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GENERALIZED CLIFFORD-LITTLEWOOD-ECKMANN
GROUPS II: LINEAR REPRESENTATIONS
AND APPLICATIONS

TARA L. SMITH

This paper presents applications of the decomposition of general-
ized Clifford-Littlewood-Eckmann groups, or CLE-groups, which are
given by presentations of the type

G=(w,a,...,alo" =1, af = Vi,

aia; = wa;a; Vi < j, wa; = a,w Vi),
We begin by studying the irreducible complex representations of the
“building block groups” of orders n°> and n>, and how the repre-
sentations for the composite groups are constructed from them. This
of course also gives a complete set of inequivalent irreducible matrix
representations for the generalized Clifford algebras corresponding to
these groups. We apply these representation-theoretic results to de-
termine the size of the maximal abelian subgroups of these groups,
and to present a generalization of a result of Littlewood on maxi-
mal sets of anticommuting matrices. In the final section we consider
an alternative generalization of the CLE-groups, in which we require
al = 1, but allow g;a; = w"aja; for fixed k dividing n, where
possibly k > 1. The irreducible complex representations of these
groups are then calculated.

Introduction. These representations have been studied from the
standpoint of projective representations of (Z/nZz)" in [S-I]. How-
ever we feel that the presentation given here is somewhat clearer. The
results again are of interest to physicists in a number of applications
(see [S-I], [Kw]). Throughout this paper the notation and conventions
will follow those of [Sm1], [Sm2]. The results of [Sm2] concerning
the explicit decomposition of the groups will be used extensively here.
The corresponding generalized Clifford algebras are studied in [Sm3].

1. Linear representations. The first application of the decomposi-
tion results obtained in [Sm2] is the determination of the irreducible
complex representations for the generalized group G=(w, ay, ..., a|
w"=1, al = w®*Y Vi, a;a; = waja; Vi< j, wa; = a;0 Vi). Tobe-
gin we need some general facts about representations of finite groups,
which are found in [I].
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ProrosITION 1.1. Let G and H be finite groups, and let Irr(G) and
Irr(H) denote their respective sets of irreducible C-representations (and
sometimes by abuse of notation, the sets of characters corresponding to
the irreducible representations). Then the following hold for all S €
Irr(G) and T € Irr(H) :

(1) S(g) is a scalar multiple of the identity matrix Vg € Z(G).

(2) Im(GxH)={SQ®T: Selrr(G), T €Irr(H)}.

(3) Let N be a normal subgroup of G, and suppose N C ker(S).
Then S' defined by S'(gN) = S(g) is an irreducible representation of
G/N. Moreover, any irreducible representation of G/N arises in this
way.

(4) Let g — x(g) := trR(g) be the character associated with a
representation R of G. Then R is irreducible if and only if [x, x] :=
G Ypec x(&)2(g7 ) =1,

(5) Two irreducible representations are distinct (i.e. not similar) if
and only if their corresponding characters are distinct.

(6) |Irr(G)| equals the number of conjugacy classes of G, and

Exelrr(G)X(l)2 =|G|. o

Applying these results to our groups, we get the following propo-
sition, which reveals how to determine the representation theory for
an arbitrary group of this type from that of the building block groups
(those of order n? or n3). Recall that if G and H are two groups in
the category whose objects are finite groups with a distinguished cen-
tral element @ of order n» and whose morphisms are w-preserving
homomorphisms, we may define

GxH

GxH =GH := m,

a central product of two such groups, which again has a distinguished
central element w = (w, 1) = (1, w) of order n.

PROPOSITION 1.2. Let G and H be two groups in the category of
finite groups with distinguished central elements of order n. Let wg
and wy denote respectively the distinguished central elements of order
n for these two groups. Then Irtf(GH) = {S® T: S € Irr(G), T €
Irr(H), and S(wg) = T(wn)} . O
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We have seen [Sm2] that any generalized CLE group decomposes
as a product of groups of the type G(d,d) := (w,a, blw" = 1,
a" = b" = w?, ab = wha, wcentral), where d divides n, and at
most one group of the type G(e) := (w, a|lw"” =1, a" = w°), where e
divides n. (And in fact, for all but at most one of the factors G(d, d)
we may take d = n.) Our task now becomes that of determining the
irreducible C-representations for the groups G(d) and G(d, d), for
d dividing n. The groups of order n? are quite easy, because they
are abelian. We have the result below.

