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MANIFOLD SUBGROUPS
OF THE HOMEOMORPHISM GROUP
OF A COMPACT Q-MANIFOLD

KATSURO SAKAI AND RAYMOND Y. WONG

Let X be a compact PL manifold and Q denote the Hilbert cube
I1? . In this paper, we show that the following subgroups of the home-
omorphism group H(X x Q) of X x Q are manifolds:

H¥(X x Q) = {h xid|h € H(X x I") for some n € N},
H™(X x Q) = {h xid € H%(X x Q)|h is PL} and
HYP(X x Q) = all Lipschitz homomorphisms of X x Q
under some suitably chosen metric.
In fact, let H* (X x Q) denote the subspace consisting of those home-
omorphisms which are isotopic to a member of H*(X x Q), where
*=1d, PL or LIP respectively. Then it is shown that

(1) (I~{PL(X x Q), H*Y(X x Q)) is an (l,, I{)-manifold pair,

(2) (HY™®(X x Q), H™(X x Q)) is an (I, [2)-manifold pair and

(3) H®(X x Q) isan (/;x{)-manifold and dense in (X xQ),
where [, is the separable Hilbert space, l{ = {(x;) € hixi =0
except for finitely many i} and /2 = {(x;) € h|sup|i- x;| < o0} .

0. Introduction. By H(X), we denote the homeomorphism group
of a compactum X onto itself with the compact-open topology. Let
Q = I? be the Hilbert cube and /, the separable Hilbert space. A
separable manifold modeled on Q or /, is called a Q-manifold or
l,-manifold, respectively. By the combined works of [Ge;], [To;] and
[Fe] or [To,], it was shown that H(M) is an /,-manifold for a compact
QO-manifold M . In this paper, we concern ourselves with subgroups
of H(M) which are manifolds.

Let l{ and /2 be the linear spans of the natural orthonormal basis
of /, and the Hilbert cube [],.y[—1/7, 1/n] in [, respectively, that
is

1{ = {x € |x(n) = 0 except for finitely many n},
I¥ = {x € h|sup|n-x(n)| < oo} ,
nenN

where x(n) denotes the nth coordinate of x. A separable manifold
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modeled on lzf or IZQ is called an 12f -manifold or 12Q-manifold, respec-
tively. A pair (M, N) is called an (/,, 12f )-manifold pair or (I, IZQ)-
manifold pair if (M, N) is locally homeomorphic to the pair (/;, 12f )
or (L, le) , that is, there exist an open cover ¥ of M and open em-
beddings ¢y : U — b, U €%, such that gy (U)NH = py(UNN) or
pu(U)N 12Q = py(U N N), respectively. It is well known that a pair
(M, N) is an (I, lzf )-manifold pair or (/, IZQ)-manifold pair if and
only if M is an /,-manifold and N is an fd-cap set or cap set for
M , respectively. For the definition and results of (fd-)cap sets, we
refer to [Ch,].

Let X be a compact Euclidean polyhedron with dim X > 0 (i.e.,
X C R” for some n € N and X inherits the Euclidean metric). By
HPL(X) and HYP(X), we denote the subspaces of H(X) consisting
of all PL homeomorphisms and all Lipschitz homeomorphisms, re-
spectively. Then HFL(X) c HUP(X) (see [LV]). In case dimX = 1
or 2, (H(X), HP(X)) is an (L, [{)-manifold pair and (H(X),
HYP(X)) is an (I, lzf )-manifold pair ((GH] and [SW,]). In general,
HPL(X) is not dense in H(X) as mentioned in the Introduction of
[GH]. It is not known whether H(X) is an /;-manifold when dim X >
3 even if X is a manifold. (This is referred to as the Homeomor-
phism Group Problem.) However, by the combined works of [Ge,],
[Ga], [Ha], [To;] and [KW] (cf. [SW,]), HFL(X) is an 12f -manifold.
Let HPL(X) denote the subspace of H(X) consisting of those home-
omorphisms which are isotopic to PL homeomorphisms. Given a
compact PL manifold M C R"” with dimM # 4 which inherits
the Euclidean metric and we assume M = & in case dimM = 5.
Suppose that H(M) is an /,-manifold, then (HPLY(M), HPL(M)) is
an (L, IJ)-manifold pair [GH] and (H(M), HUP(M)) isan (I, 19)-
manifold pair [SW,].

For any compact polyhedron X, X x Q is a compact Q-manifold.
Conversely, each compact Q-manifold M is homeomorphic (=) to
such a product, where X can be a compact PL manifold. For further
properties on @-manifolds, we refer to [Ch3] or [Mi]. Foreach n € N,
we write Q = I" x Q.. For a compact Euclidean polyhedron X,
we regard H(X x I") C H(X x Q) by identifying 4 € H(X x I") with
hxide H(X x Q). Let

HY%X x Q)= J(X xI")c HX x Q)

nenN
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and
HMX x Q)= JX xI")c HYX x Q).

neN

Let dx be a metric for X inherited from the Euclidean space R”
which contains X. For any p € NU {00}, by choosing a suitable
sequence a; > 0, i € N, we have a natural affine homeomorphism
of Q onto [];x[0,a;] C . Let dp be a metric for Q induced by
such an embedding and the norm of /,. Let d be a metric for X x Q
which is Lipschitz equivalent to a metric

dXxQ((x> y) s (x” yl)) = max{dx(x, x,) > dQ(y9 y,)} .

