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MULTI-TUPLE HULLS

ToMAa V. TONEV

We study two general families of hulls related to vector-valued func-
tions and their interrelations with multi-tuple Shilov boundaries of
uniform algebras.

1. Introduction. The classical hulls—polynomial, rational, holomor-
phic, A-convex etc. are tightly and naturally connected with func-
tional approximations and interpolations. Recently several new fam-
ilies of hulls have come into appearance. Namely Basener [2] has
used a generalization of the family of polynomial hulls in his study of
g-holomorphic functions. Recently Slodkowski [8] has used a gener-
alization of rational hulls in his investigation of analytic perturbation
of Taylor spectrum, and Corach and Suarez [3] have introduced a gen-
eral family of rational hulls in order to evaluate the topological stable
rank of some algebras. In [11] there were investigated the properties
of two families of hulls, the so called n-tuple rational A-convex hulls
and n-tuple A-convex hulls.

The multi-tuple Shilov boundaries of commutative Banach alge-
bras have proved to be essential tools in the investigation of multi-
dimensional analytic structures in algebra spectra. Results concerning
relationships between these boundaries and the analyticity in algebra
spectra have appeared often during the last fifteen years (e.g. Basener
[1], Kumagai [5], Sibony [6], Tonev ([11], [12]) etc.). Various proper-
ties of multi-dimensional Shilov boundaries have been investigated by
Basener [1], [2], Sibony [6], Slodkowski ([7], [8]), Tonev ([10], [11])
and others.

In this paper we establish a unified approach to the above men-
tioned families of hulls, study their properties and investigate their
interrelations with the vector valued functions and multi-tuple Shilov
boundaries of uniform algebras.

2. Multi-tuple rational 4-convex hulls. Let A be a uniform algebra
over C with unit. That is 4 is a separating closed subalgebra of the
space of all continuous complex valued functions on some compact
Hausdorff space X which contains the constants and the norm of
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f € A is the maximum of |f(x)| on X. As usual spA4 denotes the
maximal ideal space of A and f denotes the Gelfand extension of a
given function f of A. The Shilov boundary 8 A of A is the smallest
closed subset of sp A on which the Gelfand extensions of all functions
of A assume the maximums of their absolute values. Throughout this
paper we shall assume that sp 4 is identified with the set X and that
the Gelfand extensions f(m) are identified with the algebra elements

f(m). A" will denote the set of all n-tuples of functions from A.

DEFINITION 1. The n-tuple rational A-convex hull r,(E) of a subset
E of sp A is the biggest among all closed subsets K of sp 4 for which
the equality

(1) mip |F (x)]| = min | £ ()|
holds for every n-tuple F = (fi, ..., fn) of functions in 4. FE is

called n-tuple rationally A-convex if r,(E)=E.

Obviously r,(E) is a closed subset of spA. One can see that
r(E) = {m € spA: ||S(m)|| > min,cg | S(m)|| for every S C 4
with #S < n}. Naturally, the last inequality is essential for regular
subsets S of 4 only. As a corollary from this observation we get that
Ec---cryg(E)Cr(E)C---Ccr(FE)CspA.

The next proposition gives a useful characterization of the hulls
rn(E).

PROPOSITION 1. The n-tuple rational A-convex hull of a subset E of
sp A coincides with the set rn(E) = {m € spA: F(m) € F(E) for all
F € A"}.

Proof. Denote for a while the set {m € spA4: F(m) € F(E) for all
F € A"} by K. Let mg € r,(E) and let F € A" be such that F(myg)
= 0. By (1) F vanishes within £ so that 0 = F(mg) € F(E).
Hence K D r,(E). Assuming conversely that K\ r,(E) # @, for any
point my € K \ r,(E) we have ||F(myp)|| < min,,eg ||F(m)|| for some
F € A" . Hence H(my) =0 but 0 ¢ H(E) for H = F — F(mg) € A"
in contradiction with mg € K. The proposition is proved.

