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A DIFFERENTIABLE STRUCTURE FOR A BUNDLE
OF C*-ALGEBRAS ASSOCIATED WITH A

DYNAMICAL SYSTEM

MOTO O'UCHI

Let (M,G) be a difFerentiable dynamical system, and
σ be a transverse action for (M,G). We have a differen-
tiable bundle (B, π, M, C) of C*-algebras with respect to a
flat family Tσ of local coordinate systems and we have a
flat connection V in B. If G is connected, the bundle B
is a disjoint union of px(C*(Q)) (x € M), where Q is the
groupoid associated with (M, G) and px is the regular rep-
resentation of C*{9). We show that, for /ECc°°(5),a cross
section cs(f) : x H-> ρx(f) is difFerentiable with respect to
the norm topology, and calculate a covariant derivative
V(cs(/)). Though B is homeomorphic to the trivial bun-
dle, the difFerentiable structure for B is not trivial in gen-
eral. Let Bσ be a subbundle of B generated by elements
/ with the property V(cs(/)) = 0. We show the triviality
of the difFerentiable structure for Bσ induced from that
for B when C*{G) is simple. We have a bundle RM(B) of
right multiplier algebras and it contains ΰ a s a subbun-
dle. Let (M, G) be a Kronecker dynamical system and σ
be a flow whose slope is rational. In this case, we have a
subbundle D of RM{B) whose fibers are *- isomorphic to
C(T). The flat connection Vr in D is not trivial and the
bundle B decomposes into the trivial bundle Bσ and the
non-trivial bundle D. Moreover, for a σ-invariant closed
connected submanifold N of M with dimiV = 1, we show
that C*(G\N) is *-isomorphic to C*(DX,ΦX)^ where Φx is
the holonomy group of Vr with reference point x. If G
is not connected, we also have sufficiently many difFer-
entiable cross sections of B and calculate their covariant
derivatives.

0. Introduction. In the theory of C*-algebras, one sometimes
study a stable C*-algebra A ® K instead of studying a given C*-
algebra A itself, where K is the algebra of all compact operators on
the infinite dimensional separable Hubert space. There are many
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other algebras D such that D ® K, = A ® /C. Moreover, stable
algebras do not have any identity elements. Therefore, given a stable
C*-algebra C, we want to find C*- algebras A with the property
A ® /C = C, especially unital ones with the property. We do not
know any general answer to the question, but there is a method to
construct such algebras A for foliation C*- algebras. Let (V, T) be a
foliation and C*(V, .T7) be the foliation C*-algebra introduced by A.
Connes ([l], [3]). It follows from [10] that C*(V,T) is *-isomorphic
to C*(Q\N)®JC, where Q is the holonomy groupoid of (V, T), where
iV is a complete transverse submanifold and where the groupoid
Q\N is the reduction of Q by N. Suppose that V is compact. If
we have dim TV = codim.77, then the C*-algebra C*(Q\N) is unital.
To give an example, if (V,^7) is a Kronecker foliation, then the
C*- algebra C*(Q\N) is the irrational rotation algebra AQ for an
appropriate N. This example plays an important role in the theory
of non-commutative differential geometry by A. Connes. We refer
the reader to the works of A. Connes [2], [3], that of A. Connes
and M.A. Rieffel [4] and that of M.A. Rieίfel [20]. M.A. Rieffel
also studied the example in [17], [18] from the viewpoint of Morita
equivalence. The author studied another example of C*(Q\N) in
[12], [13].

