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D-HARMONIC DISTRIBUTIONS AND
GLOBAL HYPOELLIPTICITY ON NILMANIFOLDS

JACEK M. CYGAN AND LEONARD F. RICHARDSON

Let M = Γ\N be a compact nilmanifold. A system of differential
operators D\, . . . , Dk on M is globally hypoelliptic (GH) if when
Dιf = gι,...,Dkf=gk ψΛΛfe3f'(M)9 gι,...,gkeC°°(M)
then / € C°°(M). Let Xx, . . . , Xk be real vector fields on M in-
duced by the Lie algebra JV of N. We study the relationships
between (GH) of the system XΪ9...9Xk on M, (GH) of the oper-
ator D = X\ Λ h Xk , the constancy of D-harmonic distributions
on M, and related algebraic conditions on X\, . . . , Xk e Jf.

0. Introduction. Let M = Γ\N be a compact nilmanifold, where
N is a connected, simply connected real nilpotent Lie group with a
discrete subgroup Γ. There is a unique probability measure μ de-
fined on the Borel sets on M and invariant under the action of N on
M by right translations. Every μ-integrable function f on M de-
fines a distribution by the formula (f,Φ) = fMfφdμ, φe C°°(M).
Let JV be the Lie algebra of N. If I E # then X induces a vec-
tor field (which we will denote also by X) on Γ\N by (Xf)(Γn) =
(d/dt)\ί=of(ΓnexρtX). Consider the left-invariant sum of squares
of such vector fields X\, . . . , X^ e Jf. This second order differential
operator D = X\ Λ h X\ can be regarded as acting on the right on
distributions on Γ\iV. A distribution u e 2\M) is D-harmonic if
Du = 0 on M. The operator D is globally hypoelliptic (GH) if when
Df = g with / e 2f'{M), g G C°°(JI/), then / e C°°{M). The
system of vector fields Xi, . . . , Xk on M is (GH) if when X\f =
* ! , . . . , * * / = & with / G Sr'(M), ft, . . . , gk e C°°(M), then
/ G C°°(M). In this paper we investigate relationships between (GH)
of D, (GH) of the corresponding system Xx, . . . , Xk of vector fields,
the constancy of Z)-harmonic distributions on M, and related alge-
braic conditions on I i , . . . , ! ^ / " .

Our results are summarized in the figure below. In this figure, func-
tionals Λ G Jf are assumed to be integral, i.e. Λ(logΓn^) c Z;
JV = JV\ D ^ 2 D D ^ D J^+i = {0} is the lower central series

of JV (we say JV is of step r), and & is the subalgebra of Jΐ Lie-
generated by X\, . . . , Xk . Let Wπ be an ideal in ker(dπ) such that
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Jf lWπ has one dimensional center on which π is non-trivial. Then
^ := & + wπ and ~T := Z + Wπ .

System

1ί 2'

3F n ~z Φ {ϋ}, N

(4.1) '

>

4

is (GH)

(2°).

Z)-harmonic distributions
are constant

dimker(D) < oo

Z> is (GH)

We explain below the labeled implications in the above figure referring
the reader to indicated sections of the paper for details.

1. This is Theorem (2.1). Condition (2.2) with j = 1 provides
constancy of the Z>-harmonic distributions on the associated torus.

2. This holds with the necessary assumption that the system
X\, . . . , Xk is (GH) on the associated torus (proved in [C-R2], The-
orem 1).

2'. This requires the assumption that the system X\, . . . , Xk is
(GH) on the associated torus (implicitly contained in [C-R2] and dis-
cussed here in §4).

3. This is proved in §4 for N with exclusively flat coadjoint orbits
(which includes step 2 groups), and also for any nilpotent semidirect
product E κ l w .

4. This is always true. (If X\/,..., Xkf are C°°, then so is
(XΪ + . + χi)f and by (GH) of D, feC°°.)

5. We prove this converse to implication 4 for N of step 2, if
D = X\ + X% with X\ e and with a necessary growth
condition on Xi in § 1. A growth condition on Xx follows from (GH)
of the system X\, X2 . Implication 5 is false for solvmanifolds, even
if all the vector fields X\, . . . , Xk are algebraic, and hence satisfy all
growth conditions. Indeed, the example in §3 shows such a D with a
non- L2 distribution in its kernel.

6. See e.g. [G-W3], Lemma 3, p. 161.
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1. 2-step nilmanifolds. In this section we show that global hypoellip-
ticity of the system XΪ9 ... , Xk is insufficient for (GH) of D, even
if N is step 2, (Example (1.4)). Growth conditions on all the vec-
tor fields are needed. Under such conditions D can be proven to be
(GH), at least on step 2 nilmanifolds (Theorem (1.1)). We'll see in §3
that this cannot happen in general solvmanifolds.