The n-tuple rational A-convex hull is a multi-tuple version of the
rational A-convex hull r(E)={m espA: f(m) € f(F) for all fe A4}
of any subset E of the spectrum of a uniform algebra A—namely, as
it is easy to check, the 1-tuple rational A-convex hull r;(E) coincides
with r(E).
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From Proposition 1 it follows that the n-tuple rational A4-convex
hulls coincide with the sets (g F~! o F(E), ie. with the general-
ized rational hulls introduced by Corach and Suérez in [3] and utilized
by them in their recent investigations on topological stable ranks of
commutative Banach algebras.

Since F(m) € F(FE) if and only if the function H = F — F(m)
vanishes on E, Proposition 1 implies the following

PROPOSITION 2. The n-tuple rational A-convex hull r,(E) of a closed
subset E of sp A coincides with the set of these points m in sp A such
that every n-tuple F € A" with F(m) =0 vanishes on E.

In general the n-tuple rational A4-convex hull of a subset of sp 4
does not coincide with the algebra spectrum. For instance if A4 is the
disc-algebra A4(A), then r(S!) = r;(8A4) = S! # A = spA, as one
can see by applying, say, (1) to the identity function in C!. In this
respect the following corollary from Proposition 2 is of some interest.

COROLLARY 1 [3]. r,(E) =spA if and only if every n-tuple F(m)
over A which does not vanish on E is regular.

ExAaMPLE 1. If n > 2, then the 1-tuple rational A(B"(1))-convex
hull of the unit sphere S$”(1) in C” is the unit ball B"(1).

Indeed, as known, if n > 2 any holomorphic function vanishes on
S"(1) whenever it vanishes inside B"(1).

ExaMPLE 2. The n-tuple rational convex hulls p,(E).

Let A be an arbitrary set and let CA be the Cartesian product of A
copies of the complex plane, equipped by the natural topology. Given
a compact subset E in CA let R(E) be the closure in C(E) of all
rational functions p/q in CA with non-vanishing on E denomina-
tors ¢ . Since these rational functions are dense in R(E), the n-tuple
rational R(E)-convex hull of E is the biggest among all compact sub-
sets N of CA, such that (r, ..., r,)(N) = (r1, ..., rz)(E) for every
n-tuple (r{,...,r,) of rational functions r; = p;/q; in CA with
gj # 0 on N. We shall refer to this hull as n-tuple rational convex
hull of E and shall denote it by p,(E).

Being the n-tuple rational R(E)-convex hull of E, p,(E) is the
biggest among all sets N in CA for which the inequality

inf (@), ..., m@)| = min[|(ri(z), ..., ra(2))l|
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holds for every n-tuple (rq, ..., r,) of rational functions in CA with
non-vanishing on E denominators.

A subset E C CA is n-tuple rationally convex if p,(E) = E. The
n-tuple rational convex hulls p,(FE) are natural generalizations of the
usual rational convex hulls r(E) = {z € CA : |r(z)| < max,c |r(z)]
for every rational function r(z) that is bounded on E}—namely by
Corollary 1 one can observe that the 1-tuple rational convex hull p;(E)
of aset E c CA coincides with r(E).

By applying the relation from Proposition 1 to the identity mapping
in C” we get :

PROPOSITION 3. Every compact set E in C" is k-tuple rationally
convex forany k > n.

As we shall see below, p,(E) coincides with the n-tuple rational
P(E)-convex hull of E,i.e. the n-tuple rational 4-convex hulls of all
compact subsets E in CA are equal for both algebras 4 = P(E) and
A=R(E).

PROPOSITION 4. The n-tuple rational hull p,(E) of every compact
subset E in CA is equal to its n-tuple rational P(E)-convex hull.