From these considerations, we begin to study C*-algebras of re-
ductions of differentiable dynamical systems. Let (M, G) be a dif-
ferentiable dynamical system. We denote by Q the topological
groupoid G x M and denote by C*(Q) the reduced C*-algebra as-
sociated with Q. We have a regular representation px of C*(Q)
on a Hubert space %x for every x e M. For the moment we
assume that G is connected and that C*(G) is simple. We set
Bx = Px(C*(Q)) and denote by B the disjoint union of C*-algebras
Bx (x G M). We may consider elements a of C*(Q) to be cross
sections cs(a) : x \-+ ρx(ά) of the bundle B on M. Continuous fields
of C*- algebras have been studied by many authors. We refer the
reader to the book of J. Dixmier [5], those of J.M.G. Fell and R.S.
Doran [8], [9], the work of B.D. Evans [6] and that of M.A. Rief-
fel [19]. Since we study C*-algebras associated with differentiable
dynamical systems, it is natural to consider differentiable structure
for fields of C*-algebras. In the previous paper [14], the author
introduced the notion of differentiable bundles of C*-algebras and
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that of connections in them. A. Connes first introduced the notion
of connections into the theory of C*-algebras in [2]. He defined the
notion in the setting of projective modules. On the other hand, our
definition of connections is in the setting of bundles of C*-algebras
and it is a literal translation of that in the setting of vector bun-
dles, except that our connections are compatible with *-algebraic
structures possessed by fibers.

In this paper, we introduce a notion of a transverse action σ for
(M, G) and we construct a family Tσ of local coordinate systems for
B from local charts of (M, G) compatible with σ. Then Tσ defines
a differentiate structure for B. Next, we prove that the above cross
section cs(f) is differentiate with respect to the norm topology for
every / G C™(G). We define a flat connection V in B with respect
to Tσ. Though B is homeomorphic to the trivial bundle M x C*(Q),
the differentiable structure for B is not trivial, that is, V is not triv-
ial. Let Bσ be the subbundle of B generated by elements / with the
property V(cs(/)) = 0. Then Bσ is trivial, that is, the restriction
of V to Bσ is trivial. We denote by RM(BX) the right multiplier
algebra of Bx and denote by RM(B) the disjoint union of Banach
algebras RM(BX) (x G M). There exists a differentiable structure
for RM(B) such that B is a subbundle of RM(B) and such that
V extends to a flat connection Vr in RM(B). In the case where
(M, G) is a Kronecker dynamical system, we give a decomposition
of B into a trivial part and a non-trivial part. There exists a sub-
bundle D of RM(B) such that every fiber Dx is *-isomorphic to the
commutative C*-algebra C(Ύ) and such that B^DX generates Bx.
Let Vr be the restriction of Vr to D and let Φx be the holonomy
group of Vr with reference point x. Note that Φ^ is a subgroup
of the group Ant(Dx) of all *-automorphisms of Dx. Let N be a
σ-invariant closed connected submanifold of M with dimiV = 1.
Then we show that the C*-algebra C*(G\N) is *- isomorphic to the
reduced crossed product C*(DX, Φx) oΐDx by Φ .̂ This result means
that B decomposes into the trivial bundle Bσ and the non-trivial
bundle D and that D corresponds to the reduction of (M, G) by
N. This situation was studied by M.A. Rieffel in [17], [18] from
the viewpoint of projective modules. Our result describes the same
situation from the viewpoint of vector bundles.

When G is not connected, we also define a differentiable bundle
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B associated with a transverse action for (M, G) and define a flat
connection V in B. But, in this case, Bx is larger than ρx(C*(Q))
and cross sections cs(f) may not be differentiate. We define a cross
section csm(f) ofB for / G C£°(G) and every connected component
m of (7, and we show that the cross sections csm(f) are differen-
tiable. The *-algebra Vx generated by elements of the form csm(f)x

is dense in Bx with respect to the strong operator topology. The
above results are valid even if G is discrete.

To find a transverse action for a given dynamical system (M, G),
it may be useful to consider the universal covering space M of M.
Suppose that the action of G on M lifts to an action of G on M.
(If G is simply connected, this assumption is satisfied.) If there
exists a transverse action for (M, G) and if it is compatible with
the covering map, then we have a transverse action for (M, G). But
we do not know any interesting examples of transverse actions for
dynamical systems (M, G) such that the connected components Ge

of G are not abelian, and it is difficult to find such examples. This
is the problem for further investigation.

