding as in §3. Now, & will stand for the set
of the isomorphic admissible elliptic curves. Notice that since d is a
prime, d = 1 (mod 16) and ‘P is not principal, none of the condi-
tions of Theorem 1 is satisfied. Hence, & will have no g-admissible
curves.
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Assuming (4.2) solvable, we define:

H={CeOk;C>0, NC)=-256,
tr(C)==xr?,reZ, (r,2) =1},
B3 1/2

®(E) = ®(4, B) = | 3

We may set:
(4.5) B} =uY*G*, AB=2XG?, D=vG*,

where X, Y, u, v is a solution of (4.1) and GOx = A3, A an ideal
prime to 2 such that ‘B2 is principal. Hence,

3
(4.6) % =uv~'Y* = Nw)uvY*.
By Proposition 4, u0Y* = (uwY?)?, tr(uwY?) =r?, re Z, w € g,
so that ®(E) € 5. To see that P is onto let’s set C = (£r2+s5vd)/2.
Then, C = uP? where POk = P>, N(P) =8, uec ui. We get an
admissible elliptic curve by taking: B = u~!F*, AB = +£2rPG?,
(sign determined by tr(4) = —1 (mod 4)), where F, G are taken as

above. Thus,
1/2

4.4
uP*G —C

uG*
Finally, ®(4,, B;) = ®(4,, B,) iff D;/D, = (B;/B,)?. Assume that
E; is attached to the solution of (4.1) X;, Y;, u;, v;, i=1,2,1in
the way of (4.5). Clearly, we may assume by (4.6) that Y; = Y, . Then
we have u;/u; = v;/v, and since Yju; + 64v; € D% for i =1,2
we conclude that u; = uyw?, v, = vjw?, w € Ug. Hence, E, is
attached to the solution +2wX;, Y, Uyw?, vyw?. If w € 4%, we
have from (4.5) and the fact that 2, , 2, are equivalent, the relation:

O(E) =

L=U3, Uek*

Hence, B; = B,U* and from A4,B;/A,B, = (G,/G2)* we get 4, =
A,U?, so that E; and E, are isomorphic. The possibility w ¢ u}<
never occurs since we must have N(4;) = N(4;)=-2 (mod 8). O

REMARKS. (1) d = 257 is the first one to satisfy the conditions of
Theorem 4.
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(2) Incase 2 t Ay, the diophantine conditions (iii) of Theorem 1 for
the existence of g-admissible models can be reformulated as follows.
d=17, 4lord=7q, q=3 (mod 4), x?—4dy? = —7 solvable,
d=2q, g=3 (mod 4), x>—dy*= -2 solvable,
d prime, d =1 (mod 16), P principal, r* — ds* = —256 solvable.
We get solutions to all these equations taking, for instance, d = 77,
d=6,22, 38, d= 337, respectively.

5. A table of all admissible curves defined over K = Q(v/d), 0 <
d < 100. Let E be an admissible curve defined over K = Q(Vd)
0 <d < 100. Then we must have d =6, 7, 14, 22, 38, 41, 65, 77 or
86 and E is isomorphic to one of the following curves:

Ei:y*=x3+Ax>*+Bx, A=2"D, 1<i<46

d A B D J
E, 6 —2(e-1) de &3 (20)3
Ey 6 —14(e—-1) 4g € 64(de* +1)3/e*
Es 6 14(e — 1)e 4 e’ 64(4e* +1)3/e*
E; 7 —(1+2€) 16¢3 el (255)3
Ey 7 2(1+282 1 &3 (256€2 + ¢)3
En 71 =2(1+2&) 1 &3 (256¢% + ¢)3
E13 7 8¢ —1 16¢2 — b (—15)3
Eyy 7 —(8e—1) 16¢2 — &b (-15)3
Eis 14 —=3(-1)/2 16¢ -8 (—15)3
E;; 14 3(e—1) —¢ &3 (255)3
Ejg 22 —-2(e-1)7 de &3 (20)3
E, 38 2(e-1)/3 de &3 (20)3
Ey; 41 (3e—-1)/2 e(e—1)/2 g4 (e —16)3/¢
Eys 41  (e+43)/10 (e+1)/2 —¢ (17)3e
Ey; 41 —2¢? &2 e’ (256¢ +1)3 /e
Ey 65 262~ 1 16¢3 &b (257)3
E3 65 1062 -5 400¢3 (5¢)° (257)3
E3 65 8¢+ 1 162 el (17)3
E3 65 40¢ + 5 400¢2 (5¢)6 (17)3
Ey; 65  (e+3))2 (e +1)%/4 — g3 (8 +¢)2
E3s 65 5(e+3)/2 25(e+1)%/4 —5%¢3 (8 +¢)2
Ey; 65 —2(2e2-1) 1 &3 (256¢ —¢)3
Ej 65 —10(2¢2-1) 25 56¢3 (256€% — )3
E4y 77 3(e3-1)/10 16&3 —¢° (—=15)3
Ey 77 =33 -1)/5 — g3 &’ (255)3

Ess 86  2(e—1)/51 4¢ &3 (20)3
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E; = E7 | for every missing i, 0 < i < 46, where ¢ is the non-
trivial automorphism of K. In each case, ¢ stands for the fundamen-
tal unit of the respective field.

All the curves listed above are g-admissible except for d = 65,
where E3y, E3y, Ess, Eszg, E39 and E4 clearly cannot have a global
minimal model. This table has been computed using the results given
in this paper. Fields having an even number of divisor classes have
been treated in a straightforward way. None of them (excepting d =
65) supplies admissible elliptic curves.

Acknowledgment. The author wishes to express his gratitude to En-
ric Nart for his help, especially in the conception of Theorem 2.
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