Let HUP(X x Q) be the space of Lipschitz homeomorphisms of X xQ
with respect to such a metric. It is natural to conjecture that these
subgroups of H(X x Q) are manifolds.

By H* (X x @), we denote the subspace of H(X x Q) consisting of
those homeomorphisms which are isotopic to a member of H*(XxQ),
where * = fd, PL or LIP. Then each fI*(X x Q) is an -manifold.
In case X is a PL manifold,

HPY (X x Q) c HY(X x Q) c H'P(X x Q).

Indeed, the second inclusion follows from [Su,, Corollary 3]. However
in general, we do not know about equality and whether H*(X x Q) =
H(X x Q). It may be true that HPL(X x Q) = HM(X x Q) even if
Upen HPL(X x I") # H(X x Q). In fact, by the result of Kirby and
Siebenmann [KS], there is an & € H(S? x $3) such that 4 x id ¢
HPL(S2 x 83 x I") for any I" (cf. [Ki]). Therefore

| ATE(S? x 83 x I") # H(S? x $3 x Q).

nenN

However by the results of [Su;] and [Chy], HPL(S?2 x $3 x Q) =
H(S2 x S3 x Q).
Here are statements of our main results:

THEOREM 1. For a compact polyhedron X, there is a homeomor-
phism

0:HX x Q) x b — H(X x Q)
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such that
p(HY(X x Q) x b)) = HYX x Q),
o(HPY (X x Q) x I) = HP“(X x Q) and
p(H'P(X x Q) x I2) = H™(X x Q).

THEOREM II. For each compact polyhedron X, HYL(X x Q) is
an l{ -manifold. Moreover if X is a PL manifold, then the pair
(HPL(X x Q), HPL(X x Q)) is an (I, IJ)-manifold pair.

_THEOREM lII. For each compact PL manifold X C R", the pair
(HYP(X x Q), HYP(X x Q) is an (L, I2)-manifold pair. Hence
HUYP(X x Q) is an [2-manifold.

THEOREM IV. For each compact PL manifold X, H'(X x Q) is
an (I, x If)-manifold and dense in H®(X x Q).

We should remark that HPL(X x Q) and Hf4(X x Q) are not dense
in HPL(X x Q) and H(X xQ) respectively for a compact polyhedron
X ; hence the second half of Theorem II is not true for a polyhedron.
In fact, let T be the simple triad, that is,

T =[-1, 1] x {0}u{0} x [0, 1] C R%.

Since TxQ = Q and H(Q) is contractible, ﬁPL(Tx Q)=H(TxQ).
Each 4 € H'(T x Q) must leave the set {(0, 0)} x Q invariant.
By homogeneity of 7 x Q, there is a g € H(T x Q) such that
£(0,0,0,...)=(1,0,0,...). Clearly g cannot be approximated
by any h e H(X x Q).

As one of incomplete infinite-dimensional manifolds, (/, x 12f )-
manifolds were studied by Bestvina and Mogilski [BM]. Theorem IV
provides a natural setting for such manifolds.

1. Proof of Theorem I. In this section we shall prove Theorem I. The
following proof is a modification of a construction in [SW,]. First we
note that the metric d defined in §0 is compatible with the piecewise
linear structure on X x Q. Thus Lemma 1.3 in [SW,] is valid for
X x Q. The rest of the argument is parallel to the finite-dimensional
case of [SW,]. So we only outline the proof as follows:

Let s = (-1, 1)?, £ = {z € s|sup|z(i)] < 1} and g = {z € 5|
z(i) = 0 except for finitely many i}. Let 4 denote the space of arcs
in X x Q parametrized by the interval [—1, 1] (i.e., embeddings of
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[-1, 1] into X x Q). Since Lemma 1.3 in [SW,] is valid for X x Q
as mentioned above, we have amap 7: 4 — (-1, 1) satisfying

(1) =(f) =t if and only if u(f|[-1, ¢]) = u(f1l¢, 1]), and

(2) 7(f) =0 if f is linear,
where u(f) denotes the Morse’s u-length of an arc (or a path) f with
respect to the metric d defined in §0 (cf. [Mo] or [Ge;]). Let B be a
rectilinear convex cell in X with dimB = dim X . By Lemma 1.5 in
[SW,], we have a map

¢:(s, %, 0)— (H(B), HY*(B), H""(B))

such that foreach z€s and i €N,

(3) &(z) =id on a neighborhood of the boundary of B,

(4) €(2)(ei([-1, 0])) = ai([-1, z,]) and

(5) &(2)(ai([0, 1])) = ai([z:, 1]),
where a; € A(B), i € N, are suitable linear arcs with pairwise disjoint
images. We identify X = X x {0} ¢ X x Q and regard H(X) C
H(X x Q) by identifying 2 = h x id for each 4 € H(X). As in the
proof of Theorem 1.1 in [SW;], let F:s — H(X) C H(X x Q) be the
map defined by F(z)|B =¢&(z) and F(z)|X \ B =id. Then F(cr) C
HFPL(X) c HPL(X x Q) and F(X) c HYP(X) c HYP(X x Q).
defineamap 7: H(X xQ) — s by T(h) = (t(h o a;))ien whlch isa
natural extension of 7' in [SW,]. Using the same argument as [SW/],
we can show that T(HPX(X x Q)) C ¢ and T(H'P(X x Q)) C X. Let

HyX xQ)=T70), HEXxQ)=HY%XxQ)nT(0),
HPY (X x Q)= HPY (X x Q)nT~'(0) and
HYP(X x Q) = H'P(X x Q)n T~1(0).