Proof. Denote for a while the n-tuple rational A4-convex hull of
a set by rd(E). Clearly rL'®)(E) > rRE)(E) = p,(E), because
P(E) C R(E). If we assume that rf(E)(E) \ pn(E) # O, by Propo-
sition 3 we can find a point m( in P (E)(E) and an n-tuple F €
R"(E) such that F(mp) = 0, but ||[F(m)|| # 0 on E. If F =
(fi,-..» fn), fj=pj/a;, where p;, q; are polynomials, g; # 0 on
E , then (p;(myp), ..., pn(mp)) = 0 but the n-tuple (py, ..., pn) does
not vanish on E. Proposition 3 indicates that this contradicts the
choice of the point myg € riE)(E).

In the case n = 1 Proposition 4 restricts to the well known equality
between the rational hull and the P(E)-convex hullofaset E €sp 4,
i.e. r(E) = hPE)(E) (e.g. [4]), which by the way motivates the names
“ n-tuple rational hull” and ” n-tuple rational A-convex hull” given to
the sets p,(E) and r4(E) respectively.

Together with Proposition 2, Proposition 4 implies the following

COROLLARY 2. The n-tuple rational convex hull p,(E) of a compact
subset E of CA coincides with the set of all points z € CM such that for
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every n-tuple of polynomials (p, ..., pn) vanishing at z the variety
{yeCAr:pi(y)=0,j=1,...,n} meets E.

The sets described in Corollary 2 are precisely the (n — 1)-th ra-
tional hulls which were introduced by Slodkowski in [8] and used by
him in his recent investigation of analytic perturbation of Taylor spec-
trum of n-tuples of commuting operators. Note that, as shown in [3],
nnZI m(E)=FE.

Let V(fi,..., fu) be the vanishing set of a fixed n-tuple (f;, ...,
fn) over A, i.e.

Vifiseoos o) ={mespd: fi(m) = fo(m) = --- = fo(m) = O}

Denote by Ag the closure in C(E) of restrictions of all elements of
A on a fixed closed subset E of spA4.

THEOREM 1. Let k be a fixed integer, 1 <k <n-—1. The n-tuple
rational A-convex hull r,(E) of a closed subset E of sp A coincides
with the set of these points m € spA which belong to the k-tuple
rational Ay s)-convex hulls r.(E NV (S)) of the sets ENV(S) for
every set S in A such that #S < n — k and with m belonging to
V(S).

Proof.Let K ={mespA: mer,(EnV(S)) forevery S C A with
#S <n—k and m € V(S)}. Suppose that K\r,(E) # & and let mg €
K\ r,(E). By Definition 1 we can find an n-tuple F = (fy,..., fa)
over A such that ||F(myg)| < min,cg ||F(m)||. By applying, if nec-
essary, an orthogonal transformation in C", we can suppose from
the beginning that F(mg) = (fi(mo), ..., fr(mp), 0, ..., 0). Hence
mgy € V(S) where S = (fix15--.,>n). For T = (f1, ..., fi) we
have || T(mo)|| = ||[F(mo)l| < mingeg |[F(m)|| < mingaps) |[F(m)||
= mingny(s) [|T(m)|| = min, gap(sy |T(m)|. Consequently mq ¢
r.(E N V(S)) in contradiction with my € K. We conclude that
Kcr(E).

Suppose conversely that r,(E)\K # & and let mg € r,(E)\K . Let
S be an (n — k)-tuple over A such that my € V(S)\ ri(ENV(S)).
Consequently there exists a k-tuple T € A’{,( s)» such that || T'(my)|| <
r =mingny(s) || T(m)||. Without loss of generality we can assume that
T € A* . For every positive ¢ < r we can find a neighborhood ¥, of
the set ENV(S) in E on which |T(m)| > r — ¢. Hence for every
m € E we have

(2) (CNSmI? + I T(m)|H)V? > 1~
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for some positive constant C, large enough. Because (C.S,7T) €
A", (2) holds also on r,(E). In particular at my € V(S) we have
T (myg)|| > r — ¢ and henceforth ||T(myg)|| > r because of the liberty
of the choice of &. Since this contradicts with the initial inequality
T (myg)|| < r, we conclude that r,(E) C K. The theorem is proved.