(1.1) THEOREM. Let JV be a step 2 rational nilpotent Lie algebra,
N the corresponding connected, simply connected group, and Γ a co-
compact discrete subgroup of N. Let Y\, . . . , Yn Z\, . . . , Zk be a
linear basis for JV selected from logΓ and such that Y\ + [yy, Λ"\9

I = 1, . . . , n is a basis of JVl\JV, JV\, and Zp, p = 1, . . . , k is a
basis of \Jf, JV\. Then the operator

where Xι=aχYι+- +anYn, X2 = β\Zx + - + βkZk, is (GH) on the

compact nilmanifold Γ\N, provided both a\, ... ,an and β\, . . . , βk

satisfy the following growth condition (which we state for the a's only):

(1.2) \axkι +'" + ankn\> C(k2

x + + k2

n)~P ,

for some p, C > 0 and all integers k\9 ... ,kn not all zero.

Proof. Let Du = g e C°°(Γ\N) with u e &f(Γ\N). We use
an irreducible (non-canonical) Fourier series decomposition of w,
u = uo + ΣπΣ^Uπ^, where u0 e &'(Γ[N, N]\N). Thus u0

lives on the associated torus. The sum is over all oo-dimensional rep-
resentations π e (T\N)^ (with multiplicities m(π)). Also, g has a
Fourier series decomposition with #o € C°°(Γ[N, N]\N). Condition

(1.2) assures that the operator D = (a\d/dx\ + h and/dxn)
2 on

the associated torus is (GH) by the Theorem in [G-Wl]. We conclude
that UQ is in fact smooth. The proof that the sum over oc-dimensional
π is smooth is a modification of the proof of global regularity of a
real vector field on a compact nilmanifold (Theorem 1, page 351 of
[C-R3]). For each fixed oo-dimensional π we construct a suitable
Schrδdinger model. Since π is oo-dimensional, there exists / such
that [Ytr, X\] & ker(dπ). Let Wπ be an ideal in ker(oίπ) such that
Λ'lΨ'n has 1-dimensional center. Passage to this quotient does not af-
fect dπ(D). Introducing a Kirillov subalgebra generated by the images
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of X := Yi and Y := X\ in J^/Wn, we obtain a Schrόdinger model
for π. In that model dπ(D) = -λ2ζ\-A(X2)

2, where Λ G / * corre-
sponds via Kirillov theory [K] to π. Moreover, Sl\JV, ̂ ]ΠlogΓ) C z
and λ = Λ([ Yi, JTi ]). We use the formula (1.8) on page 353 of [C-Rl]
to write for any U G %{JV), the universal enveloping algebra of JV :

(1.3) (Uf)π = π{[D[D...[D,U]...]]g + D[D...[D,U]...]g

+ ...+Dm-2[D U]g + Dm-lUg}P-m

= h P~m

Here Pπ(ξx ,...9ξk) = -λ2ξ2 - A(X2)
2 and (instead of (1.9) on page

353 of [C-Rl]) we use the estimate

\hmp-m\<\hm\\A(X2)\-2^

< C-2 |Λ(Z02 + • + K{Zk)
2ψ\hm\ = \π(V)hm\

for some F e ^ ( / ) .
The second inequality is where we need the assumption (1.2) about

the coefficients βx, ... , βk of X2 . Also, (1.3) works only if (adD)m U
= 0 for some m (depending of course on U). Since D = X2 + X\
with X2 central in jr9 this is the same as [?iά{Xl))mU = 0. The
latter condition is true for any nilpotent Lie algebra J^, any X\ e JV
and U e W{jr). To see this, wlog we assume that U = UιU2 -Up

with Ui G Jf, / = 1, ... , p. Note that ad(X2) is a derivation of
the associative algebra V/{yV). By Leibnitz's rule ad(Xf)mU =a lin-
ear combination of the terms of the form of 3ά{X\)^ U\ ad(X2)ιp Up ,
where l\ + h lv = m. Thus it suffices to show that there exists a
number / such that 2L&(X2)1 maps Jf into 0. This last statement is
contained in Lemma 5.1 on page 230 of [G].

(1.4) EXAMPLE. Let N be a direct product of the 3 dimensional
Heisenberg group and R. Let X, Y, Z , and Z\ with [X, Y] = Z
be a rational basis of ^ . Consider D = (X + aY)2 + (Z + βZ{)

2

with α irrational non-Liouville and β a Liouville number. As in
the proof of Theorem (1.1), for π G (Γ\iV)^, pick a Schrδdinger
model with Kirillov subalgebra generated by Y and X + aY. In that
model </π(I>) = -λ 2 £ 2 - (λ + βλ2) with λ = Λ(Z), ^ = Λ(Zi),
where Λ G ̂ * corresponds to π. Computations similar to those of
Example 1 on page 355 of [C-R3] show that D cannot be (GH) on
Γ\N.

2. Z>-harmonic distributions on nilmanifolds. The following Theo-

rem (2.1) does not require any growth assumptions on X\, ... , Xk .
(Whether D in the Theorem is (GH), even with X\, ... , Xk and



D-HARMONIC DISTRIBUTIONS 33

their commutators satisfying (1.2), is still an open problem. This
problem is still open even if X\, . . . , Xk are algebraic.) Consider
the case k = 1, with Γ\N being the torus, say two dimensional,
and D = (a\Y\+ otiYi)1 = X\. Then Theorem (1.1) corresponds to
the statement that D is (GH) provided OLIJQL\ is an irrational non-
Liouville number. On the other hand, the 2-torus version of Theorem
(2.1) says that kerZ) = C 1 provided a^lo x is irrational.