Then as shown in [SW;], ho FT(h) € Hyo(X x Q) for each h €
H(X x Q). Thus we can define amap G : H(X x Q) — Ho(X x Q) by
G(h) = ho FT(h). Similarly as in [SW], we can show that the
map

P:HXxQ)—- Hy(XxQ)xs

defined by P(h) = (G(h), T(h)) is a homeomorphism and its inverse
is given by P~1(h, z) =ho F(z)~!. Then

P(HY(X x Q)) = H{4(X x Q) xs.

In fact, G(h) = ho FT(h) € H{3(X x Q) for each h € HY(X x Q).
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Hence P(H'(X x Q)) c H{4(X x Q) x s. Since F(z) € H(X) C
H'(X x Q) for each z € s, P"I(H{(X x Q) x s) C HYX x Q).
Moreover we have
G(HPL(X x Q)) = HFY(X x Q) and
G(H™ (X x Q)) = Hy™ (X x Q).
In fact, T(h) € o if h € HP"(X x Q) and T(h) € L if h €
HYP(X x Q). It follows that G(h) = ho FT(h) € HM (X x Q)
for each h € HPY(X x Q) and G(h) = ho FT(h) € H}'P(X x Q)
for each h € HYP(X x Q). Hence we have
P(HM(X x Q)) c Hf*(X x Q) x ¢ and
PHY™Y (X x Q)) c H* (X x Q) x Z.
Since F(z) € HPL(X) ¢ HPL(X x Q) for each z € ¢ and F(z) €
HYP(X) c HUP(X x Q) for each z € £, we have
P Y HEM(X x Q) x6) c HPY(X x Q) and
P U HMP (X x Q) x a) c H'P(X x Q).
Thus P is a homeomorphism of the triple
(H(X x Q), H**(X x Q), H*"(X x Q))
onto the triple
(Ho(X x Q) x s, HF'P (X x Q) x X, HfX(X x Q) x 9).

Since (sxs,XXxX,0x0)=(s,X,0)=(h, 12 , ) ([SW,]), we can
obtain the desired homeomorphlsm @ as requlred. a

2. Local contractibility of Hf4(X x Q) and HFL(X x Q). In this
section, we shall prove the following

2.1. THEOREM. For any compact polyhedron X , there is a neighbor-
hood . of id in H(X x Q) and a homotopy ¢ : ¥ x 1 — H(X x Q)
such that

(i) o(h)=h and ¢(h,1)=1id for each he v,
(i) ¢(id, t) =1id foreach te I,
(iii) (o((/I/and(X x Q) xI) c HY9(X x Q) and
(iv) o(( NH™X x Q)) xI) c H'M(X x Q).

2.2. CoOROLLARY. For any compact polyhedron X, H(X x Q),
H'Y(X x Q) and HP (X x Q) are locally contractible. o
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Since our proof is an adaptation to known techniques, we will pro-
vide only an outline here. The proof is based on the following two
lemmas. In Lemma 2.3, we contract the Q-coordinates of X x Q by
using the coordinate switching technique in [Wo,;], and in Lemma 2.4,
we contract the X-coordinates by imitating Gauld’s proof of the local
contractibility of H(X) as in [Ga].

Let p: X xQ — X and q: X xQ — Q denote the projections. For
each n € N, we denote the projections of Q = I" x Q,;; onto I"
and Q,,; by p, and g,,, respectively. For each n € NU {0} and
e>0,let

Hy,.={hec HXxQ)lprogoh=p,oq,dx(p,poh)<e},
HS =H, ,nH%X xQ) and HY=H, nH™XxQ),

where pg : Q — {0} is the constant map. Then Hy . is a neighbor-
hood of id in H(X x Q).

2.3. LEMMA. Given any n € NU{0} and ¢ > 0, there is a homotopy
¢:Hy . xI— H, . such that
(i) ¢(h,0)=h and ¢(h,1)e H,,, , foreach he H, ¢,
(i) ¢,(id)=1id foreach tel,
(iii) @(HX, x I) c H, and o(HEY, x I) c HEY,.

Proof. We can define a pseudo-isotopy 0: X x QX I xI —» X x Q
by 6p(x,y,s)=(x,y) and by connecting the following homeomor-
phisms using the coordinate switching isotopies of [Wo]:

0i(x,y,8)=x,y(),...,y(n),s,—ynr+1),-ynr+2),...),
O12(x,y,8) =(x,y(1),...,y(n),y(n+1),s, -y(n+2),
-y(n+3),...),
01/3(x,y,8) =(x, (1), ..., ¥(n), y(n+1); y(n+2),s,
—y(n+3),—-y(n+4)),...)