PrOPOSITION 1.3. G(d) = (w, a) = Z/(n?/d)Z x Z/dZ has n? dis-
tinct irreducible representations, each of degree one. They are given by
sending w to any nthroot of 1, &, in C and sending a to any n?/dth
root of 1, ¢, satisfying (" = &4, o

Finding all the irreducible representations for the groups of order
n3 is somewhat more complicated. First we must try to determine the
number of conjugacy classes in G = G(d, d), so that we know how
many representations there should be.

ProproSITION 1.4. The total number of conjugacy classes in the group
G(d,d)={(w,a,b) is 3., n*¢(c)/c*, where ¢(c) denotes the num-
ber of positive integers less than ¢ which are relatively prime to ¢ (i.e.
the number of units in Z/cZ). In particular, this number is independent
of d, which is not a priori clear.

Proof. We begin by determining the number of conjugates of a given
element g € G, and deriving an initial formula for the number of
conjugacy classes. We then show that this formula is multiplicative,
and derive a simpler form in the case » is a prime power. This allows
us finally to give the number of conjugacy classes in the form above.
Let g = wka’b/. Then the conjugates of g are {ag: [k, g] = a for
some & € G}, and the set {a: [k, g] = a} is exactly (w¢), where
c=gc.d.(i, j,n). (This follows from the fact that [a’b/, akb™] =
w'™=Jk ) Thus g has n/c conjugates, and g, wg, ..., v g will
be in different conjugacy classes of G. Notice that n/c is precisely
the order of the image of g in G/G’, which is isomorphic to Z/nZ x
Z/nZ. Looking at all elements g € G, we see that the number of
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conjugacy classes in G is

f(n):= Z [the number of elements of order ¢
cln

in Z/nZ x Z/nZln/c.

Next we wish to show f(n) is multiplicative, i.e. we want to show
f(m)f(n) = f(mn), for m, n relatively prime. To see this, first note
that the number of elements of order ¢ in Z/nZ x Z/nZ is precisely
the number of elements of order ¢ in Z/cZ x Z/cZ. Then

f(m)f(n) = (Z[# of elts. of order e in Z/eZ x Z/eZ]m/e)
elm
. Z[# of elts. of order c in Z/cZ x Z/cZ]n/c
cln
= ZZ(# of elts. of order e in Z/eZ x Z/eZ)
elm c|n

. mn

- (# of elts. of order c in Z/cZ x Z/cZ)—c—E—.
Now

g.c.d.(m,n)=1=gcd(c,e)=1=(z/ez)? x (z/cZ)?
= (z/cez)?,

and an element of order ce in (Z/ceZ)? must come from an element
of order ¢ in (Z/cZ)? and element of order e in (Z/eZ)?. Therefore

: mn
fm)f(n)= > (# of elts. of order ce in (Z/ceZ)z)—&-e-

celmn

= f(mn).

Hence it will be sufficient to calculate f(n) for n = p”, p a prime.
The number of elements of order p* in Z/p*z x Z/p*Z is the

number of pairs (g, &), & € Z/p*Z, with at least one of the g;

of order pk. There are ¢(p¥)[2p* — ¢(p*)] such pairs. Recall also
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#(p*¥) = p¥(1 = 1/p), for k > 1. Then we see

,
f(p") = _(#elts. of order p* in z/p*z x z/p*z)p"*
k=0

r r
=Y 6@")20*F - 6@ )0 F =p"+ > (p* - p*)p 7k
k=0 k=1
r r
=pr +przpk _pr—ZZpk
k=1 k=1

pr+l -p 3 pr+1 -p

— r r L £ — r £f

=pr + (pr+1 _p)pr—-2(p + 1) =p2r +p2r—l
_ -1, ,_

=p¥+p l(p’—l)=pz’+§——(p’ N -1)

_pr—l

— p2r rp -1 r lp -1 2r 2r—k 2r—k-1
p+pp1pp1p+;p -p

— ZPZr 2k¢ k) _ Zn2¢ C)/C
cln
Then since f is multlphcatlve as is the expression Ecln n2¢(c)/c?,
we quickly see that in fact f(n) = 3., n?¢(c)/c?, as was claimed in
the statement of the proposmon o