(2.1) THEOREM. Let JV be a rational nilpotent Lie algebra of step
r, N the corresponding connected, simply connected group, and Γ a
cocompact discrete subgroup of N. Let X\, . . . , Xk generate a Lie
subalgebra 3 of yV. Suppose that 3* has the property

(2.2) For each non-zero integral linear functional Λ e (Jj/J^+i)*,
A ( ( ^ n ^ / ) + ^ + i ) # 0 , j = l , . . . , r .
[Λ G JV* is called integral if Λ ( l o g Γ n ^ ) c Z . ]

// u e £f'{Γ\N) and (X* + + X\)u = 0, then u can be identified
with a constant function.

REMARK 1. X\, . . . , Xk satisfying condition (2.2) in general do not
generate the whole tangent space of T\N. Consequently, D-harmonic
distributions a priori need not even be continuous functions. There-
fore, compactness of Γ\Λf alone cannot guarantee such 'harmonic'
distributions to be constants.

REMARK 2. If r = 1, then Theorem (2.2) is about a torus. (Recall
that yy = yy[ and J2 is the commutator of Jf.)

We start the proof of Theorem (2.1) with the following proposition.

(2.3) PROPOSITION. The condition (2.2) above and the following con-
dition (2.4) are equivalent for every compact nilmanifold Γ\N.

(2.4) For each π e (Γ\N)~ ~ {1}, if 1 < j < r is such that
π(NJ+ι) = /, but π(Nj) φ /, then dπ(3Γ)yη) φ 0,
where Nj = exp /^ , and (Γ\N)^ denotes the irreducible
unitary representations of N contained in the quasi-
regular representation of N on L2(Γ\N).

Proof (2.2) o (2.4). Each π € (T\N)^ corresponds to some Λ e
js* integral on a rational maximal subordinate subalgebra ^# of JV
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([H],[R1]). In particular, for j as in (2.4) Jfjίc Jt 9 and

(2.5) dπ\jr = ik\jr = /Λ with Λ e (Jj/Jj+i)* integral.

Conversely, any integral Λ e (Jj/J/j+i)* can be extended by 0 on a

rational basis of JV to an integral Λ G <#**. π G N corresponding

via Kirillov theory to Λ is in the spectrum of T\N ([M]). Equation

(2.5) holds as before. Thus (2.2) and (2.4) are equivalent.

In view of the Proposition (2.3), all we need to prove Theorem (2.1)
is the following:

(2.6) LEMMA. Let X\, . . . , X^ generate a Lie subalgebra 3 of a
nilpotent Lie algebra JV. Let π e N be such that dπ(3nyKr) φ o.
Then for every uπ G {H™)', dπ{X\ + +Xl)uπ = 0 implies uπ = 0.
Here N = exp^Γ and Jζ is the lowest non-zero term of the lower
central series of Jf.

Proof of Theorem (2.1). We write an irreducible Fourier series ex-
pansion

where

Uj = {π G (Γ\NΓ : π(NJ+ι) = / , π(Λ^ ) ^ /}, = 1, . . . , r.

Note that Ylχ consists of all 1-dimensional non-trivial representations
in (Γ\N)^. We apply Lemma (2.6) to un^q with π G Π r , then again
apply Lemma (2.6) to J^/J^ which takes care of uπ^q with π G n r _ !
in the above sum, etc. We are left with w0 which corresponds to
trivial π, i.e. U — UQ is a constant function on M.

The proof of Lemma (2.6) will follow from Lemma (2.7) below,
but first we need some definitions (cf. [F-S]).

A Lie algebra 3 is called graded if it has a direct sum decompo-
sition 3 = Σrj=\ Θ y i w i t h t h e property that [VJ, Vk] c Vk+ > if
k + j <r and [Vk , Vj] = 0 if k + j > r. A graded algebra is always
nilpotent. A connected simply connected nilpotent Lie group L is
called graded if its Lie algebra 3 is graded.

Any graded (nilpotent) Lie algebra & has a natural family of dila-
tions {^}^>0 (one parameter group of automorphisms of 3*) defined
on each VJ by aj(Y) = λJY, Y G VJ\ λ > 0. By the exponential
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map ax corresponds to a one-parameter group of automorphisms of
L, the simply connected nilpotent Lie group corresponding to 5?.

A linear differential operator P on a graded group L is homoge-
neous of degree d if P(foaλ) = λd(Pf) o aλ for any / e C°°(L).

We call a differential operator P on a graded group L a Rockland
operator if (i) P is left-invariant and homogeneous, and (ii) dπ(P)
is injective on H™ for every π e L except the trivial representation.
By a theorem of Helffer and Nourrigat [H-N], a Rockland operator
(on a graded group L) is hypoelliptic: i.e. if w is a distribution on L
such that Pw is C°° on an open Ω c L , then u is C°° on Ω.

