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ASYMPTOTIC BEHAVIOR OF THE CURVATURE OF
THE BERGMAN METRIC OF THE THIN DOMAINS

KANG-TAE KiM

The Riemann sectional curvature tensor of the Bergman metric of
the domains that are ‘thin’ intersections of the (strongly) pseudocon-
vex domains in C" with C? boundaries, n > 2, is asymptotically
equivalent to that of corresponding Siegel domains.

1. Thin domains in C”. Among the bounded domains of holomor-
phy in C" with non-smooth boundaries, we consider the ones that
can be obtained as the intersection of the two or more strongly pseu-
doconvex domains with C? boundaries. Precisely speaking, a typical
such domain can be represented as:

D={zeC"| pi(2) <0,..., pr(2) <0}

where:

(1) for each j =1, .-, k, the inequality p;(z) < O defines a
strongly pseudoconvex domain with a C? boundary, and
(2) the defining functions satisfy that

dpi A---Ndp; #0 (¢ <n)

at every point where piy=-=pi = 0 for any appropriate g .

In this paper, we would like to give a description of the asymptotic
behavior of the Riemann sectional curvature tensor of the Bergman
metric ([1]) of such domains that are so-called ‘thin’. (See Definition
2.) Our results are mainly focused on the case when the boundary
point is singular, because the case when the target boundary point is
regular has been well settled earlier by Klembeck [4], (see also [3]).
However, this paper is substantially different from the preceding
works on asymptotic behavior of the Bergman curvature, since we treat
the case when the boundary is singular. Lack of smoothness of the
boundary rules out the possibility of using the well-known asymptotic
expansion formula of the Bergman kernel function by C. Feffermann
[2]. But interestingly enough, even for the case of C* boundaries,
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our method gives a much easier and more intuitive proof than the
original one in [4].

The analysis of asymptotic behavior of Bergman curvature explains
the geometry of the Bergman metric near the boundary as well as the
behavior of biholomorphic mappings. This also has applications to
the study of automorphism groups and their orbits. However, we try
not to include any details here.

We start with

DEeFINITION 1. Let D be a domain in C" and its boundary 9D.
By the singular locus of the boundary of D, we mean the set

Ssp :={p € 0D | 8D is not smooth at p}.

DEerFINITION 2. Let the bounded strongly pseudoconvex domains
Dy,---,D; (2 < k) with C? smooth boundaries be defined by
the defining functions p;, ..., pi, respectively. The intersection
D= ﬂle D; is called thin, if

(1) D 1is connected;

(2) dpi A---Ndp; #0 at every point where p; =---=p; =0;

(3) for each p € S5p with pi(p)=---=p; =0 and p; # 0 for
any j #i,,m=1,...,s, there is a one-to-one holomorphic map-
ping g: D — Y (s, n), where & (s, n) is one of the Siegel domains
of the 2nd kind introduced in §2 of this article, that has a continuous
extension to the boundary such that g(p) =0.

(4) for each t € 8D\ Syp, there is a one-to-one holomorphic map-
ping 4#: D — B" that has a continuous extension to the boundary such
that h(¢) € 9B". Here, B" denotes the open unit ball in C”.

Note that any convex intersection is thin. We also point out that
even if the last two conditions above may appear artificial and com-
plicated, all these are satisfied obviously when the domain in consid-
eration is indeed intuitively a thin intersection.

2. Asymptotic behavior of Bergman curvature. Since the boundaries
of our domains described in the definition above are singular, we im-
mediately face a difficulty due to the fact that there is no uniformity
among the boundary points near any singular boundary point. So, be-
fore we state our main results, we would like to give a clear description
for the asymptotic sequences in the following trichotomy:

Let D be a thin bounded domain with a singular boundary. Let
p €Ssp. Let {p;} C D be a sequence converging in C" to p.

(I) Wesay p; approaches p non-tangentially to 8D , if there exists
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a constant C > 0 such that
dis(p;, 0D)
dis(p;, p)
(II) We say p; approaches p tangentially to Ssp , if there exists a
constant C > 0 such that
dis(p;, 0D dis(p;, 0D
Jim s, p)) =0 and dis<(pf, SaD))
(IIT) We say p; approaches p tangentially to 8D away from Spp,
if

> C for any j.