1. Preliminaries, (a) Commutative dynamical systems. Let
(M, G) be a topological transformation group. We assume that
a topological space M and a topological group G are second count-
able, Hausdorff and locally compact. We denote by Q a topological
groupoid G x M with the following operations; s(g1x) = (e, x),
r(g,x) = (e,gx), (g',gx){g,x) = (g'g,x), (g,x)~ι = ( p " 1 , ^ ) for
x G M and #, g' G G, where e is the unit of G. We set Qx =
{(9τχ) € G]g £ G} for x e M. Let μ b e a right Haar measure
on G and Δ be the modular function of G. We define a right Haar
system {vx\ x G M} on Q by vx = μ x δx. Let CC{Q) be the *-algebra
of continuous functions with compact supports, where the product
and the involution are defined as follows:

= / fi(g~ι,g'gχ)f2(9'g,χ) dμ(g'),
JG

for /, fu /2, G Cc(£?) and (#, x) G {?. We denote by Ux the Hubert
space L2{Gx,vx) for x G M. We define the regular representation
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PχθίCc(g)onUxbγ

f x ) dμ{g')

for / £ CC(G), ξ € Hx and (g,x) € Qx. We define the reduced norm
Il/H by 11/11 = supx€M \\px(f)\\. We denote by C*r{G) the completion
of CC(Q) by the reduced norm. The representation px extends to a
representation of C*(ί/), which we denote again by ρx . For details
of groupoids and their C*-algebras, we refer the reader to [1], [3]
and [16].

LEMMA 1.1. Let f be an element of CC(Q) and D be a compact
set in G such that supp / C D x M. Then the following inequality
holds: \\pχ(f)\\ < IϋWfWoo, where \\f\\oo is the supremum norm of

ID = fDΔ}'2(g)dμ(g).

Proof Let χ# be the characteristic function of D. For f, η
we have

α 1/2

G

Then we have \(Px(m\v)\ < /u||/lloo|NIHf || •

We introduce a *-algebra of functions on G x G. Let C be the
set of bounded continuous functions K on G x G with the following
property; there exists a compact set D in G such that supp K C
G x D. The set D may vary when K varies. Then C is a *-algebra
with the following product and involution;

{K, * K2)(g,g') = jGKx{gig-ι)K2{9

HgΛg<f) dμ(g"),

for K,K1,K2eC and (g,g') eGx G. We denote by U the Hubert
space L2(G,μ). We define a ^representation p of C on % by

(p(K)ξ)(g) = lGK(g,g'-^(g'g) dμ(g')
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for K G C, ξ G Ίi and g € G. We can prove the following lemma
by a similar computation to that in the proof of Lemma 1.1.

LEMMA 1.2. Let K be an element ofC and D be a compact set in
G such that supp K c G x D. Then the following inequality holds:

(b) Differentiable bundles of C*-algebras. With a few modifica-
tions on the definitions in [14, §1], we summarize the necessary
facts. Let e i , . . . , en be the standart basis of Rn and x 1 ? . . . , xn be
the canonical coordinate functions of Rn. Let Ω be an open subset
of Rn and / be a map of Ω into a Banach space C. If there exists
liπifc-K) h~ι(f(x + hei) — f{x)) with respect to the norm in C, then
we denote the limit by (df/dxi)(x). We say that / is differentiable
of class (C00)' on Ω if the partial derivatives daf/dxa exist and are
continuous on Ω for all multi-indices α.

DEFINITION 1.3. (c.f. [14, Definition 1.1] ). Let M be a finite
dimensional real manifold of class C°° and A be the complete atlas
defining the structure of M. A map / of M into a Banach space
C is said to be of class C°° if / o φ~ι is of class (C°°)' on φ(U) for
every ([/, ψ) G A

We assume that a real manifold M is second countable, Hausdorίf
and of class C°°. Let B be a topological space, C be a C*-algebra
and 7Γ be a continuous map of B onto M. We set Bx = τr""1(α:) for
x e M and suppose that Bx is a C*-algebra. (It is easy to rewrite
the rest of this section for Banach algebras C and Bx. We leave
it to the reader.) Let {Ui} be an open covering of M indexed by
a set / and ψi be a homeomorphism of π~1(f/i) onto U{ x C such
that pi o ^(6) = τr(6) for b G τr"~1(C/i)5 where pi : Ui x C -> U{
is the projection. For i 6 f/j, we define a map ψiiX of Bx into C
by ψi,x(b) = ί>2 ° ^(6) f° r & £ #z> where P2 : i/< x C -> C is the
projection. We denote by .F the set of pairs (Ui, ψi) (i G / ) .