(2.7) LEMMA. Lei 3* be a graded Lie subalgebra of a nilpotent Lie
algebra Jf, and let P e ^(-2*), the universal enveloping algebra of
£? y be a Rockland operator on the graded group L corresponding to
&. If πeN is such that dπ{&njrr) φ o, then dπ(P)uπ = 0 for
uπ e (Hjj?y implies uπ = 0. {JVr is the lowest non-zero term of the
lower central series of J^.)

Proof of Lemma (2.7). Suppose dπ(P)u = 0 for some 0 Φ u e
(H™)'. We are going to show then there is a non-smooth function ύ
on L such that Pύ = 0. That would contradict the hypoellipticity of
P on L. We adapt the proof of Lemma (4.6) of Rothschild and Stein
[R-S] to our situation. Let ψ e H™ be such that (w, ψ) Φ 0, and
let {αu};ι>o be the one-parameter group of dilations of L. For each
dilation / —• aλ(l) (1 G R+) of L define the representation nλ of L
by πλ(l) := π(aλ(l)). Observe that if π(P)u = 0, it follows from the
homogeneity of P that πλ(P)u = 0 too. Let

leL,

where the exponent Q is to be specified later. First we check that the
integral in (2.8) converges for each fixed / e L. Since u e (H%°y, we
have

(2.9) |(πA(/)«, ¥θ| = |(κ, ^ ( Γ 1 ) ) ^ ! < C l l l * ^ / - 1 ) ) ^ .

By [K], Hπ can be identified with L2(RP), H™ with S^(RP), the
Schwartz space of rapidly decreasing functions, and we can think of
HI • HI in (2.9) as being a combination of S"(RP) seminorms of the
form liμiH = \\χPDaφ(x)\\, where || || is the L2(RP) norm. In our
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case

(2.10)

where

7=1

The representation π £ N acting on φ e L2(RP) can be written (cf.
[H-N], page 904)

(2.12) π(expY)φ(x) = exp(i(A9v(Y9x)))φ(σ(x9Y))9

where σ G Rp (= Jt\/V) and t; G ̂  are polynomials in x G R P

and Γ G i 7 , and . / c / * is a maximal subordinate subalgebra for
A e J^*. Combining (2.10) and (2.12) we see that | | |0 | | | can be
estimated by a combination of expressions of the form

(2.13) \\Vι{.9 Y)(Daψ)(σ(.9 Y))\\9 7 = log/

with σ as in (2.12) and some polynomial V\ of x G M P and Γ G .2*,
the norm || || being the L2(RP) norm with respect to the x e Rp

variable marked by a dot. Since π is unitary, we can rewrite (2.13)
as

(2.13a) \\π(ap(-Y)){v^9 Y)(Daψ)(σ(.9 Y))}\\

which can be written

(2.13b) \\v2( , Y)(Daψ)( )\\

with some polynomial V2. This is because σ(x, Y) (see (2.12)) comes
from the multiplication of exp X (on the right) by exp Y, and subse-
quent multiplication of expσ(x, Y) by exp(-Γ) makes it x again.
Suppose now that Y depends on λ via Y = Yλ = Σ,λJγj ( c f (2Λ *))•
It follows from (2.13b) that

(2.14) 1110| 11 < a polynomial in λ of some degree βi with
coefficients of the form ||v3(. \YΪ9...9 Yr){Daψ){.)\\,
(ι;3 being a polynomial in x G RP and Y\, . . . , Yr) and
with Qx independent of Y or x.

Thus ύ(l) is well-defined and continuous for any Q > Q\ + 2. As
in [R-S] Pύ = 0, since the differentiation under the integral sign can
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be justified as follows. (Recall that P acts on the right and is left-
invariant.)

(2.15) \P(πλ(l)u,ψ)\ = \(πλ(l)πλ(P)u,ψ)\

= λd\(πλ(l)π(P)u,ψ)\=λd\(u,π(tP)π(Γι)ψ)\

where d = degree of homogeneity of P and | | | | | | ' means that we've
"absorbed" π(P) into the Schwartz space seminorm || | | | | . The last ex-
pression in (2.15) can now be estimated in exactly the same way as the
one in (2.9), resulting in an estimate similar to (2.14), with a polyno-
mial in λ of degree Q2, say. Thus ff° P(πλ(l)u, ψ)λ~Qdλ converges
absolutely whenever Q > Q2+2, and Pύ = f™ P(πλ{l)u, ψ)λ~Q dλ =
fΐ°(πλ(l)πλ(P)u,ψ)λ-Qdλ = O.

The key thing now is that by the assumption of the lemma there is
a Z e ^ n - 2 7 such that dπ(Z) = icφθ, ceR. For this Z we have
π t(expίZ) = eιctχr and

ΰ(exρtZ)= (π(exptZ)u, ψ)λ~Q dλ

/

OO

eictλrλ-Qdλ

/

OO

eictλ λt-Q, d λ t

where Q3 = Q/r + (r- \)/r and λ' = λr. We pick now Q in (2.8) so
that Q > max(Qi, Q2) + 2, and that β 3 is an integer > 2. With this
choice of Q, as in [R-S] u(l) defines a distribution on L, Pύ = 0,
yet ύ restricted to exp(RZ) c L is not smooth.