>C.

m ———dls(pj , 0D) =0 and lim ———————dls(pj , 9D) =0.

j— dis(pj, p) j—oo dis(pj, Sap)

Some notations. Throughout this article, we note that

(1) Bk(0, r) = the open ball in C¥ centered at 0 with radius r.

(2) Bk =Bk, 1).

(3) (s, n) = the Siegel domain in C” of the second kind defined
by the inequalities:

Imz, > |als+lzs+1|2 +-oo+ Ialnznl2

Im z; > Iass+lzs+1|2 +o0 4t Iaann|2

for some numbers aq;;, where j = 1,... ,5 < n and k =s+
1,...,n.

Main statements. Now, let D be the thin intersection of the bound-
ed strongly pseudoconvex domains D;, ... , Dy, where k > 2. Let
pj € D form a sequence of points converging to a point p € 9D . Then
we state three theorems which describe the asymptotic behavior of the
sectional curvature tensor of the Bergman metric of the thin domains.
One more thing to remark is that we need to be more specific about
the convergence of two dimensional sections as well, especially because
the limiting sectional curvature tensor is not constant in general. This
consideration also appears in the statements of the main theorems.
For convenience, we fix p € S5p and regard g as an inclusion map
in Definition 2 of the preceding section. Moreover, for each integer s
and j, define map L;: C*" — C" by

I’S,j(zl s eee s Zn) = ();]Zl 5 e o }.st, \/):Zs*.l 5 eee s \//T}Zn)

where A; — 00 as j — oo.
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THEOREM 1 (Non-tangential behavior). If p; — p € Ssp nontan-
gentially to 8D . Then, as j tends to infinity, there exists a subse-
quence of the sequence of the values at the 2-plane P; C TDpj of the
Riemann sectional curvature tensor {Rp(P;)} of the Bergman metric
of D which converges to the sectional curvature tensor of the Bergman
metric of one of the special Siegel domains (s, n) evaluated at the
2-plane P = lim Ly, j(P;j) in the tangent space of & (s, n) at the point

p = (wy,...,wy) such that Imw; > 0,... ,Imws; > 0, ws,; =
- =wy =0, where s is the number of boundaries 8D;’s which pass
through the boundary point p of 8D. Moreover, wy, ... ,Ws are

canonically and explicitly determined by {p;}.

The limits of the set here are taken in the sense of local Hausdorff
set convergence.

THEOREM 2 (Singular tangential behavior). If pj — p € Spp tangen-
tially to Spp, by choosing a subsequence we may assume that p; — p
tangentially to a smooth (open) submanifold of Ssp which is the inter-
section of OD; , ... ,0D; . Then there exists a subsequence of the
sequence {RD( ,)} of the sectional curvature at the 2-plane P; C
TDy, which converges to the sectional curvature of the Bergman metrlc
of the Siegel domain 2 (r, n) evaluated at the 2-plane lim L, ;(P;)
in the tangent space of & (r, n) at (w;, ..., w,), where Imw; >
0,... , Imw, >0, wgyy =---=w, =0. Again, wy,...,w, are
canonically and explicitly determined by {p;}.

THEOREM 3 (Regular tangential behavior). If pj — p € Ssp tan-
gentially to 0D away from Ssp or if pj — p € 0D\ Ssp, then the
sequence of the sectional curvature tensor {Rp(p;)} converges to the
sectional curvature of the Bergman metric of the open unit ball B" in
C". In this case, the sequence L, ; is in effect.

Combining the theorems in [4], [6], [7], [10], [11] and the theorems
above, one can obtain the following information on the orbit of any
point of a thin domain under the action of its automorphism group.

CoRrOLLARY. Let D be a thin domain in C" with a piecewise smooth
but not entirely smooth boundary. Suppose that its automorphism group
is non-compact. Then any orbit of a point under the action of the au-
tomorphism group accumulates at a singular boundary points either
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nontangentially to the boundary of D or tangentially to the singular
locus of the boundary of D.

Theorems in the above can serve as an effective tool to compute the
Bergman curvature of the thin domains in general, if more about the
sectional curvature of the Bergman metric of the Siegel domains are
known. At least, in the special cases n < 4 or s < 2, the curvature
tensor of the Bergman metric of special Siegel domains of second
kind such as (s, n) C C" is completely understood as in §4 of this
paper. So these theorems indeed provide a complete description of the
asymptotic behavior of the sectional curvature of the Bergman metric
of such thin domains.