Then for each ¢ > 0, 6, is a homeomorphism and 6, ! s continuous
with respect to 1. Now we define ¢: H(X x Q) xI — H(X x Q) as

follows: ) .
Gi0(h xidy)o 6! ift>0,

h,t)= )
o(h, 1) { h ift=0.
It is easy to see that ¢ is the desired map. o
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In [Ga], the wrapping and unwrapping procedures of Edwards (cf.
[EK]) are employed to show that H(X) is locally contractible for any
compact polyhedron X . The process preserves the piecewise linear-
ity of homeomorphisms, so it also provides another proof of local
contractibility of HFL(X). By crossing everything with Q, the same
proof can be routinely modified to obtain the following modification
of the first step in the proof of [Ga, Theorem 1]. The details are left
to the reader.

2.4. LEMMA. Let dimX = m. Then for each n € NU {0} and
sufficiently small € > 0, there is a map y: Hy, ¢ x I — H, ¢, Such
that

(i) w(h,0)=h and y(h, 1) € H, ;/, for each h € Hy, ¢,
(i) w(id) =id foreach te I,
(iii) w(HM% x 1) C H ., and y(H}Y, x I) C HY %o, 0

€ n,6"e

Proof of Theorem 2.1. By using Lemmas 2.3 and 2.4 in that order,
we can construct a homotopy ¢: Hy ., x I — H(X x Q) for some
sufficiently small & > 0 so that for each A € Hy ,,

po(h) =h,
@12(h) €Hy o, @13(h) € Hy 42,
93/4(h) € Hy o2, 9a/5(h) € Hy 43,

pi1(h)=1id .
Then ¢ is the desired homotopy. O

3. Density of H9(X x Q) in H™(X x Q). This section contains
the main idea of the paper. Lemma 3.6 is the key lemma which shows
that H'(Q) is dense in H(Q). As demonstrated in §0, H(X x Q)
need not be dense in H fd(X x Q) for a compact polyhedron X even
if XxQ = Q. Butitis true (Theorem 3.8) that H™(X x Q) is dense
in H'(X x Q) for any finite-dimensional compact manifold X . This
is our main result.

Before we start, we recall the definition of Z-sets. A closed set A4
in a space M is called a Z-set in M if for each open cover %, there
isamap f: M — M\ A which is Z-close to id, that is, each pair of
points x € M and f(x) are contained in some U € Z . In case M
is an ANR, a closed set 4 in M isa Z-setifeachmap f: Q —- M
is approximated by maps g: Q — M \ A. For basic results of Z-sets,
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we refer to [Ch3]. In the following, let ﬁfd(X x Q) denote the closure
of HI4(X x Q) in H(X x Q).

3.1. LEMMA. Each homeomorphism h: A — B between Z-sets in
Q extends to an h € —ﬁfd(Q).

Proof. The proof is a modification of the standard proof of the
Homeomorphism Extension Theorem (the Z-sets Unknotting Theo-
rem). In particular, we refer to Chapter II of [Chs] for details. First
we give several elementary results. Their proofs are rather straightfor-
ward and will be omitted.

(a) If f, geﬁfd(Q), soare f~! and go f.

) If e HYQ), neN,and f=limyc fyo--of; € HQ),
then f e H(Q).

(c) Given Q = [],en @n, Where each Q, is a copy of Q, and
fu € HYQn), neN, then =TI,/ €H(Q).

(d) Given Q = Q; X Q,, where Q; and Q, are copies of Q, and
he HQ) = H(Q; X @,) defined by

h(x, y)(n)
{ (x, (1 +k(x)(n)-y(n) +k(x)(n)) if —1<y(n) <0,
(x(1=k(x)(n) -y(n) + k(x)(n)) if0<y(n) <1,

where k: Q; — Q, is a map, then k€ Ffd(Q).
We observe that all the homeomorphisms employed in proving the

Homeomorphism Extension Theorem in [Ch;] can be chosen in ﬁfd(Q)
as follows: First we easily see that 4 € H(Q) obtained in [Chj, 6.1]

belongs to _ﬁfd(Q) by (b) and then so does # € H(Q) in [Chj, 6.2]
by (c). Thus in [Ch;, 7.1], & can be extended to a homeomorphism

of ﬁfd(Q) by (a) and (d). It follows from (a) that 4 € H(Q) in [Chs,
9.1] belongs to H'*(Q). Finally we can see that 4 € H(Q) obtained
in [Ch3, 10.1] belongs to ﬁfd(Q) by (b) and then so does & € H(Q)
in [Ch;3, 10.2]. Thus Lemma 3.1 follows. O

Let AC X and a, b: X — R be maps of X to R suchthat a < b,
that is, a(x) < b(x) for all x € X. We denote

[a, b]l4={(t, x) eRx A|a(x) <t < b(x)},
[a, b),s={(t, x) ER X Ala(x) <t < b(x)}, etc.
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In case a and b are constant,
la,bly=la,b]lx A4, [a,b)4=[a,b)xA, etc.

3.2. LEMMA. Let a,c: Q — I be maps, A a closed set in Q and
V' an open set in I x Q such that a <c and [0, aloU[0,clyC V.
Then there is a map b: Q — I such that a < b and

[0,clyC[0,b)pC[0,blpC V.

Proof. This is an elementary consequence of a Urysohn map. O

In the following lemmas, let g: @ x I — @ denote the projection.

