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MANIFOLD SUBGROUPS
OF THE HOMEOMORPHISM GROUP

OF A COMPACT β-MANIFOLD

KATSURO SAKAI AND RAYMOND Y. WONG

Let I bea compact PL manifold and Q denote the Hubert cube
Iω . In this paper, we show that the following subgroups of the home-
omorphism group H(X x Q) of X x Q are manifolds:

Hfd(X xQ) = {hxiά\he H{X x Γ) for some neN},

HPL(X xQ) = {hxiάe Hfd(X x Q)\h is PL} and

HLl?(X xQ) = all Lipschitz homomorphisms of X x Q

under some suitably chosen metric.

In fact, let H*(X x Q) denote the subspace consisting of those home-
omorphisms which are isotopic to a member of H*(X x Q), where
* = fd, PL or LIP respectively. Then it is shown that

(1) (H?L(X x Q), HPL(X x Q)) is an (/2, //)-manifold pair,

(2) (HUP(X x Q), HL1P(X x Q)) is an (/2, /f)-manifold pair and

(3) Hfά(X x Q) is an (/2 x /^-manifold and dense in Hfd(X x Q),
where h is the separable Hubert space, // = {(;c, ) € h\Xi = 0
except for finitely many /} and /f = {(xϊ) e h\ sup \i Xi\ < oo} .

0. Introduction. By H{X), we denote the homeomorphism group
of a compactum X onto itself with the compact-open topology. Let
Q = Iω be the Hubert cube and l2 the separable Hubert space. A
separable manifold modeled on Q or l2 is called a Q-manifold or
li-manifold, respectively. By the combined works of [Gei], [Toi] and
[Fe] or [T02], it was shown that H(M) is an /2-manifold for a compact
Q-manifold M. In this paper, we concern ourselves with subgroups
of H(M) which are manifolds.

Let l{ and l^ be the linear spans of the natural orthonormal basis
of h and the Hubert cube Πnen[-l/n, l/n] in l2, respectively, that
is

// = {x e h\x(n) = 0 except for finitely many ή),

I? = I x e h\ sup \n x(n)\ < 001 ,
I ΠβN J

where x(n) denotes the nth coordinate of x. A separable manifold
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modeled on l{ or if is called an l{-manifold or if-manifold, respec-

tively. A pair (M, N) is called an (/2, l{)-manifold pair or (/2, lf)-

manifoldpair if (M, N) is locally homeomorphic to the pair (l2, l{)

or (/2, if), that is, there exist an open cover % of M and open em-

beddings φv :U -• l2, U G ̂  , such that #>£/(£/) Π// = <pu(UnN) or

<Pu(U)Γ\lf = φu(U Γ) N), respectively. It is well known that a pair

(M, iV) is an (/2, //)-manifold pair or (/2, /^)-manifold pair if and

only if M is an /2-manifold and N is an fd-cap set or cap set for

M, respectively. For the definition and results of (fd-)cap sets, we

refer to [Chi].

Let X be a compact Euclidean polyhedron with άimX > 0 (i.e.,
X c Rn for some n EN and X inherits the Euclidean metric). By
HFL(X) and HLlF(X), we denote the subspaces of H(X) consisting
of all PL homeomorphisms and all Lipschitz homeomorphisms, re-
spectively. Then HFL(X) c HUF(X) (see [LV]). In case dimX = 1
or 2, (H(X),HFL(X)) is an (/2, /{)-manifold pair and (H(X),
HLlF(X)) is an (/2, /{)-manifold pair ([GH] and [SWi]). In general,
HFL(X) is not dense in H(X) as mentioned in the Introduction of
[GH]. It is not known whether H(X) is an /2-manifold when dim X >
3 even if X is a manifold. (This is referred to as the Homeomor-
phism Group Problem.) However, by the combined works of [Ge2],
[Ga], [Ha], [Toi] and [KW] (cf. [SWJ), HFL{X) is an /{-manifold.
Let HFL(X) denote the subspace of H(X) consisting of those home-
omorphisms which are isotopic to PL homeomorphisms. Given a
compact PL manifold M c Rn with dimM Φ 4 which inherits
the Euclidean metric and we assume dM = 0 in case dimΛf = 5.
Suppose that H(M) is an /2-manifold, then (HFL(M), HFL(M)) is
an (/2, /{)-manifold pair [GH] and (H(M), HUF(M)) is an (/2, lf)-
manifold pair [SWJ.

For any compact polyhedron X, X xQ is a compact Q-manifold.
Conversely, each compact Q-manifold M is homeomorphic (=) to
such a product, where X can be a compact PL manifold. For further
properties on {^-manifolds, we refer to [CI13] or [Mi]. For each n e N,
we write Q = In x Qn+\. For a compact Euclidean polyhedron X,
we regard H(X xln)c H(X x Q) by identifying h e H(X x In) with
hxide H(X x Q). Let

Hΐά(X x β ) = | J ( I x / " ) c H(X x Q)
neN
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and

H?L(X x β ) = U ( I x / " ) c Hfά(X x Q).
nen

Let dx be a metric for X inherited from the Euclidean space Rn

which contains X. For any p e N u {00}, by choosing a suitable
sequence α, > 0, / e N, we have a natural affine homeomorphism
of Q onto Π/€N[0>

 aΛ c p̂ L e t dQ be a metric for Q induced by
such an embedding and the norm of lp . Let d be a metric for I x Q
which is Lipschitz equivalent to a metric

dχxQ((x, y), (*', yθ)

Let /ΓLIP(Z x Q) be the space of Lipschitz homeomorphisms of X x Q
with respect to such a metric. It is natural to conjecture that these
subgroups of H(X x Q) are manifolds.

