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A NOTE ON THE SET OF PERIODS FOR
KLEIN BOTTLE MAPS

JAUME LLIBRE

By using the Nielsen fixed point theory we characterize the set of
periods attained by continuous self-maps on the Klein bottle belonging
to a given homotopy class.

1. Introduction. In dynamical systems, it is often the case that topo-
logical information can be used to study qualitative and quantitative
properties (like the set of periods) of the system. This note deals with
the problem of determining the set of periods (of the periodic points)
of a continuous self-map of the Klein bottle. Our interest in this prob-
lem comes from the fact that the unique manifolds in dimensions 1
and 2 with zero Euler characteristic are the circle, torus and Klein
bottle, and for the first two the structure of the set of periods of their
continuous self-maps has been determined.

To fix terminology, suppose / is a continuous self-map on the man-
ifold M. A fixed point of / is a point x in M such that f(x) = x.
We shall call x a periodic point of period n if x is a fixed point of
fn but is not fixed by any fk, for 1 < k < n. We denote by Per(/)
the set of natural numbers corresponding to periods of periodic orbits
of/.

Even for continuous self-maps / on the circle the relation between
the degree of / and the set Per(/) is interesting and nontrivial (see
[5], [3] and for more details [2]). Let N denote the set of natural
numbers. Suppose / has degree d.

(1) For d i { - 2 , - 1 , 0 , 1 } , Per(/) = N.
(2) For d = - 2 , Per(/) is either N or N \ {2}.
(3) For*/= - 1 , 0 , Per(/)D{1}.
(4) For d = 1, the set Per(/) can be empty.

Recently, in [1] these results have been extended to continuous
self-maps on the 2-dimensional torus, and many of them to the m-
dimensional torus with m > 2.

The goal of this note is to provide a similar description of the set of
periods for continuous self-maps on the Klein bottle, or simply Klein
bottle maps.
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Let K be the Klein bottle and let / be a Klein bottle map. If p
is a base point for K, then / is homotopic to a continuous map h,
/ ~ h, such that h(p) = p and a presentation of the group Yl(K, p)
is given by two generators a and b and the relation abab~ι = 1.
Halpern in [6] shows that hp(a) = au and hp{b) = awbv for some
integers u, v and w, where hp is the induced endomorphism on
Π(K, p). In what follows u and i; will be called the integers associ-
ated to f .

Now our main result can be stated as follows. Here, 2N denotes
the set of all even natural numbers.

THEOREM. Let f be a Klein bottle map and let u and v its asso-
ciated integers.

(1) Suppose \u\ > 1. Then

Per(/) = N if\v\φ\, and

Per(/)DN\2N ifv = -l.

Furthermore, the last result cannot be improved without additional hy-
pothesis on f'.

(2) Suppose \u\<\. Then

Per(/) = N j/t;£{-2,-l,0, 1},

Per(/)DN\{2} ifv = -29

Per(/)D{1} (^€{-1 ,0} .

Furthermore, these last two results cannot be improved without addi-
tional hypotheses on f.

(3) If v — 1 then the set Per(/) can be empty.

This theorem will be proved in the next section. Its proof is based
in the results of Halpern [6] on the Nielsen numbers of Klein bottle
maps. Unfortunately this nice paper of Halpern remains unpublished.

As we shall see the Nielsen numbers of the Klein bottle map / only
depend on its associated integers. Then, since the Nielsen numbers are
homotopy invariants, the characterization of the set of periods given
in the theorem works for all Klein bottle maps homotopic to / .

I thank Christopher McCord for his comments on the Nielsen fixed
point theory.
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2. Periods and Nielsen numbers. We start by recalling the definition
of Nielsen number, for more details see, for instance, [4], [7] or [8].
Suppose that f:E-+E is a continuous map of a compact ENR.
The Nielsen number N(f) is defined as follows. First an equivalance
relation ~ is defined on the set F of fixed points of / . Two fixed
points x, y are equivalent, x ~ y, provided there is a path γ in E
from x to y such that foγ and γ are homotopic and the homotopy
fixes endpoints. The set of equivalence classes i 7/ ~ is known to be
finite and each equivalence class is compact. Each of these equivalence
classes will be called a fixed point class. Using a fixed point index, we
may assign an index to each fixed point class. The Nielsen number is
defined as the number of fixed point classes with nonzero index.

Notice that from the definition of Nielsen number, / has at least
N(f) fixed points. If g ~ f then g has at least N(f) fixed points,
and N(g) = N(f).