3.3. LEMMA. Let A bea Z-setin Q, ge HI xQ), ¢ >0 and
let a,b,c,d: Q— I be maps such that a <b<d and a<c<d.
Then there exists an f € H(I x Q) such that

gfe ' eBYNIxQ), fUxA)=IxA, f(0,b)g)>I0,cls,
fl0,alpuld, 1lp=id and d(qf,q)<e.

Proof. Let a',b',c',d" :Q— I bemapssuchthat a<a’' <b' <b
and c<c <d' <d. Let

J = min {8/2, ;25(4,()() —a(x)), ;Ielg(d(x) - d’(x))} >0.

Since I x A isa Z-setin I x Q, we have g’ eﬁfd(l x Q) such that
g'lI x A= g|I x A by Lemma 3.1. There are neighborhoods V' c U
of A in Q such that d(g|lI x U, g'lIxU) <8, g lgIxV)C
IxU and g7 lg/(Ix Q) cIxQ. Let b": Q — I be a map such
that b”"|4 = ¢’ and b"|Q\V = b'. Then we have f' € H(I x Q)
such that f'|[0, a']p U [d’, 1]g = id and f' maps each [a', D']y
and [b', d'];xy onto [a', b"];xy and [b", d']ixy linearly. Then f’
is Q-preserving, that is, qf’ = ¢q. It is straightforward to see that
fle _ﬁfd(l x Q). Observe that f'|I x (Q\ V) =id. The composition

f=g'¢fg 'ge HI%Q)

is the desired homeomorphism. In fact, gfg =g’ f'g' ! € ﬁfd(l xQ).
Obviously f(I x A)=1x A and

(10, b)) D g7 'g'g’ g 4([0, b'14) = ([0, b']4)
= [Os b”]A = [0: c,]A D) [Oa C)A .
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Since f'|I x (Q\ V) =1id and

glgIx (Q\U)) cIx(Q\V),

we have f|I x (Q\U)=id and also f'g" 'g(IxU) = g'"lg(IxU).
It follows that

dgflI xU, q|I xU)
=d(qg '8’ f'¢ gl x U, q|I xU)
<d(qg'g'|g"'g(Ix U), q|g" 'g(IxU))

+d(qf|g" eI x V), qlg"'g(I x U))
+d(gg"lglI x U, q|I xU)
<2-dg 'glIxU,id)<26<4.

Therefore d(qf, q) < ¢. It follows that
g,~1g([05 a]UU[d, 1]U) - [Oa a,]QU[d,a 1]Qa
which implies f][0, aly U[d, 1]y = id. Hence f|[0, alpU[d, 1]p =

id. This completes the proof of the lemma. O

34. LEMMA. Let ge HIXxQ), e>0andlet a,b,c,d: Q—1
be maps such that a < b <d and a < ¢ < d. Then there exists an
fe H( x Q) such that

gfg e H(IxQ), f(0, b)g) D10, clo,
f0, alpuld, 1lp=id and d(qf,q)<e.

Proof. Let a’,c': Q — I be maps such that a < a’ < b and ¢ <
¢' <d. By Lemma 3.3, we have f; € H(I x Q) such that

gfigT' e HYIxQ), f(0, b)) D10, c'lrxq0y >
A0, d'lould, 1lp=1id and d(qfi,q) <2 %.

By Lemma 3.2, we have maps a;, b;: Q — I such that

a'<a1 <b1 <d and
[0, ¢'lixqoy € [0, a1)p [0, bilp C &7 f12([0, b)g) .
Let U; be an open neighborhood of I x {0} in Q such that

[0, c'Irxgoy € [0, 'y, €10, a2)g-
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Again by Lemma 3.3, we have f; € H(I x Q) such that

gfig” e H(IxQ), 0, b)) D0, lpygy»
A0, aloUld, 1lg=id and d(qf},q)<273%.

By Lemma 3.2, we have maps a;, b,: Q — I such that

a1<a2<b2<d and
[0, ¢'12,40y € [0, @2)g C [0, b2lo C £~' /28(10, b1)g) -

Let f, = f;/fi € H{I x Q) and let U, be an open neighborhood of
I? x {0} in Q such that

[0, C’]sz{o} c [0, C’]U2 c [0, az)Q .
Then it follows
ghg e HUIXxQ), A0, b)) D0, cluuy,,
£l0,d1puld, 1lp=id and d(gfy,q) < (272+273)-¢.
Thus by using Lemmas 3.2 and 3.3 inductively, we obtain open sets
U, in Q and f, € HI x Q), n €N, such that
I"x {0} C Uy, gfag”' €H(IXQ),
f;l([0> b)Q) D [Oa CI]UlU---UU" ’
/1[0, d'lguld, 1]lg=id and
d@fe,q) <272+ 427171 ¢,
Then A =Q\U,enUn isa Z-setin Q. By Lemma 3.3, we have an
h € H(I x Q) such that
ghg ' e H(IxQ), h(IxA)=IxA,
h([0, a")g) D [0, cls, A|[0,alpUlc, 1]lp=id and
d(gh, q) <27 le.
Let V' be an open neighborhood of A4 in Q such that
[Oa C]A - [09 C]V - h([oa a,)Q) .
Since A([0, cl4) =1[0, cl4 and hA|[c, 1]p =id,
[O’ c]Q\V c [0, c]Q\A = h([oa c]Q\A)
ch ([0, )y v) =AW, o).