DEFINITION 1.4. (c.f. [14, Definition 1.2]). A quartet
(£, 7Γ, M, C) is called a differentiable bundle of C*-algebras witlΓ
respect to T if T satisfies the following conditions:

(i) For every % G / and x G C/j, ^<jX is a *- isomorphism between
C*-algebras.

(ii) For i, j e J with [/; fλUj Φ 0 and for a map / of [/;ΓΊC/7 into
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C, define the map fitj of UiΠUj into C by fij(x) = Φi,χθφJ'^o f(χ).
If / is of class C°°, then fid is of class C°°.

Let T be a family satisfying the above condition (i). We say that
T is a flat family of C*-coordinate systems if it satisfies the following
conditions:

(iii) For every z, j £ I with £/t Π Uj Φ 0 and for every connected
component U of Ui Π f/J5 there exists a *- automorphism α of the
C*-algebra C such that α = ψiiX o ^ J for all x £ U.

Let £ be a map of an open set U of M into τr~1(C7) such that
fl"(6c) = # for £ G (7. For i G / with UiΠU Φ 0, define the map £
oϊUiΠU into C by ξf(a ) = ψi,x(ξx). We say that £ is a differentiable
cross section on £/ if ^ is of class C°° for every i 6 / with UiΠU φ 0 .
We denote by Γ(£?) the *-algebra of all differentiable cross sections
on M. Let TM be the tangent bundle on M, Γ(TM) be the space
of C°° vector fields on M and T*M be the cotangent bundle on M.
We denote by T*M ® β the tensor product of Γ*M and i? as real
vector bundles. Let ξ be a cross section of T*M ® J5. If x i , . . . , xn

is a local coordinate system in M, then we have ξx = Σ(dα:A:)x ® &£
with b^ € Bx. We say that ^ is differentiable if the cross sections
x H-> bk

x are differentiable. Let Γ(Γ*M ® B) be the two-sided Γ(5)-
module of differentiable cross sections of T*M ® JB. We define the
involution on Γ(T*M ® β ) by ξ* = Σ ( ^ ) χ ® (&S)* We denote by
C°°(M, R) the space of real-valued C°° functions on M.

DEFINITION 1.5. (c.f. [14, Definition 1.3]). Let (B, TΓ, M, C)
be a differentiable bundle of C*-algebras and V be a *-subalgebra of
T{B) such that fξ G P for / G C°°(M; E) and ξeV. A linear map
V of D into Γ(T*M ® J5) is called a connection in B with domain
V if it satisfies the following conditions: (i) V(/f) = df ® f + / V^,
(ii) V ^ ) = (Vξ)η + ξ(Vη), (in) ( V O W € V, (iv) V(Γ) -
(VO* for ξ, ηeV, f e C°°{M]R) and X e Γ(ΓM).

Suppose that the family T is flat. Let V be a connection in B
with domain Γ(J5) and (V, Xχ?... , xn) be a local coordinate system
in M. For ξ G T(B) and i G /, we set ^(x) = ψi,x(ξx). We say that
V is a flat connection if we have

forX € Γ(ΓM) withX^ = Σak{x){d/dxk)x (c.f. [14, Definition 1.6],
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[11, Chapter II, §9]). Then the following lemma is obvious.

LEMMA 1.6. // (5 , π, M, C) is a differentiable bundle ofC*-
algebras with respect to a flat family T, then there exists a unique
flat connection in B.