By H*(X x Q), we denote the subspace of i/(Z x (?) consisting of
those homeomorphisms which are isotopic to a member of H* (XxQ),
where * = fd> PL or LIP. Then each H*(X x Q) is an I2-manifold.
In case X is a PL manifold,

HFL(X x β) c //fd(X x 0 C HUF(X x β) •

Indeed, the second inclusion follows from [S112, Corollary 3]. However
in general, we do not know about equality and whether H*(X x β ) =
H(X xQ). It may be true that HFL(X x Q) = Hfd(X x Q) even if
\JneN # P L (X x In) φ Hfά(X x β ) . In fact, by the result of Kirby and
Siebenmann [KS], there is an h e H(S2 x S3) such that h x id φ
HFL(S2 xS3x In) for any In (cf. [Ki]). Therefore

(J ^ P L ( S 2 x 5 3 x 7Λ) φ Hίά(S2 xS3xQ).

However by the results of [Sui] and [Ch2], HPL(S2 x S3 x Q) =
Hfd(S2 xS3xQ).

Here are statements of our main results:

THEOREM I. For a compact polyhedron X, there is a homeomor-
phism

φ : H(X x Q) x l2 -> H{X x Q)
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such that

φ(Hfά(X xQ)x l2) = H{ά(X x Q),

φ(HFL(X xQ)x l{) = HFL(X x Q) and

φ(HLlF(X xQ)x φ = HLlF(X x Q).

THEOREM II. For each compact polyhedron X, H?L(X x Q) is

an l{-manifold. Moreover if X is a PL manifold, then the pair

(HPL(X x Q), HF\X x Q)) is an (l2, /{)- manifold pair.

THEOREM III. For each compact PL manifold X c Rn, the pair

(HLl?(X x Q),HLlF(X x Q)) is an (l29 l$)-manifold pair. Hence

HLlF(X x Q) is an iξ-manifold.

THEOREM IV. For each compact PL manifold X, Hfά(X x Q) is

an (l2 x l{)-manifold and dense in Hίά(X x Q).

We should remark that HFL(X x Q) and Hίά{X x Q) are not dense
in HFL(XxQ) and Hΐά(XxQ) respectively for a compact polyhedron
X hence the second half of Theorem II is not true for a polyhedron.
In fact, let T be the simple triad, that is,

Γ = [ - l , l ] x { 0 } u { 0 } x [ 0 , 1 ] C R 2 .

Since Γ x Q = Q and H(Q) is contractible, H?L(TxQ) = H(TxQ).
Each h e Hfά(T x Q) must leave the set {(0, 0)} x Q invariant.
By homogeneity of T x β , there is a g e H(T x Q) such that
g ( 0 , 0 , 0 , . . . ) = ( l , 0 , 0 , . . . ) . Clearly g cannot be approximated
by any h e Hfά(X x Q).

As one of incomplete infinite-dimensional manifolds, (l2 x l{)-
manifolds were studied by Bestvina and Mogilski [BM]. Theorem IV
provides a natural setting for such manifolds.

1. Proof of Theorem I. In this section we shall prove Theorem I. The
following proof is a modification of a construction in [SWi]. First we
note that the metric d defined in §0 is compatible with the piece wise
linear structure on X x Q. Thus Lemma 1.3 in [SWJ is valid for
X x Q. The rest of the argument is parallel to the finite-dimensional
case of [SWi]. So we only outline the proof as follows:

Let s = ( - 1 , l ) ω , Σ = {z e φ u p | z ( / ) | < 1} and σ = {z e s\
z(i) = 0 except for finitely many /} . Let A denote the space of arcs
in X x Q parametrized by the interval [-1, 1] (i.e., embeddings of
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[ - 1 , 1] into X xQ). Since Lemma 1.3 in [SW t] is valid for X x Q
as mentioned above, we have a map τ:A-*(-l, 1) satisfying

(1) τ(f) = t if and only if μ(f\[-l,t]) = μ(f\[t, l]),and
(2) τ(f) = 0 if / is linear,

where μ(/) denotes the Morse's μ-length of an arc (or a path) / with
respect to the metric d denned in §0 (cf. [Mo] or [Gei]). Let B be a
rectilinear convex cell in X with dim B = dimX. By Lemma 1.5 in
[SWi], we have a map

ξ:(s,Σ,σ)-> (H(B),HL1P(B),H?L(B))

such that for each z e s and / € N,
(3) ξ(z) = id on a neighborhood of the boundary of B,
(4) ξ(z)(ai([-l, 0])) = α, ( [- l , z{\) and

where α, e Λ(2?), i e N, are suitable linear arcs with pairwise disjoint
images. We identify X = X x {0} c X x Q and regard i/(X) c
//(X x Q) by identifying Λ = h x id for each h € i/(X). As in the
proof of Theorem 1.1 in [SWi], let F: s -* H(X) c H(X x Q) be the
map defined by F{z)\B = ξ(z) and F(z)\X\B = id. Then F(σ) c
/fPL(X) c HFHX x Q) and F(Σ) c^Hup(X) c //L I P(Z x β ) . We
define a map f: H(X xQ) -* s by T(h) = (τ(/i o α, )), e N , which is a
natural extension of T in [SWi]. Using the same argument as [SWi],
we can show that f(HPL(X xQ))cσ and f (HLlp(Xxfi))cΣ. Let

H0(X xQ) = f-ι(0), Hld(X xQ) = Hΐd(X xQ)n

xQ) = HPL(X x β ) n Γ ! ( 0 ) and

x Q) = HLW(X x 0 n f-ι(0).