neN
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From compactness,
[0, clo\w C A([0, )v.u-uu) C hfa([0, b)g)
for some n €N. Since fy|[0, a']p =id,
[0, cly CA([0, a')g) = hfu([0, a')g) C hfu([0, b)g).
Thus we have [0, c]p C Afx([0, b)p). We observe that

gfe™" = (ghg™)o(gfmg™) e H (IxQ) and

d(qf,q)<d(qh,q)+d(qfn.q) <e/2+¢e/2=¢.
Therefore the composition f = hf, € H(I x Q) is the desired homeo-
morphism. O

By applying a similar argument as in the proof of [Co, Theorem 1],
the following follows from Lemma 3.4.

3.5. LEMMA. Let g€ H(IxQ) and h € H(I x Q) such that gh = q
and ph>p. Then ghg~' e H (I x Q).

Proof. We will provide only an outline. Given any ¢ > 0, we choose
apartition 0=ty <t; <---<tuyy; =1 o0f I sothat t;,,—t;_; < ¢ for
each i=1,...,m.Foreach i=1,...,m,let u;:Q—(0,1) bea
map defined by A71(¢;, x) = (u;(x), x) (ie., A(u;(x), x) = (&, x)).
Note that 0 = ug < u; < -+ < Uy = 1 and u; < t; for each
i=1,...,m. By applying Lemma 3.4 repeatedly, we can obtain an

f € HI x Q) such that gfg~! € Ffd(l x Q), dgf,q) < ¢ and
[0, tlo € f([0, ui)g) C [0, tiy1)p for each i = 1,..., m, which
implies d(f,id) < e. O
For AC M, let
H M)={he HM)| h|l4=id}.
The following is the key lemma which is a special case of Theorem
3.8.

3.6. LemMA. H[Y, (I x Q) is dense in Hyyxo(I x Q).

Proof. For simplicity, we denote F = {1} x Q. Let
H' = | J{Hy(I x Q)|U is a neighborhood of F in Q} and
H'={heH'|Ngec H', g'hge dHSI x Q)}.

Then H' isdense in Hr(I x Q), H” is a normal subgroup of H' and
H" C cl H}fpd(l x Q). By [Fi] (cf. [Wo, , Theorem 6]), H' is a simple
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subgroup of Hp(I x Q). Since H” # {id} (Lemma 3.5), we have
H" = H', which implies that H}d(l x Q) isdense in Hp(I x Q). O

The following lemma is a consequence of the Deformation theorem
of [FV]. The proof can be carried out by mimicking the first paragraph
in the proof of [EK, Corollary 1.3].

3.7. LeMMA. Let {U;, ..., U,} be an open cover of a compact Q-
manifold M. Then there exists a neighborhood v of id in H(M)
and maps @;: NV — HM\U’(M), i =1,...,p, such that for each
hest, h=gp(h)o---0p(h).

We are now ready to prove the main result in this section.

3.8. THEOREM. For each compact finite-dimensional manifold X ,
HYX%Q) = HY9 (X xQ), that is, H'4(XxQ) is densein HF4 (X xQ).

Proof. Let dim X = n. Clearly each point of X x I has a closed
neighborhood N such that (N, bd N) = (I"*!, {1} x I"). Then we
have an open cover {V], ..., V,} of X xI such that (clV;, bdV;) =
(11, {1} x I"). Foreach i=1,...,p,let gi: I xI" —clV; bea
homeomorphism such that bd g;(I x I"") = g;({1} x I"). Identifying
the Q. -factor of I x Q = (I x I") x Q,,; with the Q,-factor of
X xQ = (X xI)x @, we define a homeomorphism g;: I x Q —
clV;x Q, by g;=g; xid. Let

Fi=XxQ\(Vix Q)

and define a homeomorphism
wit (HE(X x Q), HE(X x Q) = (Hyyxo( x Q), H,, oI x Q))

by w;(h) = & Lhg;. To prove the theorem, we can apply the same ar-
gument as in the proof of [GH, Theorem 1]. By Lemma 3.7, there
are maps y;: ./ — Hp(X x Q) of a neighborhood .#* of id in
H(X x Q) such that A = y,(h)o---oy;(h) for each h €.+ . By Lem-
ma 3.6, each y;p;(h) can be approximated by f; € H{, (I x Q).
Then 4 can be approximated by y,(f,) oo w;(f1) € HY(X x Q).
Therefore H(X x Q)N.# is dense in .#". By local connectedness,
Hf(X x Q) is dense in every component of H(X x Q) containing
a member of H(X x Q). In other words, H'(X x Q) is dense in
HY(X x Q). 0
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4. Proofs of Theorems II and III. By using Theorems I and 3.8, we
can prove Theorems II and III as follows.

Proof of Theorem 1I. Let X be a compact polyhedron. Then
HPY(X x Q) = Upey HPH(X x I™) is a countable union of finite-
dimensional compacta by [Ge;, Theorem 1.9]. By the result of [Ha],
Corollary 1.2 implies that HFL(X x Q) is an ANR. By the result of
[To;] and Theorem I, HPL(X x Q) is an /J-manifold.