In our next theorem we will construct precisely this many irre-
ducible C-representations for our group G. Specifically, we will find
n2¢(c)/c? representations of degree c¢. Then

S 2P =Y c*n2g(e)/c=n2 Y g(c) =’ = G].
x€lrr(G) c|n c|n
Since we know @ must go to &I, where £ is a (not necessarily prim-
itive) nth root of unity in C and I, is the ¢ x ¢ identity matrix, we
analyze the representations realized under each possible choice for the
image of w.

THEOREM 1.5. For every ¢ dividing n there are c*¢(n/c) irre-
ducible C-representations of G = G(d, d) = (w, a, b) which are of
degree n/c. They are given as follows:

w— ¢, where § is a primitive (n/c)th root of 1 in C (there
are ¢(n/c) distinct choices for &), and setting { to be a fixed
primitive n?/dth root of 1 satisfying ("¢ = &4,
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a— Ae{d, ("4, ..., ["dDyy,

b— B e{B,(B,. .. B ("WOc=DBY where
010 -0 1
01 ¢
A= |, B=C y
1 .
Je—1

10 0 e
are n/c x njc matrices (so there are c* choices for the images
of a and b).

Proof. We have three things to show. We must show that the maps
above yield representations for G, that they are irreducible, and that
there is no duplication among the different maps (i.e. that they are
all distinct representations). If we can prove all of these we will be
done, for then the remarks above show that these must be all of the
irreducible representations of G. Then let T be defined by T(w) =
¢Lye, T(a) = A', T(b) = B'. It is easy to see that T(a") = T(b") =
T(w?) = édln/c, and that T(a)T(b) = T(w)T(b)T(a). Therefore T is
a linear representation of G, i.e. it defines a group homomorphism
from G into GL(n/c, C).

To show irreducibility, we will look at the character y associated to
T. Without loss of generality, we may assume for this part of the proof
that A’ = 4 and B’ = B. Recall that x(g) is defined to be the trace
of the representation T(g). Again it is an easy exercise to show that

x(@w'a/b*) = tr(¢'A/B¥) = 0 unless j =k =0 (mod n/c). If j =
anfc, k= pnjc, 0<a, B <c, then x(w gl bk) = (EignetPn/c.
(Notice that &i{™+8) is an nth root of 1.) In particular, x(g) # 0 if
and only if T(g) is a scalar matrix, if and only if the order of the image
of g in G/G' divides c In this case, x(g) = u(n/c) for some nth

root of 1, u, and x(g~!) = u~'(n/c). Hence x(g)x(g~') = n?/c2.
Now T will be 1rredu01ble 1f and only if [x, x] = 1. Then

> x(g = n(n*/c?) (#of elements of order dividing ¢ in G/G')
g€G

=n(n*/c?) =n* =G|,

and we see that indeed T is irreducible.

Finally we must show that for each choice of &, 4’, and B’, we
actually get distinct representations. It is clear that any two distinct
choices for the image of w give rise to distinct representations. We
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must then show that different choices for 4’ or B’ also yield distinct
representations, and we will be done. Let T; and T, be two of the
representations above of size n/c, with corresponding characters y;
and x,, and assume x; and x, are equal on G. We will show
T, = T,. First, we may clearly assume that T;(w) = Tz(w) = {1, .
Let Ti(a) = {"94, and Ty(a) = {/"44, 0<i, j<c—-1. We
need to show i = j. Here x;(a"/¢) = (n/c){n+i/)(#/d) = y,(a"/c) =
(n/c)gn+it/c)n/d)  Then in2/cd = jn?/cd (mod n?/d), so i = j
(mod ¢) as desired, showing T;(a) = T,(a). The same argument
shows that if y;(b"/¢) = yx,(b"/¢), then T;(b) = T,(b). Thus we get
c2¢(n/c) irreducible representations of size n/c, as claimed. ]

We can now use this information to answer some questions about a
general group G of this type, of order n"t!, say. We notice that for
G(d, d) there are ¢? different irreducible representations sending @
to a given n/cth root of unity in C, each of degree n/c. For G(d)
there are n different choices of irreducible representations for each
choice of image of w, each of degree 1. This gives us the next two
corollaries.