Then as shown in [SWj], h o FT(h) e H0(X x Q) for each h e
H(X x Q). Thus we can define a map G : H(X xQ)-+ H0(X x Q) by
G{h) = h o FT{h). Similarly as in [SWi], we can show that the
map

P : H(X xQ)^ H0(X x Q) x s

defined by P(h) = (G(h), f(h)) is a homeomorphism and its inverse
is given by P~ι(h, z) = h o F(z)~ι. Then

P(Hfd(X x β)) = Hf

o

d(X xQ)xs.

In fact, G{h) = hoFT{h) e lψ(X x Q) for each h e /ί fd(X x Q).
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Hence / > ( # « ( * x Q)) C #£ d (X x Q) x s. Since F{z) G Jf (ΛΓ) c
# f d (X x Q) for each z e s, P-\lψ(X x Q) x s) c Hΐά{X x Q).
Moreover we have

G(HPL(X x Q)) = H$h(X x Q) and

G(HUP(X x Q)) = Hkιp(X x Q).

In fact, f(h) e σ if h e HPL{X x Q) and f(h) e Σ if h €
//LIP(ΛΓ x Q). It follows that G(h) = h o FT{h) G H$L(X x (2)
for each h e HPL(X x (2) and G(Λ) = A o FT{h) e H™P{X x Q)
for each A e HUP(X x Q). Hence we have

P(HPL(X x β ) ) c ΛjL(ΛΓ x β) x σ and

P(//L I P(X x β)) c Hkιp(X xQ)xΣ.

Since F(z) e HPL(X) c HPh{X x Q) for each z e σ and F(z) €
//LIP(X) c # L I P (X x β) for each z e Σ, we have

P " ! ( i/ 0

P L (^ x β) x σ) c i/P L(X x Q) and

P- 1 (#O L I P (* x Q) x σ) c # L I P ( X x Q).

Thus P is a homeomorphism of the triple

(H(X x Q), HL1P(X x Q), HPL(X x β))

onto the triple

(H0(X xQ)xs, HfrlP(X xQ)xΣ, H$L(X x β) x σ).

Since (5 x 5, Σ x Σ, σ x σ) = (s, Σ, σ) 2ί (/2, /2

β, //) ([SW2]), we can
obtain the desired homeomorphism φ as required. D

2. Local contractibility of Hfd(X x Q) and HPL(X x β ) . In this
section, we shall prove the following

2.1. THEOREM. For any compact polyhedron X, there is a neighbor-
hood JV of id in H{X x Q) and a homotopy φ .Jf xl -»• H{X x Q)
such that

(i) φ{h) = h and φ(h, 1) = id for each heyV,
(ii) φ{\ά, t) = id ./or ^αc/ί ί E /,

(iii) ^>((yΓ n i/ f d(X x β)) x /) c Hΐd{X x Q) and
(iv) φ({Λ- n HPh(X x β)) x /) c /^PL(X x Q).

2.2. COROLLARY. For any compact polyhedron X, H{X x Q),
H{ά(X x Q) and HPL(X x Q) are locally contractible. D
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Since our proof is an adaptation to known techniques, we will pro-
vide only an outline here. The proof is based on the following two
lemmas. In Lemma 2.3, we contract the Q-coordinates of X x Q by
using the coordinate switching technique in [Wθi], and in Lemma 2.4,
we contract the Jf-coordinates by imitating Gauld's proof of the local
contractibility of H(X) as in [Ga].

Let p: X x Q —• X and q: XxQ-+ Q denote the projections. For
each n e N, we denote the projections of Q = In x Qn+\ onto In

and Qn+\ by pn and qn+\, respectively. For each «GNU{0} and
β > 0, let

Hn,ε = {he H(X x Q)\pn oqoh=pnoq, dχ{p 9poh)<e}9

Q) and H*L

ε = Hn^ n i / P L ( Z x β ) ,

where po : Q —• {0} is the constant map. Then //Q>C is a neighbor-
hood of id in H(XxQ).