(2.16) COROLLARY. In particular, Lemma (2.7) holds true for Jf =
5?, the free nilpotent Lie algebrajof step r on k + m generators
X\, . . . , Xk Y\, . . . , Ym, and S? the subalgebra of SF generated
by X\, ... ,Xk. Here P = X\ + + X\ is the Rockland operator (cf
[F-S], p. 130) and peF is such that dp{Z) Φ 0 for some Z e

Proof of Lemma (2.6). Suppose dπ(X\ Λ + X\)u = 0 for u e
(H%°)' and let Z E ^ n / r be such that dπ(Z) φ 0. By the above
corollary, u = 0. This can be seen as follows. We construct a chain
of subgroups from L to N, each of codimension 1 in the next, so
that JIT = RYi K - K R7m ix &, for some ^ , . . . , Ym e JV. Let Φ
be a homomorphism of & onto yΓ given on the generators of & by
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= Yj9 j=l,...9m. Let Z be a

preimage of Z in & n 3 ^ . We apply the corollary to p = π oφ e F
noticing that # π = Jfy and έ//>(Λ? + + X\) = </π(X2 + + X\).

Lemma (2.7) also implies the following version of Theorem (2.1)
in case Sf, the Lie algebra generated by X\, . . . , X^ , is graded.

(2.Γ) THEOREM. Let M = Γ\iV be a compact nilmanifold and let
<S? be a graded subalgebra of JV . Suppose that & has the property
(2.2). Let P e V/(&) be a Rockland operator on L acting on T\N.
If ue &r(Γ\N) is in the kernel of P then u = const.

REMARK 1. Theorem (2.1') states that if S? is a large enough
graded subalgebra of yf (i.e. & satisfies (2.2)) and P e %{&) is
homogeneous, then injectivity of dp(P) on H™ for all non-trivial p
in L implies injectivity of dπ(P) on (H™)' for all non-trivial π in

REMARK 2. The existence of Z in -^ΠoS* at the end of the proof of
Lemma (2.7) and the choice of Z in & Π ^ in the proof of Lemma
(2.6) use condition (2.2). We don't know whether the assumption
(2.2) in Theorem (2.1) can be replaced by the weaker condition (2°)
of Theorem (4.1).

3. A solvmanifold (counterexample. Here we produce an example
of a (GH) system of two vector fields on a class of 3-dimensional
("hyperbolic") w/vmanifolds. We show that the kernel of the sum of
squares of these vector fields contains a distribution which is not a
C°°-function. Also, Lemma (3.4) might be of independent interest.

Consider the following class of three-dimensional compact solvman-
ifolds, M = T\S (see [A-G-H] and [Brl, 2] for details). S is the
semidirect product of R and R2 (with R2 normal in S), in which
the group operation is

(x, t){x', f) = {x + Ax1, t + f), x, x 'eR 2 , *, f eR.

Here A*, t e R, is a 1-parameter subgroup of SL(2, R) through a
fixed matrix A e SL(2, Z). The discrete subgroup Γ can be taken to
be the set of points in S with integer coordinates. (The fact that A e
SL(2, Z) is equivalent to A mapping the integer lattice Z2 into itself.)
We'll consider the case in which A has unequal positive eigenvalues
λ and λ~ι. Choosing the eigenvectors of A as a basis of R2 we can
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write the group operation in S in the new u, v coordinates

(3.1) (u,v,t)(u',v',tf) = (u + λ'u'.v + r V , ί + 0 ,

u, u1, v , υf, t, t' G l .

In these new coordinates M2nΓ is no longer Z2 . (For each λ > 1 such
that λ, λ~x are eigenvalues of a matrix A G SL(2, Z) we get a distinct
solvmanifold Tλ\S, although 5 is not changed up to isomorphism by
altering λ.) Letting T, U, and V be the infinitesimal generators of
the one-parameter subgroups of S corresponding to /, u, and υ we
have [T, U] = \nλU, [T, V] = - l n A F . We consider the operator
P=T2 + U2 and the system {7\ U} of vector fields induced on Γ\S
by T and U.

(3.2) PROPOSITION. Let T, U and Γ\S be as described above.
Then

(a) The system of vector fields {T, U} on M = T\S is {GH)\
(b) The operator P = T2 + U2 is not {GH) on T\S. In fact, there

is a distribution u e &f(Γ\S) ~ L2(Γ\S) such that Pu = 0.