Moreover, essentially the same technique will yield a somewhat
simpler proof of the theorem of Klembeck [4]. Of course, general
strongly pseudoconvex domains are not necessarily thin. However, if
the boundary is C* smooth, it is known that one can localize the
problem of Bergman curvature (cf. [2], [5] et al.). Hence, we can
work on the thin piece of the domain which can be treated via the
method of this paper. So we obtain an alternative proof of

THEOREM (Klembeck). Let Q be a bounded strongly pseudoconvex
domain in C" with a C>® smooth boundary. Let {p;} C Q be a
sequence accumulating to a boundary point. Then the sequence of the
values at p; of the Riemann sectional curvature tensor of the Bergman
metric of Q converges to that of the open unit ball in C".

The author would like to express his gratitude to C.K. Cheung, R.E.
Greene and H. Wu for their interest and comments.

3. Proof of the theorems. Our proof depends partly upon the in-
terior stability of the Bergman kernel function first proven by I. Ra-
madanov [9]. So, we begin our proof with

Interior stability of the Bergman kernel. The classical arguments in
[9] easily prove the following:

PROPOSITION 1 (Ramadanov). Let D be a bounded domain in C"
containing the origin. Let {D,} be a sequence of bounded domains in
C" whose closures converge to the closure of the bounded domain D in
the sense of Hausdorff set convergence in such a way that for any ¢ > 0
there exists N > 0 such that

(1-e)DcD,c(1+¢€)D foranyn> N.
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Then, on each compact subset of D, the sequence of the Bergman ker-
nel functions Kp of Dy, converges uniformly to the Bergman kernel
function Kp of D. In particular, by Cauchy estimates, it follows that
Kp converges to Kp in the C> sense on any fixed compact subset of
D.

It may be important to notice that no extra regularity assumption
on the boundary of D is necessary in the above. The proof of the
proposition is straightforward, and hence is omitted.

Asymptotic Bergman curvature. Let D be the thin intersection of
strongly pseudoconvex domains Dy, ... , Dy, where k > 2, be with
C? defining functions p;, ..., p; respectively. To investigate the
asymptotic behavior of the Riemann sectional curvature tensor of the
Bergman metric of D, we deal with the three different types of asymp-
totic sequences separately.

Proof of Theorem 1. Let {p;} C D be a sequence that approaches
D € Spp 1in Euclidean distance non-tangentially to 8D .
Without loss of generality, we may assume that

pip)=---=ps(p)=0

and
Ps+1(p) <0, ..., pn(p) <O.

Since D is a thin intersection and p € Ssp, we have 2 < s < n.
Using a complex linear change of coordinates if necessary, we may
also assume that p is the origin of C”, that p;/dis(p, p;) converges
toapointin C”, and that near p = 0, D is defined by the inequalities

Imzy > ®(zy, ..., zn)
Imz; > D(zy, ..., z,)
where:
(1) ®(0)=0,forany k=1,...,s,
(2) (0Dy/0z))|o = (0Pr/0Z))|o=0 forall k=1,...,s and all
l=1,...,n,and

(3) the Levi form of ®; is positive definite at every boundary
point of D near O foreach k=1,... ,s.
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Let 6; = dis(p, p;) and let 4; = 1/J; for each natural number ;.
Also define the linear map L;: C* — C" by

Li(zi, oo 2n) = AZ1s e s 4jZes \[AjZsn1s oo s \JAjZ0)

for any (zy, ..., z,) € C".

Then observe that for any R > 0 there exists N > 0 such that
L;(D)nB"(0, R) consists of all the points (zy, ... , zx) € B"(0, R)
satisfying the inequalities

Imé;z; > Pi(6jz1, ..., 625, \/025s1 - 2 1/0j2n)

Imast > q)s(5]'21 g eee s 5j2s, 5j25+1 s eee s JjZn).