2. Transverse actions and bundles of C*-algebras. Let M
be an n-dimensional real manifold of class C°° and G be a p-di-
mensional real Lie group of class C°°. In the following sections, we
assume that M and G are second countable and Hausdorff and that
0 < n < oo and 0 < p < oo. If p = 0, then G is a countable
discrete group. Moreover we assume that M is connected. Suppose
that (M, G) is a differentiable dynamical system, that is, (M, G) is
a transformation group and the map (#, x) »-» gx of G x M into M
is of class C°°. Let G e be the connected component of the unit e in
G. We denote by Λί the countable discrete group G/Ge and denote
by Gm the connected component of G corresponding to m G Λί.
We take notations from §1, and also use the following notations;

gm = Gmχ M, gm^ = gmn gx, nm = L2(Gm,μ\Gm), n™ =
L2{gm,x, Vχ\Gm,x), foτmeΛί and x 6 M. Let P x

m G B(?k) be the
projection on U™ and Pm G #(Ή) be the projection on Um. We
denote by Λί(G) the set of families ζ = (fm)meΛί with the following
properties; (1) / m G C c(£) (m G Λ/"), (2) sup m G / / | |/m | |oo < +oo,
(3) there exists a compact set D in G such that supp fmcDxM
for all m G ΛΛ We set | |C|| = supm | |/m | |oo

LEMMA 2.1. For C = {fm)meM e Λ/"(^); ίΛe 5?/m px(C) = Σm€^
PxUm)?™ converges with respect to the strong operator topology in
B(Ήχ), and the following inequality holds: ||Ar(C)|| ^ «ID| |C| | ; where
D is any compact set in G such that supp/ m C D x M(m G Λί),
and JD is a constant depending only on D.

Proof. We set Dm = DΓ\Gm. There exist elements m ( l ) , . . . , m(A )
of Λί such that JD is the disjoint union of non-empty sets An(i), >
£>„(*). Then we have px{fm)P? = ΣieA(m)PχPχ(fm)P™, where
A(m) = {m(t) m; i = 1,... , *}. If we have (PxPx(fm)P^ξ)(g, x) Φ
0, then there exists g' G Gm such that gg"1 G Am-1- This implies
that we have lm~~ι = m(i) for some z with 1 < i < k. We set
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B(l) = {m(ϊ)-H e Λί\ i = 1,... , A;}. We have

Σ
ieλίmeB(i)meλί

Note that m G B(l) if and only if / G A(m). Thus we have

Σ Σ H^Pχ(/m)^roeιι2</|,ιιcιι2Σ
ieλίmeB(i) meλί

D

Let Bx be the G*-subalgebra of B(7ίx) generated by {ρx(ζ)] ζ G
λί(G)}. Since we have px(ζ) = px(f) for ζ = (fm) with fm = /
for all m e λί, Bx contains px(C*(G))- If G is connected, then
we have B x = px(C*(Q)). If G is not connected, then Bx may not
be separable. For x G M and / G Cc(ί?), we define K{ G C by
#*%</') = f(9',g'-ιgx). For m G ΛΓ, we define χ m G C°°(G x G)
as follows; χm(g,gf) = 1 if ^ " ^ e Gm and χm(g,gr) = 0 oth-
erwise. For C = (/m) € ΛΓ(^), we define iff G C by iίf =
Σ,meλfKlmXm- We denote by Cx the C*-subalgebra oϊB(U) gener-
ated by {p(Ki)\ ζ G Λ^(ί?)}. We define an isometry T of Ux onto ?/
by (Tη)(g) = r/(^,x) for 77 G Wx. We set ^ ( o ) = TaT* for α G Bx.
For g € Ge and α G C x, we set Φ(x,ρ)(α) = RgaR*g, where i? is the
right regular representation of G on H. Then we have:

LEMMA 2.2. For re G Af, ί/iere exz'θte α unique spatial isomor-
phism ψx ofBx onto Cx such that ψx{px(ζ)) = ρ(K%) for ζ G N{G)

LEMMA 2.3. For x e M and g G Ge, there exists a unique spatial
isomorphism Φ(x,ρ) of Cx onto Cgx such that ^(x,g)(p(K%)) =