2.3. LEMMA. Given any n e NU{0} and ε > 0, ί/zere w α homotopy
φ : //i,)β x / -* Hnz such that

(i) φ(h,0) = h and φ(h, l)eHn+Ue for each heHn,ε,
(ii) ί?r(id) = id for each t e l ,

(iii) φ(H*e x /) C i/w

fd

ε am/ ^ « L

ε x /) C

Proof. We can define a pseudo-isotopy Θ:XXQXIXI->XXQ

by 0oC*, y, s) = C*, y) a n d by connecting the following homeomor-
phisms using the coordinate switching isotopies of [Wo]:

9...9 y{n), s., -y{n + 1 ) , -y{n + 2 ) , . . . ) ,

, . . . ,y(n),y(n + \),s, -y(n + 2 ) ,

, y, 5) = (x, y(l), . . . , y(n),

Then for each ί > 0, 0̂  is a homeomorphism and θt

 ι is continuous
with respect to t. Now we define φ: H(X x Q)x I —• i/(X x (?) as
follows:

^ ° ( Λ x i d / ) ° 0 Γ i f ί > 0

It is easy to see that φ is the desired map. D
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In [Ga], the wrapping and unwrapping procedures of Edwards (cf.
[EK]) are employed to show that H(X) is locally contractible for any
compact polyhedron X. The process preserves the piecewise linear-
ity of homeomorphisms, so it also provides another proof of local
contractibility of HFL(X). By crossing everything with Q, the same
proof can be routinely modified to obtain the following modification
of the first step in the proof of [Ga, Theorem 1]. The details are left
to the reader.

2.4. LEMMA. Let dimX = m. Then for each n e N U {0} and
sufficiently small ε > 0, there is a map ψ: Hnε x / —• Hn 6™ε such
that

(i) ψ(h, 0) = λ and ψ{h, l)eHnje/2 for each heHn,ε,
(ii) ψt{iά) = id for each t € / ,

(iii) ψ(H^ε x /) c Hf^ and ψ(H^ε x /) c H ^ . D

Proof of Theorem 2.1. By using Lemmas 2.3 and 2.4 in that order,
we can construct a homotopy φ: Hoy£ x / -» H(X x Q) for some
sufficiently small ε > 0 so that for each h € 7/o,ε >

φ\β{h) eHUε,

Then ^ is the desired homotopy. D

3. Density of Hfά(X x Q) in Hfά(X x Q). This section contains
the main idea of the paper. Lemma 3.6 is the key lemma which shows
that Hίά(Q) is dense in H(Q). As demonstrated in §0, Hfά(X x Q)
need not be dense in Hfά(X x Q) for a compact polyhedron X even
if X x Q = 0 . But it is true (Theorem 3.8) that Hfd(X x 0 is dense
in Hΐά(XxQ) for any finite-dimensional compact manifold X. This
is our main result.

Before we start, we recall the definition of Z-sets. A closed set A
in a space M is called a Z-set in JVf if for each open cover %, there
is a map f\M—>M\A which is ^-close to id, that is, each pair of
points x e M and f(x) are contained in some U G ̂ . In case Λf
is an ANR, a closed set ^ in ¥ is a Z-set if each map / : Q —> Af
is approximated by maps g: Q —• Λ/ \ A. For basic results of Z-sets,
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we refer to [CI13]. In the following, let Ή (XxQ) denote the closure
of Hfά(X x Q) in H(X x Q).

3.1. LEMMA. Each homeomorphism h: A —• B between Z-sets in

Q extends to an h G TJfd(Q).

Proof. The proof is a modification of the standard proof of the
Homeomorphism Extension Theorem (the Z-sets Unknotting Theo-
rem). In particular, we refer to Chapter II of [CI13] for details. First
we give several elementary results. Their proofs are rather straightfor-
ward and will be omitted.

(a) If / , g e Ήfά(Q), so are f~ι and g o f.
f(b) If fneΉf\Q), n e N , a n d /

then feΉΐά(Q).
(c) Given Q = Y\neN Qn, where each Qn is a copy of Q, and

fn e Ήίά{Qn), n e N, then / = UnβN fn e Ήfά(Q).
(d) Given Q = <2i x 62 ? where (?i and β2 are copies of Q, and

Λ G # « 2 ) = //(Qi x Qi) defined by

I
if - l "

if 0 < y(n) <

where k\Q\-+ Q2 is a map, then h eΉά(Q).

We observe that all the homeomorphisms employed in proving the

Homeomorphism Extension Theorem in [CI13] can be chosen in Ή (Q)

as follows: First we easily see that h e H{Q) obtained in [CI13, 6.1]

belongs to Ήΐά(Q) by (b) and then so does h G H(Q) in [Ch3, 6.2]

by (c). Thus in [CI13, 7.1], h can be extended to a homeomorphism

of ΉΫά(Q) by (a) and (d). It follows from (a) that h e H{Q) in [Ch3,

9.1] belongs to Ή (Q). Finally we can see that h G H(Q) obtained

in [Ch3, 10.1] belongs to Ήfά(Q) by (b) and then so does h G H(Q)

in [Ch3, 10.2]. Thus Lemma 3.1 follows. D

Let A c X and a, b: X -> R be maps of I to I such that a < b,
that is, a(x) < b(x) for all x e X. We denote

[a, b]A = {(t, x) G R x Λ|α(x) < ί < b(x)},

) < t < b(x)}, etc.
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In case a and b are constant,

[ a , b ] A = [ a , b ] x A , [ a , b ) A = [ a , b ) x A , e t c .

3.2. LEMMA. Let α, c: Q —• / be maps, A a closed set in Q and
V an open set in I x Q such that a < c and [0, O]Q U [0, c]A c V.

w α map b: Q—> I such that a < b and

[0,φc[0,i)βc[0,%cK.

Proof. This is an elementary consequence of a Urysohn map. D

In the following lemmas, let q: Qx I —• <2 denote the projection.