COROLLARY 1.6. Let G = (w, ay, ..., a " = 1, alw®® Vi,
aaj = waja; Vi< j, wa; = a;w Vi). If r is even, G has c"¢(n/c)
distinct irreducible representations of degree (n/c)"/? for every c di-
viding n, while if r is odd, G has nc"~'¢(n/c) distinct irreducible
representations of degree (n/c)"=V/2 for every c dividing n. In either
case, these are all the irreducible representations for G. 0

COROLLARY 1.7. Let G be as in the previous corollary. If r is even,
G has exactly Ecln c’$(n/c) conjugacy classes, while if r is odd, G
has 3 nc'~1¢(n/c) conjugacy classes. 0

We can also make an observation on the existence of faithful irre-
ducible representations for our groups. We have the following:

ProrosiTiON 1.8. Let G be as above. If r is even, then any irre-
ducible representation of G of maximal degree n'/? is faithful, but no
others. If r is odd, then G has a faithful irreducible representation if
and only if Z(G) = Z/n2Z, in which case any irreducible representation
of G of maximal degree n'"~V/2 js faithful, but no others.

Proof. First observe that the proposition is true for » = 1 or 2. Now
assume r is even, and that the theorem holds for r—2. Let G = HK,
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where |H| = n"~! and |K| = n®. We must show that for T € Irr(H)
and S € Irr(K), T ® S € Irr(HK) is faithful if and only if 7 and
S are. In other words, we must show that the kernel of T ® S on
H xK is exactly ((wg, wl‘(l)). Recall that the character y associated
to T®S is given by x((h, k)) = xr(h)xs(k), where xr and ys are
the characters associated to 7" and S respectively. Then 7T ® S is
faithful on HK if and only if the only elements (%, k) for which
x((h, k) = xr(1)xs(1) are in ((wm, wg')). Assume T and S are
faithful. Then x((k, k)) = xr(1)xs(1) if and only if T'(h) = ul, ¢-2.
and S(k) = u~'I, for some nthroot of 1, x. Faithfulness of T and
S then implies 4 = (wy)? and k = (wg)? for some p and g . Then
since 7 ® § is a representation on HK, and T(wgn)? = ul -2,
S(wg)? = pu~'I,, we must in fact have ¢ = —p. This is what we
wished to show. Next assume r is odd. Then we can write G = HK
where now |H| = n" and |K| = n?. The same argument as given
above holds, except that now S(k) = u~! € C. Conversely, if either
T or S is not faithful, then of course 7 ® S cannot be faithful. O

2. Maximal Abelian subgroups and Littlewood’s problem. In this
section we discuss two applications of the representation theory for
these groups which we examined in the last section. In particular
we use knowledge of the irreducible representations to determine the
size of maximal abelian subgroups of our groups, and we also use
the representations of the groups to determine the maximal sizes of
collections of matrices satisfying certain properties.

LEMMA 2.1. Let H be any subgroup of G = (w, a;, ..., a;jo" =1,
al = w0 Vi, aja; = waja; Vi < j, wa; = a;o Vi) containing
Z(G), and let r = 2i or 2i+1. If [G: H] = n?/m for some m, then
[G: Cc(H)] < m.

Proof. For any g € G, let g’ denote its image in G/Z(G). Observe
that if {h{, h}, ..., h;} are generators for H/Z(G), then {Z(G),
hi, hy, ..., h} will generate H. Furthermore, since H/Z(G) is
abelian, there exists a set of generators {4, 45, ..., i} for it such
that the order of H/Z(G) is exactly the product of the orders
of the generators A;. This order is, by hypothesis, just m. Since
{Z(G), hy, hy, ..., by} generates H, we see that Cg(H) =
N Cg(hi),and so [G: Cg(H)] < ]'[ﬁ;l[G: Cg(h;)]. On the other hand,
[G: Cg(h;)] is just the number of conjugates of 4#; in G. An easy
generalization of the argument in (1.4) shows that this in turn is
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just the order of 4} in H/Z(G). In particular, [G: Cg(H)] < m, as
claimed. O

THEOREM 2.2. Let A be a maximal abelian subgroup of G, where
|G| =n™*1, and r =2i or 2i+1. Then [G: A] = n’; in other words
[G : A] is exactly the maximal dimension of an irreducible complex
representation of G.