In case X is a compact PL manifold, we denote

H'= HYX x Q)n HL(X x Q).

Since HPL(X x Q) is open in H(X x Q), H* is dense in HPL(X x Q)
(Theorem 3.8). Furthermore H! is uniformly locally connected since
it is a locally connected topological group. We conclude easily that
HY = ey HPH(X x I™). Since HPL(X xI™) is dense in HPL(X x I™)
for each n > 5 by [GH, Theorem 1], HPL(X x Q) is dense in H!,
hence in HPL(X x Q). We can employ the same argument as in the
proof of [GH, Theorem 2] to show that HFPL(X x Q) is an fd-cap set
for HPL(X x Q), that is, (HPL(X x Q), HPL(X x Q)) is an (L, i)-
manifold pair. O

Proof of Theorem 111. Let X be a compact PL manifold. First we
observe that HUP(X x Q) is dense in HYP(X x Q). In fact, when
we regard H(X x I") C H(X x Q) by identifying h € H(X x I"") with
hxid € HX x Q), H'P(X x I") ¢ HYP(X x Q) with respect to
the metric dyxg on X x Q defined in §0 and a product metric of
X x I" defined by dy and the Euclidean metric of I”. Since each
HYP(X x I") is dense in H(X x I") by [Su, Corollary 3],

HYP(X x Q)n H(X x Q)

is dense in H™(X x Q), hence in H™(X x Q) by Theorem 3.8. There-
fore HYP(X x Q) is dense in HLP(X x Q).

Since HPL(X xI") c HYP(X xI") for each n € N by [LV, Theorem
2.18], we have HPL(X x Q) ¢ HUP(X x Q). Now, by using exactly
the same argument as [SW, Theorem 2.3], we can conclude the result
as follows: First by Theorem I, we can find an le-manifold M such
that

HPLY(X x Q) c M c HYP(X x Q)n HPL(X x Q).
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Next by Theorem II, we can show that M is a cap set for HPL(X xQ),
whence

HYP(X x Q)n HPL(X x Q)
is also a cap set for HPL(X x Q), that is,
(ﬁPL(X x Q), HLIP(X x Q)N ﬁPL(XxQ))

is an (L, le)-manifold pair. Since HYP(X x Q) is dense in
HYP(X x Q) and HYP(X x Q) is homogeneous,

(H'P(X x Q), H'™(X x Q))

is also an (/», IZQ )-manifold pair. O

5. Proof of Theorem IV. We obtain Theorem IV as a direct conse-
quence of Theorem 5.5. Before we state the theorem, we need some
notions. A subset A of a space M is said to be locally homotopy negli-
giblein M [Tos]if for each open set U in M the inclusion U\4 Cc U
is a weak homotopy equivalence. If A is an ANR and A4 is locally
homotopy negligible, then for each open cover % of M, there is a
% -homotopy f: M x I — M such that fy =id and f,(M)C M\ 4
for each ¢ > 0 [To3, Theorem 2.4]. Hence M \ A is also an ANR.
Furthermore if A is closed in M then A isa Z-setin M . A closed
set A in M is called a strong Z-set in M if for each open cover Z
of M, thereisa map f: M — M such that f is #Z-close to id and
ANnclf(M)=J. A Z-set in a locally compact space is a strong Z-
set (cf. [BBMW]). Note that each Z-set in an /,-manifold is a strong
Z-set [He]. Hence we have the following:

5.1. LEMMA. If N is contained in an l-manifold M such that
M\ N is locally homotopy negligible in M, then each Z-set in N is
a strong Z-set. m}

An embedding 4: A — M is called a Z-embedding if h(A) is a
Z-setin M. Let # be an additive topological class hereditary with
respect to closed sets. A subset N of an /,-manifold M is called a
&-absorbing set in M [BM] if M \ N is locally homotopy negligible
in M, N =J),cyNn, where each N, isa Z-setin M and N, € %
and N has the following property named the strongly %-universal
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property:

(¥) For each open cover % of N and each map f: 4 — N from
a space A € # such that f|B is an embedding for a closed
set B in A, there is a Z-embedding g: A — N such that
g|B = f|B and g is #-close to f.
By .#, we denote the class of completely metrizable spaces. Concern-
ing the strong .#}-universal property, we have the following:

5.2. LEMMA. If N is an ANR, N x l, = N and each Z-set is a
strong Z-set, then N has the strong #,-universal property.

Proof. Let f: A — N be a map of 4 € #; such that f|B is a
Z-embedding for a closed set B in 4 and let % be an open cover of
N. By [BM, Lemma 1.1], we can assume that f(4\B)N f(B) =4O,
and for each x € B and each neighborhood U of x in A4, there is
a neighborhood V of f(x) in M such that f~1(V) c U. By [Sa,
Theorem 2.2], the projection p: N x [, — N is #-close to a map
¢: N xl, — N such that ¢|f(B) =p and ¢ maps (N\ f(B)) x I,
homeomorphically onto N \ f(B). Since 4 € #;, we have a Z-
embedding h: A — I,. We defineamap g: 4 — N by g(x) =
o(f(x), h(x)). Then clearly g is #-close to f and g|B = f|B. It
is easy to see that g is closed and injective, that is, g is a closed
embedding. Since (N \ f(B)) x h(A4) is a countable union of Z-sets
in M x1l, g(A\ B) is a countable union of Z-sets in M ; hence so
is g(4) = f(B)Ug(A\ B). By [CDM, Lemma 2.4], g(4) isa Z-set
in N; hence g is a Z-embedding. This completes the proof of the
lemma. O

Combining the above two lemmas, we have the following:
5.3. PROPOSITION. Let N be a countable union of Z-sets in an I,-

manifold M . If M\ N is locally homotopy negligible and N xl, = N,
then N is an #,-absorbing set in M . o

Recall that we regard H(X x I") C H(X x Q) for each n € N by
identifying h € H(X x I") with A xide H(X x Q).