The case kK =1 from Theorem 1 in particular says

COROLLARY 3. The n-tuple rational A-convex hull r,(E) of a closed
set E in spA coincides with the set of these points m € sp A which
belong to the rational Ay sy-convex hulls r(ENV(S)) of the sets EN
V(S) for any set S in A whose cardinality does not exceed n—1 and
such that m belongs to V(S) , i.e.

r(EY={mespA:mer(EnV(S))forany S C A with
#S<n-1,meV(S)}.

3. Multi-tuple A-convex hulls. In this section we introduce another
family of hulls in algebra spectra by putting some limitations on the
n-tuples F from (1). Recall that an n-tuple F = (f;,..., f) € A"
is called regular if the functions f;, ..., f, have no common zeros
on spA,ie. if V(fi, ..., fn) =, orin other words, if the mapping
F does not vanish on spA.

DEFINITION 2. The n-tuple A-convex hull h,(E) of a closed subset
E of sp A is the union of all closed subsets N of sp 4 which contain
E and such that the inequality

3) min | F(m)|| = min |F (m)|

holds for every non-vanishing on N n-tuple F of functions from A4.
E is an n-tuple A-convex set if it coincides with its n-tuple A-convex
hull 4,(E).

The n-tuple A-convex hulls are closed subsets of sp A4, since the
closure [N] of a set N € spA that satisfies (3) also satisfies (3). In
fact h,(E) coincides with the union of all subsets N of sp 4 which
satisfy (3).

The next proposition, which proof is analogical to that of Proposi-
tion 1, gives a useful characterization of the hulls 4,(E).

PROPOSITION 5. Let E be a closed subset of spA. The n-tuple A-
convex hull h,(E) of E coincides with the biggest among all subsets
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N of sp A which contain E and for which
(4) bF(N) C F(E)
for every F € A".

Proof (see also [11]). First we show that if N = h,(E) then (3)
holds for every non-vanishing on A,(E) mapping F € A". Clearly
0 ¢ F(E) for every such F € A". If ¢ = minycg |F(m)| then
F(E) c C"\B(c) = {z € C" : ||z|| > ¢} and by the definition of
hn(E) we have that bF (h,(E)) C C"\ B(c). This implies F(h,(E)) C
C"\ B(c). Consequently

in ||F >c=min|F .
i IF (m)|| 2 ¢ = min | (m)]|
Since the opposite inequality is obviously fulfilled, we conclude that
(3) holds with N = h,(E) for every F € A" with ||[F(m)| # 0 on
hy(E).

Let now N be a closed subset of sp A which satisfies (3) for every
F € A" that does not vanish on N, and assume that (4) is false, i.e.
that bF(N)\ F(E) # <. Let zy be a point from bF(N)\ F(E) and
let my € F~1(zp). Obviously

(5) | (mo)| < min | H(m)|

for the n-tuple H = F —z,. We can find also a point z; € C"\ F(N)
close enough to zy, such that (5) holds for the n-tuple Hy = F — z;.
But this contradicts to (3) since obviously Hj(m) does not vanish on
N . The proposition is proved.

As the following example shows, the n-tuple A-convex hulls 4,(FE)
are natural multi-tuple versions of the A-convex hulls h(E) = {m €
spA : |f(m)| < maxyeg |F(m)l|for all f € A} of closed sets E in
sp A. Recall that A(E) consists of all linear multiplicative functionals
of A that possess continuous extensions on Ar. Aset E € spA is A-
convex if h(E)=E,ie. if E={mespA:|f(m) < maxpyeg|f(m)|
for all f € A}, or, equivalently, if sp A = E (e.g. [4]). The van-
ishing set V(S) of any subset S of A is a simple example for an
A-convex set.