We denote by DiffciM) the group of diffeomorphisms of M which
commute with the action of the connected component Ge on M. For
a G Diff(3(M) and m G Λf, there exists a diffeomorphism am such
that got(x) = am(gx) for all 5 G Gm and x e M. If G is discrete,
then we have DiίfG(M) = Diff(M), the group of all diffeomorphisms
on G. For a G DiffG(Af) and ζ = (fm) G λf(G), we define α(C) G
λί{G) by α(C) = (άm(/m)_), where άm(/m)(p,α;) = / m ( ^ , α ~ 1 ( ^ ) ) .
For C G Λf(Q), we have Kf1® = Kζ

φy Thus we have:
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LEMMA 2.4. For a e Differ(M) and x e M, Cx = Ca(x).

Remember that dim M — n and dim G = p. We assume that
n> p. Let σ : Rn~p —>• Differ (M) be a differentiate action, that is,
σ is a homomorphism and the map (x,t) •—>• σt(x) is of class C°°.

DEFINITION 2.5. Let £/ be a connected open set in M. Suppose
that there exists a C°° diffeomorphism φ of U onto 5 x Γ, where
5 is an open set in Ge with e £ S and T is an open set in Rn~p

with 0 G Γ. Then the pair (£/, <p) is called a local chart of (Af, G)
compatible with σ if it satisfies the following conditions;

(i) φ-1(g,t)=gφ-ι(e,t),
(ii) φ-\g, t) = σt(φ-\g, 0)) for all (g, ήeSxT.

Let (J7, <£>) be a local chart compatible with σ as above. We set
x0 = φ"1(eΊ0). For x e U with y?(:r) = (5f,ί), we have g~xx =
σί(xo) It follows from Lemmas 2.2, 2.3 and 2.4 that the map
Φ(x,5f~1) o ̂  is a spatial isomorphism of Bx onto CX o for x e ί/
with y?(x) = (<7,t). We set ̂  = Φ ^ j p " 1 ) ° ^a?. Then we have the
following:

PROPOSITION 2.6. Let (Uuψι) and (f/2,^2) be local chatrs com-
patible with σ and U be a connected component ofU\ ΓΊC/2. Ifψi,x is
the ^-isomorphism of Bx onto CXi as above with respect to (Ui,ψi)
with Xi = φ~1(e^0) (i = 1,2), then there exists a ^-isomorphism a
of CXl onto CX2 such that a = ψ29x ° Ψϊ,l for a^ x € U.

Proof For i = 1,2, we set φ%{Ui) = SiXTi as in Definition 2.5. We
fix x e U and suppose that φ%(x) = (ρ»,ί») (i = 1,2). Let rr; be an
element of U such that ψi(x') = (g[, ίj) (i = 1,2). We set g0 = g[gϊι

and ίo = 11 — ίΊ. Let ί/o be a sufficiently small neighborhood of x
in [/. For x1 e Uo, we have gox = σto(x'), ψ2(gox) = (SΌS^) and
<P2(σto(xt)) = (ίj2,*o + *2>- Since we have {g0g2,h) = ( ^ o + ί^), we
have ^ ^ 1 = flb"1^- Since we have ^2,χ o φ^x = ^(xug^gi) and

^,s ' ° ^ i = Φ(^l» fl^ffiJi W e h a V β 2̂,rr ° ^ = ̂ 2,z' O ^ , . Since
UQ is a neighborhood of x, this completes the proof of Proposition
2.6. D

We denote by B the disjoint union of C*-algebras {Bx,x G M}
and denote by π the map of B onto M defined by τr(α) = x for α 6
β^. Let {(Ui, ψi)} be the set of all local charts of (M, G) compatible
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with σ indexed by a set / and let ψiiX be the *-isomorphism of Bx

onto CXi constructed as above from ([/;, ψi) with Xi = φjι{e, 0). We
define a map ψi of T Γ " 1 ^ ) onto Ui x CXi by ψi(a) = (Xiψi)X(a)) for
a € Bx. Let Tσ be the set of pairs (Ui,ψi) (i G /) constructed as
above.