Proof of {a). Let u G 3r'(Γ\S) be such that Tu = f9 Uu = g,
and Fw = h, with f,g,he C°°(Γ\S). Let u = w0 + Σ π , 7

 w π , 7 be
an irreducible Fourier series of u, the summation being over infinite
dimensional π e (1^*5) ̂  with j counting the multiplicities and with
UQ G 3r'(Γ[S', S]\S), so Wo l i γ e s o n the associated torus. On that 1-
dim torus, T acts as d/dt. Thus Tu0 = / o e C^ίΓt^, 5]\5) and u0

is smooth. As for the uπj% each oo-dimensional π G (Γ\5)^ acts on
L2(R, Jί) and dπ(U)uπj = 2niaklunj for some O ^ α E l . Since
dπ{V) acts by multiplication by 2πiβλ~t with O ^ j S E l , uπ,j =
{-Aπ2aβ)~x dπ{V)dπ(U)uπJ = (-4π 2 αjS)- 1 (Fg) π ) 7 . In fact,'for
any i? G ̂ ( ^ ) we have (i?w)π J = ( - 4 π 2 α ^ ) - 1 ( i ? F ^ ) π ? 7 , and

(3.3) ||Λκ||£2(IV) = (4π2)"2 ζ \\RVg\\2(aβΓ2 + \\(Ru)0\\2

The last expression is finite since g e C°°(Γ\5). The first inequality
in (3.3) is a consequence of the following.

(3.4) LEMMA. Let S = M2 x R be a solvable Lie group with the
group law (3.1). Let Γ be a cocompact discrete subgroup of S. Then
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Γ n R2 x {0} is an abelian lattice of points (a, b) e R2 having the
property that the product ab is bounded away from zero, except of
course for the group identity.

(3.5) COROLLARY. In the setting of the lemma above, the dual lattice
Γ* = {Xa^β : Γ —• 1} is also a lattice of points (α, β) such that the
product aβ is bounded away from 0, except for (α, β) = (0, 0).

Proof of Lemma (3.4). Let ( 0 , 0 , m) and (a,b9θ) e Γ c S.
Then ( 0 , 0 , m ) ( α , f e , 0 ) ( 0 , 0 , m ) - 1 = (λma, λ~mb, 0). Suppose
(an , bn , 0), n = 1, 2, . . . were a sequence of points in Γ n R2 x {0}
such that anbn —• 0 as « —> oo. Wlog we may suppose an > bn > 0.
Then for every n there would be an integer kn such that

(3.6) λ^n-V <bn/an<λ2k*.

Define a new sequence of points of Γ by

(a!m9b'n90):=(λk*an,λ-k*bn,0)9 /i = 1, 2,

We have a'nb'n = anbn —• 0 and ̂ /Λ{, = λ~2knbn/an . The inequalities
(3.6) imply now

Thus Γ 3 (a'n, b'n9 0) -> (0, 0, 0) as /ι -^ oo, which violates the
discreteness of Γ.

Proof of '(b). For a fixed infinite dimensional π € (Γ\S)^ acting on
L2(R, dt) we'll construct a non-zero function u(t) on R such that
dπ(P)u = 0 and dπ(U)ue L 2(R). Such a u defines a distribution ft
on φeC°°(Γ\S):

\(&,φ)\:=\(u9Qφx)\

= \(π(U)uΛVQΦ)π)\\4π2aβ\-1

where φπ denotes a projection onto a fixed irreducible subspace Hπ of
L2(Γ\S) corresponding to π, and Q: Hπ -• L2(R) is an intertwining
operator onto a Schrodinger model for π.

To find such u we write

(3.7) dπ(P)u = (d2/dt2 - 4π2a2λ2t)u

= {(Inλ)r2(d/dr2 + Γιd/dr) - (2nar)2}u{
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where we have put r = λt, and we have defined U\{r) = u{t), r > 0,
and we take advantage of the fact that d2/dr2 + r~ιd/dr, r > 0, is
the radial part of the Laplacian Δ on the plane. Thus (3.7) becomes
equivalent to

(3.8) (Δ - a2)u2 = 0, a = Iπot/ lnλ

for a radial function u2 on R2 ~ 0. A solution ^2 of

(3.9) (A-a2)u2 = δ0 onR 2,

where Jo is the Dirac function supported at the origin 0 of R2 , satis-
fies (3.8), and if it is radial, also (3.7). Applying the Fourier transform
on R2 to (3.9) we obtain (cf. e.g. [S-W], page 6)

( r ( ξ η + )
roo

= - (47Γ2)-1 / exp[-(c^2 + η2 + a2)s] ds
Jo

= / exp[-2πi(ξx + ηy)]u2(x, y) dx dy
JR2

where

/•oo

(3.10) u2(x, y) = ux{r) = - ( l ό π 2 ) " 1 / s-ιe~bsexp(-π2r2/s)ds
Jo

with r2 = x2 +y2 and b = (a/\nλ)2. Thus letting r = λ*, -oo <
ί < ex), Mi(r) given by (3.10) is a non-zero solution to (3.7) we were
after. It remains to show that dπ(U)ue L 2(R). For this we write

roo

(3.11) \\dπ(U)u\\2 = / \2πarux{r)\2 dt
J -OO

roo / roo roo \

= c r l ...ds ...dσ)dr9

Jo \Jo Jo )

where c\ f™ ... ds = u\(r) = c\ /0°° ... dσ are given by (3.10). Chang-
ing the order of integration in (3.11) to drdsdσ and grouping the
terms containing r only, the dr integral becomes

/ O ° e x p [ - π V ( ^ - 1 + σ - 1 ) ] r ^ = ( k y - 1 + σ - 1 ) - 1 Γ°exp(-π 2r 2)rdr
Jo Jo
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Substituting this back into (3.10) we obtain
roo roo

(3.11) = C / / cxp[-b(s + σ)](sσ)-{(s-ι+σ-ι)-
Jo Jo

roo roo

-C I I exp(-bs)exρ(-bσ)(s + σ)~ι dsdσ
Jo Jo

< (C/2) ( Γcxp(-bs)s~ι/2ds) < oo.