ExaMPLE 3. The 1-tuple A-convex hull 4;(E) of each closed subset
E of spA coincides with its usual A-convex hull A(E).
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Indeed, since bf(hi(E)) C f(E), we have that maxycy (g)|f(m)]
< max,,cg | f(m)| for every function f € 4 and consequently 4 (E) C
h(E) by the definition of the A-convex hull A(E). Assume that h(E)
contains properly A;(E). Then there exists a function f from A
such that bf(h(E)) ¢ f(E). Let my be a point from A(E), such that
f(mg) € bf(h(E))\ f(E). By choosing a point z, from C\ f(h(E))
close enough to f(mg), we can construct a function g(z) = f(z) —
Z0 € A;(}E) for which |g(mg)| < minpeg |g(m)|. Hence 1/|g(mo)| >
maxmeg 1/|g(m)|. Since 1/g € Appg) and spAyg) = h(E), there
exists a function g; from A4 such that |gy(mg)| > maxm,er |g1(m)|,
ie. my ¢ h(E) in contradiction with the choice of my.

In particular we obtain that A(E) is the biggest among all closed
subsets N of spA such that bf(N) C f(E) forevery f€ A.

ExAMPLE 4. The n-tuple polynomial convex hulls 7,(E).

Given a compact subset £ in CA denote by P(E) the closure in
C(E) of the set of all polynomials in CA. Since the polynomials
are dense in P(E), the n-tuple P(E)-convex hull of E is the biggest
among all closed subsets N of CA such that b(p;, ..., pn)(N) C
(P15 ..., Pn)(E) for every n-tuple (p;,...,p,) of polynomials in
CA. We shall refer to this hull as n-tuple polynomial convex hull
of E and shall denote it by n,(E). Clearly E C p,(FE) C n,(E) for
every compact subset E in CA.

Being the n-tuple P(FE)-convex hull of E, n,(E) is the biggest
among all sets N in C* which contain E and such that the inequality

inf||(p1(2), ..., pn(2)| = min||(ps(2), ..., Pn(2))]|
holds for every non-vanishing on n n-tuple (p;, ..., p,) of polyno-
mials in CA.

A subset E C CA is n-tuple polynomially convex if it coincides with
its n-tuple polynomial hull #,(E). By applying the inclusion

b1, ..., pn)("n(E)) C (P15 ..., Pn)(E)

to the identity mapping in C” we get that b(n,(E)) C E for every
compact subset £ in C”. This implies that the n-tuple polynomia]
convex hull z,(E) of E is contained in the union of E and thé
union of all bounded components of its complement in C”. Because
of its maximality property, m,(E) actually coincides with this union.
Therefore E is n-tuple polynomially convex if and only if its comple-
ment C" \ E does not possess bounded components.
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The n-tuple polynomial convex hulls 7,(E) of subsets E of CA are
natural generalizations of their usual polynomial hulls E= {zeCA:
|p(z)| < max,eg |p(z)| for every polynomial p in CA}—as Example 3
shows, m,(E) = E . In general hulls n,(E) are different from the usual
polynomial hulls E. For instance the 2-tuple polynomial hull ny(E)
of the set E = {(z;, z;) € C?: 1 < |z1] €2, |z3] = 0} C C? is the
set E itself, which does not coincide with the usual polynomial hull

= {(z1, z3) € C?: |z1] £ 2, |z3] = 0}. Indeed, for any zy ¢ E
we can choose an ¢ > 0 small enough, so that the regular pair of
polynomials (z; — zp, z,+¢€) to attain the minimum of its norm near
zo and outside E at the same time. This means that zo ¢ n,(E)
for any zo ¢ E, i.e. that np(E) C E and hence mn,(E) = E since
ny D E by Definition 2.

As we know, r,(E) C h,(E) for every closed subset £ of spA.
The following corollary establishes a somewhat opposite inclusion.

COROLLARY 4. Let E be a closed subset of the spectrum of a uniform
algebra A. Then h,(E) C ry—1(E).