3.3. LEMMA. Lrt A be a Z-set in Q, g G i/(7 x β ) , ε > 0
let a, b, c, d: Q -+ I be maps such that a < b < d and a < c < d.
Then there exists an f e H(I x Q) such that

gfg~x eΉΐά(I x β ) , f(IxA) = IxA, /([0, % ) D [0, c]A,

= id αnβf d(qf,q)<e.

Proof. Let af, bf, c', d': Q-> I be maps such that a < a' < bf < b
and c <cf <df <d. Let

) - ̂ '(x))) > 0.
J

Since / x ̂  is a Z-set in I x Q, we have gf eΉ (I x Q) such that
;4 by Lemma 3.1. There are neighborhoods V c U

of A in Q such that d(g\I x £/, #' |/ x U) < δ, g'~ιg(I x V) C
/ x *7 and ^ " ^ ' ( Z x 0 c / x β . Let b": Q -• / be a map such
that Z?"M = c' and fc/;|β \ V = V. Then we have / ' € H(I x Q)
such that / ' | [0 , ^']ρ U [df, l ] e = id and / ' maps each [a1, έ ' ] { x }

and [6', έ/']{ jc} onto [α ;, ό " ] { x } and [6", rf']{x} linearly. Then f
is Q-preserving, that is, qf = q. It is straightforward to see that
/ ' G Ϊ7 f d(7 x (?). Observe that /' |7 x (Q \ V) = id. The composition

is the desired homeomorphism. In fact, gfg~ι = g'fgf~1 G 77 (7x β ) .
Obviously /(7 x ̂ 4) = 7 x A and

, b']A)
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Since f'\I x (Q \ V) = id and

g'-ιg(Ix(Q\U))dx(Q\V),

we have f\I x (Q\ U) = id and also fg'-ιg(I xί/) = £'-'#(/ x ί/).
It follows that

d(qf\IxU,q\IxU)

= d(qg-ιg'fg'-ιg\I xU,q\IxU)

< d{qg-χg'\g'-χg{I x U), q\g'-ιg(I x U))

+ d(qg'-ιg\IxU,q\IxU)

< 2-d(g'-ιg\I xU,id)<2δ<δ.

Therefore d(qf, q) < ε. It follows that

g"lg([0, a]ulί[d, l]u) c[0, a']QU[d',

which implies / | [ 0 , a]v U [d, l]v - id . Hence / | [ 0 , a]Q U [d, l]Q =

id . This completes the proof of the lemma. D

3.4. LEMMA. Let g e H(I xQ), ε > 0 and let a,b,c,d:Q->I

be maps such that a < b < d and a < c < d. Then there exists an

f e H(I x Q) such that

gfg~ι GΉ ΐ d (I x Q), / ( [ 0 , b)Q) D [0, c]Q,

/|[0,α]βU[ί/,l]Q = id and d(qf,q)<ε.

Proof. Let a', c'\ Q —• / be maps such that a < a' < b and c <
d < d. By Lemma 3.3, we have f\ e H(I x Q) such that

1 e Ήΐd(I x Q), /,([0, b)Q) D [0, c ' ] / x { 0 } ,

id and d(qfltq) <2~2ε.

By Lemma 3.2, we have maps a\, b\: Q -»• / such that

a! <a\ <b\ <d and

[0, c']/x{0} C [0, α,) β c [0, b{\Q c g-ιfιg([0, b)Q).

Let U\ be an open neighborhood of / x {0} in Q such that

[ 0 , c ' ] / x { 0 } c [ 0 , c ' ] ί / | c [ 0 , α 2 ) β .
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Again by Lemma 3.3, we have f[ G H(I x Q) such that

gf[g~ι e Ήfά(I x Q), )2([0, Z>i)ρ) D [0, c ' ] / 2 χ ί 0 } ?

id and d{qf2, q) < 2" 3ε.

By Lemma 3.2, we have maps a\, b2: Q^> I such that

a.\ < a2 < b2 < d and

[0, c ' ] / 2 χ { 0 } c [0, a2)Q c [0, b2]Q c g-lf2g([0, bx)Q).

Let f2 = f2f\ e H(I x Q) and let t/2 be an open neighborhood of
I2 x {0} in Q such that

[0,c ' ] / l χ { 0 } c[0,c ' ] t/ 2 C[0, f l2 )e .

Then it follows

gf2g~ι e Ήίd(I x Q), / 2([0, 6) β) D [0,

= id and

Thus by using Lemmas 3.2 and 3.3 inductively, we obtain open sets
Un in Q and fn e ^ ( / x Q), neN, such that

-1 e Ή{ά(/" x {0} c Un, gfng-1 e Ή{ά(I x Q),

] ϋ i U . . . u t / i i ,

= id and

Then ^ = Q \ \Jnen un is a Z-set in β . By Lemma 3.3, we have an
h e H(I x Q) such that

ghg-ιeΉΐd(IxQ), h(IxA) = IxA,

h{[0,a')Q)D[0,c]A, Λ |[0,α] β u[c, l ] e = id and

</(#/*, ή') < 2 - 1 e .

Let V be an open neighborhood of A in β such that

Since Λ([0, c]^) = [0, c]A and A|[c, l ] β = id,

[0, C\Q\V C [0, c]Q\A = h([0, C\Q\A)

c h ([0,
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From compactness,

[0, C\Q\V C A([0, d)Uχv . υuΛ) C Λ/π([0, % )

for some n e N. Since Λ|[0> fl'lβ = id,

[0, c ] κ c A([0, α')β) = A/π([0, α')β) c A/Λ([0, *)β) .