REMARK. Similarly one can show that oo = ||«||L2 (R). We claim

ύ G 3r'(Γ\S) is not given by any L2-function on Γ\S. Suppose the
negation, i.e. ύ is given by some w e L2(Γ\S). Since ύ : H™ —> 0 for
all π' ψ π, π' e (Γ\S)~, we have w eHπ. Then Qw e L2(R) and
Qw = u a.e. because it gives the same distribution—a contradiction.
In particular, ύ cannot be continuous or smooth on Γ\S.

4. Necessary and sufficient conditions for (GH) of systems. Theorem
1 on page 366 of [C-R2] states a necessary and sufficient condition
for (GH) of a system L on Γ\7V. The proof of necessity, however,
has a gap in the last paragraph of page 367. Namely, it is not clear
whether or not there is a Λ' e ^v(Λ) such that A'(&) = 0. On the
other hand, the proof of sufficiency establishes the (at least formally)
stronger sufficiency theorem below.

(4.1) THEOREM. // (1°) L + [yT,yΓ] is (GH) on Γ[N, N]\N, and
(2°) for each π e (Γ\N)Z> (& + Wπ) n 3T{^lWk) φ {0}, then
L is (GH) on T\N. (Here, Wπ is an ideal in keτ(dπ) such that
dim3T(yr/W)π = 1 and π \ Z(N/Wπ) φ / . Also, π e (T\N)Z
means π is infinite dimensional, and Sf is a Lie subalgebra of Λ*
generated by L.)

(4.2) CONJECTURE. Conditions (1°) and (2°) of Theorem (4.1) are
necessary for (GH) of & on Γ\N.

Although we do not have any counter-example to this conjecture,
we have been able to prove it only under special conditions.

To prove the conjecture, we assume that S? is (GH) on Γ\N 9

so that (1°) is automatically satisfied. Then we suppose that 3 F n
Z(jyjW)π = 0, and we try to prove there exists Λ' e ^v(Λ) such
that Λ!{&) = 0. By the lemma on page 368 of [C-R2], this would
contradict (GH) of & on Γ\N.
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(4.3) PROPOSITION. Suppose that π e (Γ\JV)^ implies either that
the corresponding co-adjoint orbit @{π) in JY"* is flat, or else that
π is induceable from a polarization of codimension one in yV. If
L = {XΪ9...,Xk} is a (GH) system of vector fields on Γ\N, then (1°)

is (GH) on T[N, N]\N, and (2°) for each π e (T\N)Z,

Before proving this theorem and giving examples, we state the fol-
lowing immediate consequences. If JV is of step 2, then Proposition
(4.3) shows that Conjecture (4.2) is true for N 9 since all orbits will
be flat. Also, for each natural number n > 2, there exist nontrivial
rational nilpotent Lie algebras of step n such that all orbits (i.e., of
all dimensions) will be flat [R3]. Thus the conjecture will have been
proved for a large class of nilmanifolds. Also, the conjecture will have
been proved for the important class of nilpotent semi-direct products
R ix Rn , with arbitrarily long lower central series.

Proof. The case of flat orbits is easiest. Fix a π e (Γ\JV)~ . By
repeatedly factoring out the part of the center in the kernel of dπ,
we may assume wlog that Z{Jir) = RZ , that & n Z = {0}, and that
π = πA where Λ = Z * . Then #N(A) = Z* + (Z)1. S? is spanned by
a basis Lx, . . . , L^ , not in Z. Pick Λi, . . . , Λ^ in Z1 such that

0, ftiφ)\

- Λ ( L ), if / = 7 .

Then let Λ' = Z* + Σ\ Λ7 e 0N(K), and A!{S?) = 0. This proves the
conjecture in the flat orbit case.

Now, suppose π is induced from a (rational) polarization Jί of
codimension 1. (Hence J£ is an ideal.)

(4.4) LEMMA. If Z{Jf) = RZ and Jt is a polarizing ideal for any
Λ G / * with Λ(Z) Φ 0, then J[ is abelian.

Proof of Lemma. Since Jt is subordinate, Z g [Jt, Jt], and
implies [Jt, Jt] is an ideal too, since (aάX)[M\, Mi] = [
(adX)M2]. If there exists 0φ[Mu M2] e[Jt9Jt]9 then [M{, M2] £
Z, so there exists U{eJ^ such that (ad UX)[MX, M2] = [(ad Uλ)Mλ,
(adC/!)M2] e[Jt,Jt]~{0} too. Hence (adUι)[Mx, M2] G [Jt, Λ T ] -
^ . So there is a U2 such that [(ad C/2)(ad UX)MX, (ad ί72)(ad l/i)Af2]
Φ 0, and so on. Since there is no end to this process, the nilpotence
of JV has been violated. Thus [Jt, <£\ = 0.
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This proves the lemma.