Proof (see also [11)]). If mqy ¢ r,_{(E), then by Definition 1 we can
find an (n — 1)-tuple F = (f;, ..., fn—1) of functions from A4 with
|F (mp)|| < min,,eg ||F(m)||. The regular n-tuple (fy,..., fn, 1) =
(F, 1) therefore satisfies the inequality

| F(mg)||> + 1 < min ||[F(m)|* + 1.
meE

Definition 2 indicates that my ¢ h,(E). We conclude that 4,(E) C
rn—1(E), as claimed.

Observe that F(h,(E)) C n,(F(E)) for any F € A" because F(E) D
bF (h,(E)) and hence hy(E) C Npey F 1 (mn(F(E))). In fact both
sets are equal. Indeed, denote the latter set by K and take an F € A"
with ||[F(m)|| # 0 on K. Clearly |z|| > min,,cg ||F(m)| for every
ze n,(F(E)) because F(m) does not vanish on the set £ C K. Thus
|F(mo)|| > minpeg ||F(m)|| for every point mq in F~'(m,(F(E)))
and therefore for every point m; in K as well. Hence A"(E) D K,
i.e.

COROLLARY 5. hy(E) = Npey F~H(mn(F(E))).

The next theorem is an n-tuple A-convex analogue of Corollary 3.
Its proof follows the same lines as the proof of the case kK = 1 of
Theorem 1.
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THEOREM 2. The n-tuple A-convex hull h,(E) of a closed set E in
sp A coincides with the set of these points m € sp A which belong to
the Ay sy-convex hulls h(ENV (S)) of the sets ENV(S) for any set S
in A whose cardinality does not exceed n—1 and such that m belongs
to V(S), ie

hy(EyY={mespA: meh(ENnV(S)) forany S C A
with#S<n-1,meV(S)}.

Proof. Denote for a while the set {mespA: me h(ENV(S)) for
any S C Awith#S < n-1,m € V(S)} by K and suppose that
K\ h,(E) # &. By Definition 2 we can find an n-tuple F =
(fi,..., fu) € A" which does not vanish on K and such that
|1 F (mo)|| < minmeg ||[F(m)]|| for some mg € K\ hn(E).

Without loss of generality (applying, if necessary, an orthogonal
transformation in C” ) we can assume from the beginning that F(my)
= (fi(mgy),0,...,0). Hence my € V(S) for S = (fr,..., fa)
and f; does not vanish on KNV (S). Then |fi(mg)| = ||F(mp)| <
minmeg |[F(m)|| < mingays) [F(m)|| = mingays)|fi(m)], ie.
maxy,ecenp(s) |&(mM)| < |g(mo)| for g =1/f; € Ay(s). Consequently
mg ¢ h(ENV(S)) in contradiction with my € K. We conclude that
K C hy(K).

Suppose conversely that 4,(E) \ K # & and let my € h,(E) \ K.
Let S be an (n—1)-tuple over 4 such that my e V(S)\A(ENV(S)).
Consequently there exists a function f € Ay (s), such that |f(mg)| >
maxgny sy |f(m)|. Without loss of generality we can assume that f
does not vanish on spA4. For g =1/f € A~! we have |g(mp)| <r=
mingny(s) |g(m)|. For any positive & < r we can find a neighborhood
Ve of the set ENV(S) in E on which |g(m)| > r —e. Hence for
every m € E we have

n—1 12
(3) (CEZ!J’;(M)I2 + !g(m)lz) >r—¢
j=1

for some positive constant C; large enough. (5) holds also on 4,(E)
because the n-tuple (C.f;,..., Cefy—1, &) does not vanish on
hy(E). In particular at my we have |g(mg)| > r — ¢ and henceforth
llg(mp)|| > r because of the liberty of the choice of e. Since this
contradicts with the initial inequality |g(mg)| < r, we conclude that
hn(E) C K. The theorem is proved.
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The sets described in Theorem 2 are precisely the hulls which were
considered by Basener in [2] and used by him in his study of g¢-
holomorphic functions.