In what follows f will be a Klein bottle map, and u and v its
associated integers. Halpern in [6] proves that

^ - ' ) ! i f N > 1 '

for all n > 1.
Define An for n > 1 inductively as follows. For u Φ 1, set

Λι = N(f)

and
An = N{fn)- Σ Λk f o r / ι > l ,

k<n,k\n

where k\n denotes k divides n.
For u = 1, set

M = N{f)

and
An = N(D- Σ Ak f 0 Γ / I > l .

k<n,k\n,l odd

For a Klein bottle map g and n > 1, let Pn(g) be the set of
periodic points of g of period n. The cardinality of a set S is
denoted by Card(S). Halpern also shows that

(b) min{Card(Prt(#)): g ~ /} = An for all n > 1.

In particular, from (b) it follows that An > 0 for all n > 1.
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Furthermore, except for two special cases u > 1 and v = - 1 , or
u = 1 and \υ\ > 1, Halpern shows that there exists a Klein bottle map
g ~ f such that

(c) Card(Pw(#)) = An for all n > 1.

Finally, he shows for each m > 1 that there exists a Klein bottle
map g ~ f such that

(d) Card(Prt(g)) = Λ for 1 < n < m.

The next proposition plays a main role in the proof of Theorem.

PROPOSITION. The following statements hold.

(1) Suppose \u\ > 1. If \v\ Φ 1 then

(e) £ N(fk)<N(Γ)
k<n,k\n

for all n > 1. If v = - 1 ί/ze« (e) holds for all odd n > 1.
(2) Suppose \u\ < 1. // v £ {-2, - 1 , 0, 1} ίΛen (e) holds for all

n>l.Ifv = - 2 then (e) holds for all n>2.

Proof. Suppose \u\ > 1. We separate the proof of (1) into four
cases.

Case 1. v = 0. From (a) we obtain (e) as follows:

= Σ iMi" = 1 i f e J r [ < ι«i" =
ί i \ U \ lk=\ k=l

Case 2. v = - 1 . Then N(fn) is 0 for n even, and 2\u\n for
odd. Hence, for n odd the proof of (e) follows as in Case 1.

Case 3. v > 1. For n > 1 we have

ft—1 ϊl—1 \ \n n i t I IM I I

A:=l

\u\nvn - |w|i; - \u\n + \u\ \u\nvn - \u\n

\u\v - 1 \u\v - 1
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Case 4. υ < - 1 . For n > 1 we have

Σ w * ) = Σ M V - M = Σ iMVifc +
Λ : = l Λ τ = l Λ r = l J

_ \uv\n-\uv\ \u\ + (-l)n\u\n

~~ | M V | - 1 1 + M

Therefore, if n > 1 is odd, clearly we have

n-\

and if n > 2 is even, we have

< Iw l̂71"1 + \u\n~ι = \u\"-ι(\υ\n-1 + 1)

<\u\n(\υ\n-l) = N(fn).

So (e) holds for all n > 2. Suppose n = 2. Since

= M(M +1) < \u\\\v\2 -1) =

(e) also holds for n = 2. This completes the proof of (1).
Suppose |u| < 1. Then, from (a), N(fn) = |^π - 1|. We separate

the proof of (2) into two cases.

Case 1: υ > 2. Then for n > 1 we have

|ϋ* - 1| = ̂ £ ^ - (n - 1) < υn - 1 < \υn - 1|,

and (e) follows.

2: v < -2. We have

for k even,

for k odd.

Therefore for n odd we have

Σ \vk - χι = i t r < î r +1 = iϋ" - ! i:
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and (e) follows. If n is even then for v < - 3 we have

Σ \υk -1\ = η ϋ p r + 1 < | w |" -1 = ι«" -
and (e) follows.

If « is even and υ = -2 we get

However, if n > 2 then there exists fc€{l,2,...,n— 1} which
does not divide n. For this k we have |vfc — 1| > 0, so (e) also
holds. D

The proof of statement (2) of Proposition 1 is essentially the proof
for continuous self-maps on the circle, because for such maps the
Nielsen number is \dn - 1| where d denotes the degree of the maps,
see for instance [2].

Proof of the Theorem, From the definition of the numbers Ak,
clearly we have Ak < N(fk) for all k > 1. Therefore, if (e) is
true for some n > 1, we have, for this n, that

An = N(Γ)- Σ Λk>N{Γ)- Σ W*)>0
k<n,k\n k<n,k\n

when u Φ 1, and

An = N(Γ)- Σ Λk>N{Γ)- J2 N(fk)
k<n,k\n,% odd k<n,k\n,\ odd

>N(fn)- ^ N(fk)>0
k<n,k\n

when u = 1. From (b) it follows that Per(/) D {n e N: An > 0}.
Hence, by the proposition we obtain the first part of statements (1)
and (2) of the theorem.

From (c) and (d) the second part of statements (1) and (2), and
statement (3) follow immediately. D
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