Now we have Jlf = R K Jt , where Jt = Rn is a rational abelian
ideal of codimension one in y^. Since & is (GH) on Γ\N, and
since Jί is rational, 3* qL Jf. Thus there exists 1 6 ^ ^ / . We
are supposing & n =2" = {0}, and it will suffice to prove that there
exists Λ' e <?N(A) such that M{3) = 0.

If S* were not abelian, there would exist a central element C Φ 0,
C e \Jir,JT\ c ΛΓ, so [ C , ^ ] = 0. But [C,X] = 0, and JT =
R l θ . / . Thus [C,J/'] = 0, so that C G J ( / ) ~ { 0 } . But C e i 7 ,
and S? r\Z ψ {0} . This is a contradiction, and so J? is abelian.

Now, suppose there existed L eS?Γ\J? ~ {0}. Then [X, L] = 0 =
μf, L], so L G J - { 0 } . This is a contradiction. So if X ψ L e
£? ~ {0}, then L = aX + M, for some α / 0 and M e Jf. Also,
since ^ is abelian, [X9 M] = 0 = [Jt, M]. Hence Λf G JT - {0},
so that 2 contains the R-span of X and aX+M. But then 2 c -2*.
This is a contradiction.

Hence 2 = RX. Now, pick 7 e / - J such that [Z, 7] = Z ,
and (Ad* expRlQΛ = Z* + RX*. Hence there exists Λ' e ^v(Λ) such
that Λ'(Z) = 0 = A'(3).

This proves the proposition.

(4.5) EXAMPLE. Let JIT be spanned by Xx, X2, Y\, Y2, and Z ,
where all non-zero brackets are generated by [X\, Y\] = Y2, [X\, Y2]
= Z , and [X2, Γi] = Z . Thus ^ is 3-step, with jr2 = \Jf ,Jf\
spanned by Y2 and Z , and Z — RZ .

Let X = X\ + α7i and 7 = X2 + aY2 + βZ, where a is an
irrational, non-Liouville number. Then £f = RX 0 1 7 is an abelian
Lie subalgebra of JIT, (GH) on Γ[iV, N]\N. Since ^ΠZ = {0},
condition (2°) of Proposition (4.3) is not satisfied. However, every
Kirillov orbit &N c J^* is flat (of all possible dimensions) [R3]. By
Proposition (4.3), S? is not (GH) on T\N, regardless of the choice
of β, and regardless of the choice of a. This example illustrates the
necessity of conditions (1°) and (2°) of Proposition (4.3).

(4.6) EXAMPLE. Let Jf = R tx Rw+1 be the π-step nilpotent "chain"
Lie algebra spanned by X, YΊ, ... , Yn , Yn+\ = Z , with all non-
zero brackets generated by [X, Y/] = Y/+i, / = 1, ... , n. Then let
Sf = RL, where L = X + αi Yi H + anYn + an+\Z . Then 3 is
(GH) on Γ[iV, N]\N, but ^ is noί (GH) on T\N, since condition
(2°) of Proposition (4.3) is not satisfied. That is 3 ΠZ = {0} .
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There are of course many variations and combinations of these two
examples.

The following example supports Conjecture (4.2) by showing how
S?Γ\Z = {0} can lead to & not being (GH) even under circumstances
not covered by Proposition (4.3). In particular, it will be a 3-steρ now-
flat orbit example in which & is (GH) on Γ[N, N]\N and also on
ΓZ\N and on ΓM\N, and yet & is not (GH) on Γ\N, apparently
because Sf Π Z = {0}. here, JVj^ will be of dimension two.

(4.7) EXAMPLE. Let JIT be the R-span of WXj W2, X\9 X2, Y\9

Y2, and Z . Let all non-zero brackets be generated by [Wi, Xϊ\ = Y/,
and [Wi9Yi] = Z9 i = 1, 2. Let & be the R-span of {W{ + aW2 +
βXi + γX2 + ξZ , Y\ - OLY2 + ηZ} where the real numbers, 1, a, β,
γ are linearly independent over Q and satisfy the growth condition
(1.2), and ξ, η e R are arbitrary but fixed. The abelian Lie algebra
& is (GH) on Γ[7V, N]\N and on ΓZ\N, but & Π3? = {0}. Let
Λ = Z * , so the polarizing subalgebra is the ideal Jf spanned by
{X\, X2, Y\, Y2, Z } . However, we can act on Λ by expt{W\ — W2)
to get Λ ; : Yχ-aY2+ηZ2 *-+ 0. And we can act on Λ; by exp^yi + Ŷ )
to get A/ ;: Wx + aW2 + βX{ + γX2 + ξZ ^ 0. Thus Λ" e #N(A), and
A"(£f) = {0}. By Lemma on page 368 of [C-R2] & is not (GH) on
Γ\N.
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