Therefore, for each R > 0, the Hausdorff limit of the sequence
L;j(D)nB"(0, R) consists of all the points z € B"(0, R) satisfying

Imzy; >®(0,...,0, Zgs1s .o » Zn)

Imzy > ®(0,...,0, Zesrs .- 5 Zn)

where 51 denotes the second order homogeneous polynomial in
z,z, where z = (zy,..., z,), in the Taylor expansion of p; at
p=0 foreach / =1,... ,s. Moreover, note that the Levi form of
®,0,...,0, z541,... , zy) with respect to (zs41, ... , Zn) 1S pOSs-
itive definite Hermitian. Therefore, in the local Hausdorff distance
convergence, the limit D of the sequence {L;(D)} is the domain in
C" defined by the inequalities

Imzy > Fi(z541, --- 5 Zn)

Imzs > F(zg41,--- 5 Zn)
where Fi(zs41, ... 5 2Zp) = 5131(0, eees0,2541,...,zy) foreach [ =
1,...,s. Byan q‘pvious (global) holomorphic coordinate change, it

is easy to see that D is biholomorphic to the domain (s, n) defined
by

Imz; > |ajgq1Zsp1]? + -+ + |@1nznl?

Imz; > Iass+lzs+1|2 +et |asn2n|2 .
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According to [8], Z (s, n) is biholomorphic to a bounded domain in
C" via a linear fractional transformation. In fact, in our special case,
we can use the condition (3) of Definition 2 in §1 of this paper, we
can find a linear fractional transformation F: C" — C" which is well
defined on L;(D) for any j such that F(L;(D)) is bounded for any
j.

Since F maps the point at infinity to a single point, in our argu-
ments it is not hard to see that for any ¢ > 0 there exists a positive
integer jo such that

(1—e)F(Z(s,n)) S F(L;j(D)) C(1+&)F(Z(s, n))

for all j > jo. Moreover, the sequence {L;(p;)} is contained in a
fixed compact set contained in an open subset of

F(D(s,n))N (ﬂ F(LJ(D))) :

Jj=1

Let X;,Y; € TD,,J_. Then notice that by extracting a subsequence,
the sequence {P;} of 2-planes spanned by {L;X;, L;Y;} converges
to a 2-plane limP; in T (s, n)iimr p in local Hausdorff distance.
Hence, by Proposition 1, the Riemann sectional curvature tensor R D
of the Bergman metric of D satisfies

Jll»rgo Rp P, (B) = ]llrrgo RLJ(D) ’Lj(P;)(Lj(Pj))
= Rgs,n),p(lim L;(P;))

where p = lim;_ Lij(p;) = (wy, ... , w,) with Imw; > 0, ...,
Imws; >0, wgyy =+ =w, =0. So Theorem 1 follows.

Proof of Theorem 2. Let p; — p € Spp tangentially to Syp .

We may assume without loss of generality that p; — p (by choosing
a subsequence if necessary) tangentially to a smooth open submanifold
N of Syp which is contained in the variety defined by p; = --- =
pr=0. Clearly, p;(p) =---= p,(p) = 0 by continuity. Now choose,
foreach j=1,2,..., g € N such that dis(p;, q;) = dis(p;, Ssp) .

Again, for each j, by a (global) complex linear change, say S €
GL(n, C), of coordinates, near g;, the inequalities

pl(z) <0> cee pr(Z) <0
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can be re-written simultaneously as

Imz, >%¥(zy,..., 2zn)

Ier >\Ilr(Zl, cee 9 Zn)

where:

(2) lI”I(O) = 0, (8‘1’1/62k)|0 = (8‘1’,/82k)|0 = 0, for all / =
1,...,r,k=1,... ,n,and

(3) the Levi form of W, is positive definite at every boundary
point of D near 0.

Notice that, even if ¥,’s depend upon j, the dependence is uni-
form in the C? sense as j — oo. So throughout our arguments,
whenever we ignore j-dependence, we appeal to the uniform C? de-
pendence on j unless otherwise mentioned.

Let J; :=dis(pj, ¢g;) and A; = 1/J;, foreach j=1,2,.... Then
first note that (by the law of cosines and smoothness of p;’s)

1) lim 4, dis(p; , p) = oo.