Proof. Let [G : A] = n?/m. Since A is maximal, clearly A D
Z(G) 2 G, and so A is normal. Then by It6’s Theorem in group
representation theory [CR: p. 365], we have n‘[G : A], so m < n!.
On the other hand, the lemma above shows [G: Cg(A)] < m. Since
A is maximal abelian, we must have A = Cg(A), and this means
n?/m < m. This in turn gives n% < m?, or n’ < m. Combining all
this, we see that in fact m = n'. o

Next we turn our attention to a problem discussed by Littlewood in
a paper on sets of anticommuting matrices [Li]. We want to determine
the largest size of a set {By, ..., Bs} of complex matrices of (fixed)
dimension n?m, m prime to n, satisfying B;B; = wB;B;, i < j,
and B’ € {1, 0, ..., w"" '}, where w is a primitive nth root of
unity in C. Littlewood showed that the answer is 2¢g+1 when n = 2
or 3; he obtained this result by considering group characters on groups
of our type for n = 2 or 3. We give here a proof generalizing this
result to an arbitrary positive integer n, and showing that the maximal
size remains 2qg + 1 in all cases.

THEOREM 2.3. The largest integer s such that there exist matrices
By, B,, ..., B; ofdimension nim over C, with m prime to n, which
satisfy the conditions given above, is s =2q + 1.

Proof. Let G = (@, ay,...,&lo" =1, a? = 0*D Vi, aa; =
waja; Vi< j, wa; = a;w Vi). Let r =2q or 2q+1. An elementary
linear algebra argument shows that a maximal set of “ w-commuting”
elements in G is given by {a;,...,a,} if r = 2¢ + 1 is odd, and
by {ai,...,ar,ma;'as---a;'} if r = 2g is even. In either case,
the maximal set is of order 2¢q + 1. An irreducible C-representation
for G sending @ in G to @ in C will be of dimension n?, and
a direct sum of m copies of it will then be of the desired dimen-
sion n?m. The matrices corresponding to the images of the maximal
set of w-commuting elements in G, as given above, will be a set of
2q + 1 matrices of dimension n?m satisfying the desired conditions.
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Therefore a maximal set is at least this large. Conversely, any set of
matrices By, ..., By satisfying the given conditions will themselves
determine a representation for a group G = (w, a, ..., alw" =1,
al = w®V Vi, aja; = waja; Vi< j, wa; = ajw Vi), under which
w in G is sent to @ in C. This representation must therefore be a
direct sum of irreducibles of maximal dimension, which will be n?,
where s = 2p or 2p + 1. Since the B;’s are of dimension nim, we
must have p < g. In particular, the largest set of matrices of dimen-
sion n?m and satisfying the given conditions contains at most 2g + 1
elements. This completes our proof. o

3. An alternative generalization. We now consider the group G
given by

G=(w,ai,...,al0° =a =1Vi, aa; =wa;a; Vi< j,
wa; = a;o Vi),

where e is some (proper) divisor of n. The study of the decomposi-
tion of such a group follows a similar (but simpler) argument to the
one given in [Sm2] for the groups we have been considering up to now.
Thus we will leave out most of the details.

NotAaTION. Let G, be the group as given above, and let G, be
the group for which a = @""~1/2 1 < i < r. Notice that if n
is odd, or if n is even and 2e divides n, then @®»~1)/2 =1, and
G, = G_,. The notation stems from the fact that if » is even and 2e
does not divide 7, then w"™~1/2 js a central element of order 2, i.e.
itis “—17,

ProrosITION 3.1. For G = G, or G = G_,, the following hold:
(i) |G| =n'e.
(ii) Let z := a1a; 1a3---a$_1) . If r is odd, then z is central. If
r is even, then za; = wa;z for all i.
(ili) z" = @"® D2 jf r=2 or3 (mod 4), z" =1 if r=0 or
1 (mod 4). n]

LEmMMA 3.2. For r > 2, G, = G_(r_2)>.<G2 and G_, = G,_,xG_,. _

Proof. As in the case for the generalized CLE-groups, observe that if
G=(w,ay,...,a),then G= (w, xay, ..., xXa,2)x{(w, ar_1, ar),
where x = a,a,’_l1 . Then look at the nth powers of the given genera-
tors. w



GENERALIZED CLE GROUPS II 195

LEMMA 3.3.
(1) G_2xG_1 = GyxG_;.
(i) G_2xG_y = GyxG,.