Thus we have [0, c]Q c A/«([0, δ)β). We observe that

S/S""1 = (ghg~ι) o (gfmg-1) e Ϊ7 f d(/ x β) and

d («/, Q) < d{qh, </) + d(qfn, <?) < ε/2 + ε/2 = e.

Therefore the composition / = A/i G //(/ x Q) is the desired homeo-
morphism. D

By applying a similar argument as in the proof of [Co, Theorem 1],
the following follows from Lemma 3.4.

3.5. LEMMA. Let g eH(IxQ) and h e H(IxQ) such that qh =

and ph>p. Then ghg~ι e Ήΐd(I x Q).

Proof. We will provide only an outline. Given any ε > 0, we choose
a partition 0 = ίo < t\ < < tm+\ = 1 of / so that ίf + i -ί/_i < ε for
each / = 1, . . . , m. For each / = 1, . . . , m, let ux•: Q —• (0, 1) be a
map defined by h"ι{U, x) = (w, (*), x) (i.e., h(Ui(x), x) = (ίf , x)) .
Note that 0 = Uo < U\ < - < um+\ = 1 and u\ < tι for each
/ = 1, . . . , m. By applying Lemma 3.4 repeatedly, we can obtain an
f e H(Ix Q) such that gfg~ι e Ήfά(I x Q), d(qf, q) < e and
[0, U}Q C /([O, Ui)Q) c [0, ί / + 1 ) β for each / = 1, ... , m, which
implies d(f, id) < ε. D

For ^ c M , let

flU(Af) = {h € //(AΓ)I Aμ = id}.

The following is the key lemma which is a special case of Theorem
3.8.

3.6. LEMMA. / ί ΐ ^ χ β ( / x Q) is dense in H^xQ{I x Q).

Proof. For simplicity, we denote F = {1} x Q. Let

H' = |J{/ίc/(/ x β) |tf is a neighborhood of F in β} and

/ί" = {h e H'\\/g e //', g~ιhg e c\Hf{I x Q)}.

Then H' is dense in Hp(I x Q), H" is a normal subgroup of Hf and
//" C cl Hf{I x Q). By [Fi] (cf. [Wo2 , Theorem 6]), H' is a simple
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subgroup of HF(I x Q). Since H" φ {id} (Lemma 3.5), we have
H" = H', which implies that Hψ{I x Q) is dense in HF(I x Q). D

The following lemma is a consequence of the Deformation theorem
of [FV]. The proof can be carried out by mimicking the first paragraph
in the proof of [EK, Corollary 1.3].

3.7. LEMMA. Let {U\, . . . , Up} be an open cover of a compact Q-
manifold M. Then there exists a neighborhood JV of id in H(M)
and maps φx•: JV —• HM\u (M), i = 1, . . . , p, such that for each
h h ( h ) ( h )

We are now ready to prove the main result in this section.

3.8. THEOREM. For each compact finite-dimensional manifold X,

Ήfά(XxQ) = Hfd(XxQ),thatis, Hfά(XxQ) is dense in Hfά(XxQ).

Proof. Let dim X = n. Clearly each point of X x I has a closed
neighborhood JV such that (N, bdN) = ( 7 " + ι , {1} x In). Then we
have an open cover {V\, . . . , Vp} of X x I such that (cl Vt, bd V{) =
(7 W + 1 , {1} x In). For each / = 1, . . . , p, let gtr. I x In -+ cl Vx^ be a
homeomorphism such that bdg/(7 x In) = gi{{\} x In). Identifying
the Qn+ι-factor of / x Q = (I x In) x Qn+{ with the Q2-factor of
Z x Q = (X x I) x Qι, we define a homeomorphism g\\ I x Q ->
cl F; x β 2 by & = ft x id. Let

Fi = (XxQ)\(VixQ2)

and define a homeomorphism

W: (ftp ( * x Q), i/^d(X x (2)) - («{I}XQ(/ x β ) , H\%xQ{I x Q))

by ψi(h) = g~ιhgi. To prove the theorem, we can apply the same ar-
gument as in the proof of [GH, Theorem 1]. By Lemma 3.7, there
are maps ψχ\ JV —• //^(X x β ) of a neighborhood JV of id in
H(X x Q) such that h = ψp{h) o o ψx (h) for each h eJ^. By Lem-
ma 3.6, each ψiψi{h) can be approximated by yj € //ΐλ χ β ( 7 x (?).
Then h can be approximated by ψP(fP)o-Ό ψi(fι) e Hfά(X x Q).
Therefore Hfd(X x β ) n / is dense in JV. By local connectedness,
// f d(X x Q) is dense in every component of H{X x Q) containing
a member of Hίά(X x Q). In other words, Hΐά{X x Q) is dense in
Hίά(X xQ). D
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4. Proofs of Theorems II and III. By using Theorems I and 3.8, we
can prove Theorems II and III as follows.

Proof of Theorem II. Let X be a compact polyhedron. Then
HFL(X x Q) = \JneNHFL(X x In) is a countable union of finite-
dimensional compacta by [Gβ2, Theorem 1.9]. By the result of [Ha],
Corollary 1.2 implies that HFL(X x Q) is an ANR. By the result of
[Toi] and Theorem I, HFL(X x Q) is an /(-manifold.