THEOREM 3. Let E be a closed subset of spA. Then E C --- C
hni1(E) Chy(E) C -+ Chy(E)=h(E) CspA and (> (E) =E

Proof. The first part of the statement is obvious because if (3) is
fulfilled for every (n + 1)-tuple F of functions from A which does
not vanish on K, then it is fulfilled also for every n-tuple which does
not vanish on K.

The inclusion (), h,(E) D E is clear. If my ¢ E then for every
m in E we can find a function f,, € A~! such that |f,,(m)| > 1
and |f,(mp)| < 1. Let U, be an open neighborhood of m such
that |f,(x)| > 1 for any x € U,. By a compactness argument there
exist finitely many points m;y, ..., m; in E such that E C Up U

-*U Upm,. By replacing each fm by some of its power we can assume
from the beginning that |f, (mo)l < 1/k and |fm (x)| > 1 on Up,.

Hence for F = (fm , ..., fm ) € Ak we have that |F(m)| # 0 on
spA, |[F(m)|| > 1 on E and |F(mg)|| < 1. Hence my ¢ hi(E)
and moreover mg ¢ N, #»(E). We conclude that (), h,(E) C E, as
required.

4. Multi-tuple Shilov boundaries and multi-tuple hulls.

DEFINITION 3 (Basener, Sibony). The n-tuple Shilov boundary 8™ A
of a commutative Banach algebra A4 is the following subset of sp 4:

A = [U{aAV(fl, yi(fis .o fam1) €477 1}]
where A% = {0} (see [1], [6], also [13])
It is easy to check that 04 =904 coPA4 c ol .caMA c

- C sp A. We shall recall some of the basic propertles of multi-tuple
Shilov boundaries.

THEOREM 4 ([10, Theorem 1]). 8" A is the smallest closed subset
of sp A on which every regular n-tuple F = (f, ..., fn) € A assumes
the minimum of its norm

1

(6) |1F(m)|| = (Z IIfj(m)llz) ,  MESPA.

J=1
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In other words Theorem 4 says that 8" 4 is the smallest closed
subset of spA4 on which every regular n-tuple F = (f;,..., fn) €4
assumes the minimum of its norm (6).

THEOREM 5 ([10, Theorem 3]). 8™ A is the smallest closed subset
of sp A such that the inclusion

(7) F(8™A) > bF(sp A)
holds for every n-tuple F = (fi, ..., fn) € A".

The next proposition in particular says that, in the case of algebra
A = A(B"(1)), r(S"(1)) = B"(1) for any k < n unlike the case
k = n when, according to Proposition 3, S”(1) is n-tuple rationally
A-convex and hence r,(S"(1)) =S"(1).

PROPOSITION 6. 1,(0("MA) = spA for each k < n; if r,(0(MA) =
spA then rn(E) # sp A for every proper closed subset E of 8WA.

Indeed, as shown in [10], V(G) N d™A # @& for every irregular
k-tuple G € 4,1 < k < n—-1. From Proposition 2 we conclude
that (0" A) =spA for every k < n. If E # 3™ A then there is an
n-tuple F € A" with mingeg ||[F(m)|| > mingeg 4 ||F(m)|| =0 and
consequently, by Definition 1, 7,(E) # r,(8WA4) =spA.

PrROPOSITION 7. h,(E) =sp A ifand only if E contains the n-tuple
Shilov boundary 8™ A of A.

Indeed, from Definition 2 and Theorem 4 it follows that 4,(0("A)
= spA. Theorem 4 shows that 4,(E) #spA if E\0WA#D.

Given an n-tuple (fy,..., fu) € A" let a(f;, ..., fn) be the joint
spectrum of the n-tuple (f;, ..., fy), ie.

a(fi, ..o o) ={(film), ..., fa(m)): m € sp A}.

PROPOSITION 8. The joint spectrum of every n-tuple F over A is
contained in the n-tuple polynomial hull of the set F(0("A), i.e.