Let us identify S(D) with D. Furthermore, we claim that, for p =
(P15... ,pn) and g; =(0,...,0),

() Emprs e A [P o \flipn) = o0,

This follows from the fact that under the effect of repeated linear
scaling by

Li(zy, ..., zn):i=4jz1, ... , Ajzy, \/ﬁ.—jz,H yeee > A/ AjZn)
the points (c;, ..., c,) on the boundary 0L;(D) of L;(D) satisfy

the inequalities
Imc¢; =Y (cr41,...,¢n), forall I=1,...,r,

modulo some insignificant error (e.g. see the scaling in the proof of
Theorem 1). Hence, (t) implies that (41p;, ... , 4Dr, \/A;Dr+1s -

VAjpn) — 00 as j— o0o.
In addition, we note the obvious fact that, with ¢g; =0,

(t11) ]lirgo Lj(t) =00 for any ¢ satisfying p1(0)* + -+ pr(t)* #£0.
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By (1), (tt) and (1tt), forany R > 0, there exists a positive integer
Jo such that L;(D)NnB"(0, R) consists of all the points (z;, ... , z,)
€ B"(0, R) satisfying the inequalities

Iméjzl > ‘Pl(ajzl, ey 5er, \/§-er+1 g eee s \/5‘1'2,,)

Imé;zr > ¥r(821, . 8zrs \[82Zrers oo s \[3)2n).

Then the rest of the proof of this case is similar to that of Theorem
1. This completes the proof of Theorem 2.

Proof of Theorem 3. Assume that p; — p € Spp tangentially to D
away from Ssp, or pj »p € 0D\ Syp.

It turns out now that this is the easiest to prove among all three
theorems. All the arguments will be similar to the previous cases
except that the local Hausdorff limit of {L;(D)} is defined by only
one inequality

Imz; > IbZZZl2 +oot Ibnznl2 »
where L;(z) = (421, \/AjZ2, ... , \/AjZs). It is well-known that
such a domain is biholomorphic to the unit ball in C” . Consequently,
using condition (4) of Definition 2 and the same stability arguments,
we obtain the desired conclusion.

4. Curvature of certain Siegel domains. In this section, we compute
the curvature tensor of the Bergman metric of special types of Siegel
domains I (s, n) for n < 4 and for s < 2. In fact, all the essential
techniques applicable to &' (n—2, n) can be seen in the computation
of Z(2, 4). Hence we only compute

Bergman curvature of D(2, 4). Up to biholomorphic equivalences,
(2, 4) is defined by the two inequalities
Im z; > |z3* + | z4f?
Im z; > |z3]% + |cz4|?
for some ¢ > 0.

To compute the Bergman curvature of this domain, we consider the
domain & c C® defined by

Im¢; > |6 + (&)
Im{y > |Cs|? + |cle|*
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It is well-known that & is biholomorphic to B3 x B3, by a standard
linear fractional transformation, say ¢: & — B3 x B3.
Notice then that the map f: Z(2,4) — & defined by

f(z1, 22, 23, z4) = (21, 23, Za, Z2, 23, Z4)

is a proper holomorphic embedding. Moreover, M := f(Z(2, 4)) is
in fact the fixed point set of the involutive automorphism g of &
defined by

g(CIa CZa C3a C4,C5’ C6)=(C19 CS& CG) C4a CZ’ C3)'

Hence, M is totally geodesicin & with respect to the Bergman metric.
Consequently, for any tangent vectors X;, X,, X3, X4 to the domain
Z(2,4) at p € Z(2, 4), the curvature tensors Ry = Rg (s 4) and
Ry, s of the Bergman metrics of domains &(2, 4) and B? x B3,
respectively, satisfy the relation

R@(Xl > X2 ’ X3 > X4) |p = RB3xB3(¢*ﬁX1 R ¢*ﬁ=X4)|¢of(p)

which gives explicitly the values of the Bergman curvature desired.
In particular, together with Theorems 1, 2 and 3, we get the follow-
ing result in contrast to [12].

COROLLARY. Let D be an intersection of two balls in C*. Let
{p;j} € D be a sequence such that p; — p € Ssp, as j — oco. Then the
sequence of the 4-linear forms which are the Bergman curvature tensor
of D evaluated at p;, j=1,2,... converges to the curvature tensor
(evaluated at any point) of the Bergman metric of

(1) the bidisk Ax A c C* if pj — p nontangentially to 8D or if
pj — p tangentially to Syp ; and
(2) the unit ball B> C C? if p; — p tangentially to D\ Ssp .

FINAL REMARK. The same method we used in this paper seems to be
effective as well in computing the asymptotic behavior of the Bergman
curvature of certain weakly pseudoconvex domains in C" with piece-
wise C2 Leviflat boundaries in some restricted cases. However, we
do not include any details here.
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