In case X is a compact PL manifold, we denote

H* = Hfά(X xQ)Π H?L(X x Q).

Since HV\X x β) is open in H{X x Q), i/« is dense in # PL(X x Q)
(Theorem 3.8). Furthermore H^ is uniformly locally connected since
it is a locally connected topological group. We conclude easily that
H* = [jneN H?L{X x In). Since HPL(X x In) is dense in HPL(X x In)
for each tf > 5 by [GH, Theorem 1], HFL(X x (?) is dense in H*,
hence in HFL(X x ζ)). We can employ the same argument as in the
proof of [GH, Theorem 2] to show that HFL(X x Q) is an fd-cap set
for HΫ\X x Q), that is, (H?L(X x Q), HFL(X x (2)) is an (/2, //)-
manifold pair. D

Proof of Theorem III. Let X be a compact PL manifold. First we
observe that HLlF(X x Q) is dense in HLlF(X x Q). In fact, when
we regard H(X xln)c H{X x Q) by identifying h € # ( * x /") with
h x id G //(ΛΓ x Q), //LIP(X x In) c # L I P (X x Q) with respect to
the metric dχXQ on X x Q defined in §0 and a product metric of
X x In defined by clχ and the Euclidean metric of In . Since each
HUF(X x In) is dense in H(X x In) by [Su, Corollary 3],

/ / L I P ( i x β ) n / ί f d ( i χ 0

is dense in Hfά(X x Q), hence in Hΐά(X x Q) by Theorem 3.8. There-
fore HUF(X x Q) is dense in HUF(X x Q).

Since HF\XxIn) c HUP(XxIn) for each n e N by [LV, Theorem
2.18], we have HFL(X x Q) c //LIP(X x Q). Now, by using exactly
the same argument as [SW, Theorem 2.3], we can conclude the result
as follows: First by Theorem I, we can find an /p-manifold M such
that

# P L (X xQ)cMc HLl?{X xQ)Π HVh(X x Q).
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Next by Theorem II, we can show that M is a cap set for HΪ>L(X x Q),
whence

HUF(X x Q) n HV\X x Q)

is also a cap set for HPL(X x Q), that is,

(HFL(X x Q), HLl?(X xQ)Π //P L(* χ2))

is an (I2, /^-manifold pair. Since HU?(X x Q) is dense in

HLlF{X x Q) and HLl?(X x Q) is homogeneous,

is also an (/2, /^-manifold pair. D

5. Proof of Theorem IV. We obtain Theorem IV as a direct conse-
quence of Theorem 5.5. Before we state the theorem, we need some
notions. A subset A of a space M is said to be locally homotopy negli-
gible in M [T03] if for each open set U in M the inclusion U\A c U
is a weak homotopy equivalence. If M is an ANR and A is locally
homotopy negligible, then for each open cover % of M, there is a
^-homotopy f.MxI^M such that f0 = id and ft(M) c M\A
for each t > 0 [T03, Theorem 2.4]. Hence Λf \ 4̂ is also an ANR.
Furthermore if A is closed in M then yl is a Z-set in M . A closed
set A in M is called a strong Z-set in M if for each open cover %
of Λf, there is a map f:M->M such that / is ^-close to id and
^ Π cl/(Af) = 0 . A Z-set in a locally compact space is a strong Z-
set (cf. [BBMW]). Note that each Z-set in an /2-manifold is a strong
Z-set [He], Hence we have the following:

5.1. LEMMA. If N is contained in an ^-manifold M such that
M\N is locally homotopy negligible in M, then each Z-set in N is
a strong Z-set D

An embedding h: A —• M is called a Z-embedding if h(A) is a
Z-set in M. Let W be an additive topological class hereditary with
respect to closed sets. A subset TV of an /2-manifold M is called a
^-absorbing set in M [BM] if M \ N is locally homotopy negligible
in M, N = UneN Nn, where each Nn is a Z-set in M and Nn G ^
and TV has the following property named the strongly ^-universal
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property:

(*) For each open cover % of N and each map f:A—>N from
a space A e Ψ such that f\B is an embedding for a closed
set B in A, there is a Z-embedding g: A -+ N such that
#|2Ϊ = f\B and £ is ^"-close to / .

By Λίί we denote the class of completely metrizable spaces. Concern-
ing the strong ^-universal property, we have the following:

5.2. LEMMA. // N is an ANR, N x l2 = N and each Zset is a
strong Z-set, then N has the strong ^{-universal property.

Proof. Let / : A -+ N be a map of A e Jt\ such that f\B is a
Z-embedding for a closed set B in A and let % be an open cover of
N. By [BM, Lemma 1.1 ], we can assume that f(A \B)Π f(B) = 0 ,
and for each x e B and each neighborhood U of x in A, there is
a neighborhood F of f(x) in M such that f~ι(V) c U. By [Sa,
Theorem 2.2], the projection p: N x l2 —> iV is ^-close to a map
φ: N x l2 -> N such that p|/(J?) = p and p maps (iV\ /(J?)) x l2

homeomoφhically onto N \ f(B). Since A e jt\, we have a Z-
embedding h: A -> l2. We define a map g : A -> Λ̂  by g(;c) =
^(/(x) , Λ(JC)) . Then clearly g is ^-close to / and g\B = f\B. It
is easy to see that g is closed and injective, that is, g is a closed
embedding. Since (N\f(B)) x Λ(̂ 4) is a countable union of Z-sets
in M x l2, g(A \B) is a countable union of Z-sets in M hence so
is g(A) = f(B) U s ( Λ \ B ) . B y [CDM, Lemma 2.4], ^(^) is a Z-set
in JV; hence g is a Z-embedding. This completes the proof of the
lemma. D