Proof. In case (i), let w, a, b be the generators of G_;, and let
w, ¢ be the generators of G_;. Let G denote the central product.
Then G is also generated by w, ac, bc, ¢, where w and ¢ are
central, ac and bc w-commute, and (ac)” = (bc)" = 1.

In case (ii), let the first factor G_, be generated by w, a,, a,, and
the second factor G_, by w, b;, by. Then the product is gener-
ated by the four w-commuting elements a;, a,, a1a5'b;, a1a5'bs,
with nth powers being —1, —1, 1, 1 respectively. On the other
hand, letting the first factor G, be generated by w, ¢;, ¢; and the
second factor G, by w, d;, d;, we see that the product of these
two groups is generated by the four w-commuting elements ¢;, ¢,
cic;tdy, eicytdy, with nth powers being 1, 1, —1, —1 respectively.
Now if x, y, z, w are w-commuting elements, then w, z, y, x
are w~!-commuting elements, and the two given groups are isomor-
phic. o

Observation 3.4. 1t is easily seen that the two groups G; and G_;
are abelian, with G; = Z/nZ x Z/eZ, and, in the case when » is even
and 2e does not divide n, G_; = 2/2nZ xZ/(e/2)Z.

THEOREM 3.5 (Decomposition Theorem). If n is odd or if 2e divides
n, then G, is isomorphic to (G)"/2 if r is even, and to (G,)"~V/2G,
if r isodd. If n is even and 2e does not divide n, then the isomor-
phism type of G, depends on the class of r (mod 8) and is as given
below. (Notice the exact parallel with the groups Gy, in [LS].) O

r (mod 8) Isomorphism type of G, r (mod 8) Isomorphism type of G,
0 (Gz)’/z 4 (Gz)(r—z)/z(;-2
1 (G, Vg, 5 (G %G _,G,
2 (Gz)r/Z 6 (GZ)(r—Z)/ZG__2
3 (G,)" VG _, 7 (G, VG _,

Now we are ready to consider the linear representations for these
groups (which are related to projective representations for Z/nZ x
Z/nZ). As before it will suffice to determine the irreducible complex
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representations for the “building block” groups G;, G_;, G2, G_,.
The first two, being abelian, require no further comment. For the
latter two, we begin by determining the number of conjugacy classes.

PROPOSITION 3.6. The groups G, and G_, each have Y- ,n*¢(c)/c?
conjugacy classes.

Proof. Notice the subtle difference between this result and that in
(1.4). The proof follows a similar line. Observe that the element
g = w*a’b has e/c distinct conjugates, where ¢ := gcd(i, j, e). The
elements g, wg, ..., w*~1g will all be in different conjugacy classes.
Now the number of ordered pairs (i, j) with 0<i, j<n-1 and
ged(i, j,e) = c is precisely {(n?/e?) - [the number of elements of
order e/c in Z/eZ x Z/ez]}. Thus the total number of conjugacy
classes is

(n*/e?) ) _[the number of elements of order ¢ in Z/eZ x Z/eZle/c.

cle

As in the previous proof, we see this is (n%/e?) ¥, e2¢(c)/c* =
Yoo n20(c)/c?. O

The next theorem will produce precisely this many irreducible C-
representations for the groups G, and G_,. Specifically, we will find
n2¢(c)/c* representations of degree ¢ for each ¢ dividing e. Then,
summing over all the corresponding irreducible characters x , we have

Y 21 = c*n?g(c)/cP =n*Y_ ¢(c) = n’e =|G|.

x€lrr(G) cle cle

Since we know @ must go to &I, where ¢ is a (not necessarily prim-
itive) eth root of unity in C and I, is the ¢ x ¢ identity matrix, we
analyze the representations realized under each possible choice for the
image of .