5.4. LEMMA. Let X be a compact polyhedron. Then for each n €N,
H(XxI") isa Z-setin H(X xQ) (hence also a Z-setin HY(X xQ)).
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Proof. Note that H(X x Q) is an ANR ([Fe], [To;]). Clearly
H(X x I") is closed in H(X x Q). We use the metric d = dxyg
on X x Q as defined in §0, where

do(y, ') =sup{27" - |y(i) - y'(i)| |i € N}.

Let f: Q — H(X x Q) be amap and ¢ > 0. Since f(Q)is equi-
continuous by Ascoli’s Theorem, thereisa J > 0 such that d(z, z') <
0 implies d(h(z), h(z')) < ¢/2 for each h € f(Q). Choose m > n
so that 2™ < min{¢/2, }. For each y € Q, we denote

yV=u),...,yim-1),yim+1),yim+2),...)€Q.

We define a homeomorphism 7: X x Q - X x Q x I by 7(x,y) =
(x,y',y(m)). Choose any k € H(I) \ {id;} and define a map ¢ :
H(X xQ)— HX xQ)\ H(X x I") by

ph)=1""o(hxk)or.

Then for each h € f(Q) and (x,y) € X xQ, d((x,¥), (x,)')) <
2" < § implies

d(p(h)(x,y), h(x,))
<d(t™'(h(x, ), k(y(m))), h(x, ¥")) +d(h(x, V"), h(x, y))
<2™M4e/2<e.

Hence d(¢|f(Q), id) < ¢. Thus we have a map
pof: Q- HXxQ)\H(X xI")
which is e-close to f. Therefore H(X xI") isa Z-setin H(X xQ).O

Since [, x 12f is an .#;-absorbing set in /, x/, = [, [BM, Proposition
2.6], Theorem IV is a consequence of the following theorem:

5.5. THEOREM. For each compact PL manifold X , H(X x Q) is
an .#,-absorbing set in H'4(X x Q).

Proof. Since HPL(X x Q) is an fd-cap set for HFL(X x Q),
HPM (X x Q) \ H*(X x Q)

is locally homotopy negligible in HPL(X x Q). Since H9(X x Q) is
homogeneous and HPL(X x Q) is open in H4(X x Q),

HY(X x Q) \ HY(X x Q)
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is locally homotopy negligible in ﬁfd(X x Q). Recall that
HY%X x Q)= JHX xI").
nenN
Each H(X x I") isa Z-set in H™(X x Q) by Lemma 5.4. Then the
theorem follows from Theorem I and Proposition 5.3. O

6. Problems. The first problem has been mentioned in §0.

6.1. Problem. For a PL manifold X , is H™(X x Q) = H?(X x Q)
or HUP(X x Q) = H'4(X x Q)?

Concerning Theorems III and IV, we ask the following

6.2. Problem. For a PL manifold X ,is H""F(XxQ) or H(XxQ)
dense in H(X x Q)? In other words, is H''P(X x Q) = H(X x Q) or
HY(X x Q) = H(X x Q)?

For a decreasing sequence s, > 0, n € N, converging to 0, we
define a metric for Q by

do(y, y'") = sup{s, - |h(n) — y'(n)||n € N}.
By [Vi] and [Ho], Q is Lipschitz homogeneous if and only if

R((sn)nen) = sup{sn/sn+1|n € N} < co.

Theorem III is valid for any such metric even if R((s,)nen) = 00. The
following problem seems to be interesting.

6.3. Problem. What metric for a_compact Q-manifold M does
make HUP(M) an /2-manifold or (HYP(M), HYP(M)) an (I, I2)-
manifold pair or HYP(M) dense in H(M)?

It is not known whether Theorem III is valid for any compact poly-
hedron X, that is,

6.4. Problem. Let X be a compact polyhedron and 4 a metric
for X x Q which is Lipschitz equivalent to dyyp defined in §0.
Then, with respect to d, is HYP(X x Q) an [2-manifold?
Is (H'P(X x Q), H'*(X x Q)) an (lp,2)-manifold pair? Is
HYP(X x Q) dense in H(X x Q)?

In general, H(X x Q) need not be dense in H(X x Q) as shown
in §0, but the following remains open.
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6.5. Problem. For any compact polyhedron X, is H™(X x Q) an
(I x lzf )-manifold?

This is reduced to the following

6.6. Problem. For any compact polyhedron X, is each H(X x I")
a Z-setin HX x Q)?

[An]
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[Chy ]
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[Co]
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