Combining the above two lemmas, we have the following:

5.3. PROPOSITION. Let N be a countable union of Z-sets in an l2-
manifold M. If M\N is locally homotopy negligible and Nxl2 = N,
then N is an ^-absorbing set in M. D

Recall that we regard H(X x In) c H(X x Q) for each neN by
ident i fy ing h e H(X x I n ) w i t h hxide H(X x Q).

5.4. LEMMA. Let X be a compact polyhedron. Then for each n e N,
H(XxIn) isa Z-setin H{XxQ) (hencealsoa Z-setin Hfά{XxQ)).
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Proof. Note that H(X x Q) is an ANR ([Fe], [To2]). Clearly
H(X x In) is closed in H(X x Q). We use the metric d = dχXQ
on X x Q as defined in §0, where

dQ(y, / ) = sup{2"/ |3,(i) - /( ι ) | |ι e N} .

Let /:(?—• H(X x Q) be a map and ε > 0. Since /(β)is equi-
continuous by Ascoli's Theorem, there is a δ > 0 such that rf(z, z') <
<J implies d(h(z), h(zf)) < ε/2 for each h G /(Q). Choose m > n
so that 2~m < min{ε/2, δ} . For each y e Q, we denote

We define a homeomorphism τ.XxQ^XxQxI by τ(x, y) =
(x, y1, y(ra)). Choose any /: e //(/) \ {id/} and define a map ^ :
H(X x Q) -> //(X x β) \ i/(X x 7Λ) by

= τ" 1 o (h x k) oτ.

Then for each Λ e f(Q) and ( i j ) e l x β , rf((x, y), (JC , /)) <
2~m < ί implies

< 2~m + e/2<ε.

Hence d(φ\f(Q), id) < e. Thus we have a map

φof:Q^H(XxQ)\H(XxIn)

which is ε-closeto / . Therefore H(XxIn) is a Z-set in H(XxQ).Π

Since I2 xl{ is an ^-absorbing set in hxh = h [BM, Proposition
2.6], Theorem IV is a consequence of the following theorem:

5.5. THEOREM. For each compact PL manifold X, Hfd(XxQ) is
an Jί\-absorbing set in Hfά(X x Q).

Proof. Since HFL(X x Q) is an fd-cap set for HFL(X x Q),

HFL(X x β) \ Hίά{X x Q)

is locally homotopy negligible in HFL(X x Q). Since Hΐά(X x Q) is
homogeneous and HFL(X x Q) is open in Hfά(X x Q),

Hfά(XxQ)\Hfά(XxQ)
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is locally homotopy negligible in Hfά(X x Q). Recall that

Hfd(XxQ) = \jH(XxIn).

Each H(X x In) is a Z-set in Hfd(X x Q) by Lemma 5.4. Then the
theorem follows from Theorem I and Proposition 5.3. D

6. Problems. The first problem has been mentioned in §0.

6.1. Problem. For a PL manifold X, is Hfd(X x β ) = # P L ( X x Q)
or HLlJ>(X x Q) = # f d ( X x Q) ?

Concerning Theorems III and IV, we ask the following

6.2. Problem. Fora PL manifold I , is //LIP(ΛΓxβ) or Hfd(XxQ)
dense in # ( X x Q) ? In other words, is //L I P(X x β ) = /7(X x Q) or

For a decreasing sequence sπ > 0, n e N, converging to 0, we
define a metric for Q by

dQ(y, / ) = sup{srt |A(n) - y'{n)\ \n e N}.

By [Va] and [Ho], Q is Lipschitz homogeneous if and only if

R{(sn)n€N) = sap{sn/sn+ι\n E N } < o o ,

Theorem III is valid for any such metric even if R((sn)ne®) = oo. The
following problem seems to be interesting.

6.3. Problem. What metric for a compact β-manifold M does
make HLlF(M) an /f-manifold or (HU?(M), HUV{M)) an (/2, /2

β)-
manifold pair or HLl?(M) dense in H(M) ?

It is not known whether Theorem III is valid for any compact poly-
hedron X, that is,

6.4. Problem. Let X be a compact polyhedron and d a metric
for X x Q which is Lipschitz equivalent to dχXQ defined in §0.
Then, with respect to d, is J7L I P(X x Q) an 1$-manifold?
Is (HLlF(X x Q),HUF(X x Q)) an (/2,/2

β)-manifold pair? Is
HLl?(X x Q) dense in H(X x Q) ?

In general, Hfd(X x Q) need not be dense in Hίd(X x Q) as shown
in §0, but the following remains open.
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6.5. Problem. For any compact polyhedron X, is Hΐά(X x Q) an
(/2 x /{)-manifold?

This is reduced to the following

6.6. Problem. For any compact polyhedron X, is each H(X x In)
a Z-set in H(X x (?) ?
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