0(F)=F(spd) C ma(FOMA)), FedA

Proof (see also [11]). Since by the Theorem 4

min [|G(m)| = min [|G(m)|
med™ 4 mesp A
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for every regular n-tuple G € A", the equality

min |[|(pyo F(m), ..., ppo F(m))]
med™ 4
= min [[(pyoF(m), ..., ppoF(m))|
mesp A
and, equivalently,
min Y e Z)||= min Y eees /
e, {02 pr)@)| = min (p pn) (@)l
are fulfilled for every n-tuple of polynomials p;, ..., p, in C"* with-

out joint zeros on o(F) = F(spA). Definition 2 indicates that the
sets F(0"WA) and o(F) have equal n-tuple polynomial hulls and
consequently o (F) C n,(F(0(™MA)), as claimed.

A well known theorem from the uniform algebra theory says that
if an algebra is generated (linearly) by its subset A, then the range
of its Shilov boundary 0 A via the spectral mapping A: spA — CA:
m+— {f(m): f € A} of A isthe smallest closed subset ofACA whose
polynomial hull is equal to the polynomial hull of the set A(sp A). In
the next theorem we make use of the n-tuple A-convex boundaries in
order to obtain an extension of this result for the multi-tuple Shilov
boundaries 8(™A4. Namely

THEOREM 6. Let S = {b;},ca be a set which generates linearly a
uniform algebra A. Then the range A(0™A) of the n-tuple Shilov
boundary via A is the smallest among all compact subsets E in CA
whose n-tuple polynomial hulls n,(E) are equal to the n-tuple poly-
nomial hull n,,(f\(sp A)) of the range of A.

Proof (see also [11]). Without loss of generality we can assume
that E is a subset of A(spA) and consequently that E = X(K ) for
some compact set K € spA. The n-tuple polynomial hulls 7,(E) =
n,,(K(K)) and nn(x(spA)) are equal if and only if minZGX(K) |P(z)|| =
D, Aisp ) ||P(z)|| forevery n-tuple P = (p;, ..., pn) of polynomi-

alsin CA with ||P(z)|| # 0 on m,(A(sp A)). Equivalently, m,(A(K)) =
72 (A(sp A)) if and only if mine [[PoA(m)|| = minyeqp 4 [|PoA(m)]|
for any n-tuple of type P o A € A" which does not vanish on the
set K‘l(hn(x(sp A))) = sp A. Since the set of functions p; o K(m) is
dense in A, 7,(A(K)) = 7,(A(sp 4)) if and only if min,ex ||F(m)|| =
Minyesp 4 [|F(m)|| for every regular n-tuple F € 4" . By Theorem

mi
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4 the n-tuple Shilov boundary (4 is the smallest closed subset of
spA with the last property; and therefore A(0("A) is the smallest
closed subset of CA whose n-tuple polynomial hull is the same as the
n-tuple polynomial hull of the set A(sp A)), as claimed.

5. Remarks. Recall that function space is called any linear subspace
of the space C(X), where X is a compact Hausdorff space, which
is closed under the uniform norm | f(x)| = max,ex |f(x)|, contains
the constants and separates the points of X . It can be shown that
for every function space B over X there exists a smallest set Shp(X)-
among all closed subsets £ of X such that

min | f(x)| = min |/ (x)]

for every nonvanishing on X function f in B. In general Shp(X)
does not coincide with the usual Shilov boundary 8 B of B which, by
definition is the smallest among all closed subsets £ of X such that

max |f(x)| = max | f(x)|

for every function f in B. The n-tuple Shilov boundary of a function
space B is the set

Shy-(X) = [ JShs(V(F): F = (fi, ..., i) € B"7Y]

where V(F)=(fi,..., fu_1)"10).

It is a matter of a simple verification to check that all the above
results hold not only for uniform algebras but for function spaces
as well with the Shilov boundary 04 replaced with the boundary
Shp(X) and the n-tuple Shilov boundary 8(™A replaced with the
n-tuple Shilov boundary Shp-(X).

The author is grateful to the referée for his or her useful suggestions.
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