THEOREM 3.7. For every c¢ dividing e there are (n?c?/e®)¢(e/c)
irreducible C-representations of degree e/c for G = G,. They are
given as follows: )

w— &L, where & is a primitive (e/c)th root of 1 in C (there are
¢(e/c) distinct choices for &), and setting { to be a primitive
nth root of 1,

a— Ae{d,(A,... B ¢rele14),
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b— B e{B,(B,...,{"/c"1B}, where

010 -0 1
A= K ’ B=
1
1 0 0 glereml

are e/c x e/c matrices (so there are (nc/e)? choices for the
images of a and b).

Proof. As in the proof of (1.5), we must show that the maps above
yield representations for G, that they are irreducible, and that there is
no duplication among the different maps (i.e. that they are all distinct
representations). Then let T be defined by T(w) = ¢l , T(a) = 4',
T(b) = B'. It is easy to see that T(a") = T(b") = I/, and that
T(a)T(b) = T(w)T(b)T(a). Therefore T is a linear representation of
G . To show irreducibility, we will look at the character y associated
to T. As before, we assume for this part of the proof that 4’ = 4
and B’ = B. Again it is easy to show that y(w'a/b¥) = tr(¢'4/B¥) =
O unless j = k=0 (mod e/c). If j = ae/c, k = Be/c, then
z(w'a’bk) = Ee/c. In particular, x(g) # 0 if and only if T(g) is
a scalar matrix, if and only if the order of the image of g in G/G’
divides nc/e. In this case, x(g) = &”(e/c) for some y, and x(g~!) =
E7(e/c). Hence x(g)x(g~1) = e?/c?. Now T will be irreducible if
and only if [y, x]=1. Then

> x(&)x(e™h)

geG
= e(e?/c?) - (# of elements of order dividing nc/e in G/G')
=e(e?/c?)(nc/e)* = ne = |G|,

and we see that indeed T is irreducible. Finally we must show that
for each choice of ¢, A', and B’, we actually get distinct repre-
sentations. We will do this by showing that the characters for each
choice take on different values for some element of G. First, it is
clear that any two distinct choices for the image of w give rise to
distinct representations. We must then show that different choices
for A’ or B' also yield distinct representations, and we will be done.
Let T, and T, be two of the representations above of size e/c, with
corresponding characters y; and y,, and assume y; and yx, are
equal on G. We will show T; = T,. First, we may clearly assume
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that Ti(w) = To(w) = €L,.. Let Ti(a) = {/4, and Ty(a) = (*A4.
We need to show j = k (mod nc/e). Here xi(a¢/c) = (e/c)Lielc,
x2(a¢/¢) = (e/c){ke/c . Therefore je/c = ke/c (mod n). Then j=k
(mod nc/e) as desired, showing T;(a) = T,(a). The same argument
shows that if x;(b®/¢) = x»(b¢/¢), then T;(b) = T»(b). Thus we get
(nc/e)?p(e/c) irreducible representations of size e/c, as claimed. O

THEOREM 3.8. For every c dividing e there are (n*c?/e?)d(e/c)
irreducible C-representations of degree e/c for G = G_,, where G_;
is not isomorphic to G,. They are obtained from those given above for
G, as follows: Let n be a primitive 2nth root of 1 such that n? = (.
Multiply A and B by n"c/e, then proceed as in the theorem above.

Proof. All that requires checking is that
T(a") = T(b") = T(w""~1/2),

Clearly T(a") = T(b") = n”zc/ele/c. Now n7'¢/e = —1 precisely
when nc/e =1 (mod 2); otherwise #7¢/¢ = 1. But T(w®"=D/2) =
—I.). precisely when e/c does not divide n/2, in other words
(since e/c does divide n), when nc/e = 1 (mod 2). Otherwise
T(w""~1/2) =1, .This completes the proof. o

We have thus exhibited all irreducible complex representations for
these alternative generalizations of the CLE-groups when r = 2. As
we have observed, the groups are abelian when r = 1. For r > 2, the
groups are central products of smaller groups, and the representations
are built up as tensor products of the representations for these smaller
groups, just as they were in the previous case. These representations
are closely related to projective representations for (Z/nz)".
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