DEFINITION 2.7. A differentiate action σ is called a transverse
action for (M, G) if the family {[/;; i € / } is an open covering of M.

In the following we assume that σ is a transverse action for
(M,G). It follows from Proposition 2.6 that there exists a unique
topology on B such that π is continuous and ^ is a homeomorphism
for all i e I. Since M is connected, the C*-algebras Cx are mutually
* -isomorphic. Therefore, for a fixed x 6 M, we set C = Cx and fix
a *-isomorphism between C and CXi for every i £ I, and then we
identify CX i with C by this isomorphism. Thus we consider ψiiX to
be a *-isomorphism of Bx onto C and ^ to be a homeomorphism
of π~ι(Ui) onto Ui x C. By virtue of Proposition 2.6, we have the
following theorem:

THEOREM 2.8. Suppose thatσ is a transverse action for (M,G).
Then the quartet (B, π, M, C) constructed above is a differen-
tiable bundle of C*-algebras with respect to the flat family Tσ of
C*-coordinate systems.

3. Differentiable cross sections. For / e C^°(Q) and m6J\ί,
we define an element [/]m = (fm) of λί(G) by fm = / and fk = 0
if k Φ m, and define the cross section csm{f) of £? by csm(f)x =
Pχ([f]m) {x G M), that is, csm(f)x = prE(/)PίJ

n. If G is connected,
we set cs(/) = cse(f), where ΛΓ = {e}, and we have cs(f)x = Pz(/).
Let σ m : Rn~p -> Diff (M) be a differentiable action such that
σm = goσog~ι ΐoτ every g G G m . We prepare a lemma for proving
the differentiability of csm(f).

LEMMA 3.1. For F e C™(Rn~p x Q) and t e Rn~p, define an
element Ft of C%°(G) by Ft{g,x) = F(t,g,x). Let t0 be an element
o/Rn~p. (i) The supremum norm \\Ft — î olloo converges to 0 as
t —» ίO (ϋ) Let J be an open interval in R containing 0 ; and let
t(-) be a C2 map of J into Wι~p with ί(0) = to- Define an element
f ofC?{G) by f(g,x) = ΣUidF/dt^g^KdU/dhm, where
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t{h) = ( t i (Λ), . . . ,fn-P(Λ))- 27ιen ||Λ"
ίo 0 as Λ -> 0.

The proof is elementary, and we omit it.

THEOREM 3.2. The cross section csm(f) is differentiable, that is,

csm(f) € Γ(B)> f°r everV f e C

Proof. We fix z G /, that is, we fix {U^φi) in ^ σ and a local
chart (Ui,ψi) compatible with σ. Recall that ψi is a diffeomorphism
of J7< onto 5 x T, where 5 and T are open sets of Ge and Rn~p

respectively. Let (Uo,φo) be a local coordinate system of M such
that Ui ΠU0^ 0. We set U = UiΠ Uo and F = po(tf) We define
C°° map a (υ) of V into [/ by x(υ) = ^ x ( ^ ) and define C°° maps
p(v) of F into S and ί(v) of V into Γ by ^ ( a (t )) = (g(v),t(v)).
We set ^ = csm(f) and define maps & of Ϊ7j into C and 77 of V into
C by ξi(x) = ψi,x(ξx) and 77 = ^ o (/p̂ 1 respectively. It follows from
Lemmas 2.2 and 2.3 that we have η(υ) = p(Kl

g

f^lχ{υ)). We have
g(v)~ιx(v) — σ ^ ) ^ ) , where X{ = (^~1(e, 0). We define an element
F of C°°(En-p x G) by F{t,g,x) = J{g,σψ{x)). We have

W " F *ί«)l l- for u, v e V.

Let E be a compact set in G such that supp / C E x M. It follows
from Lemma 1.2 that we have \\η(v) — η(u)\\ < -Γs 11-ί̂ t(v) "~ -Pt(u) I loo •
By virtue of Lemma 3.1 we know that η is continuous on V.

Let e i , . . . , en be the standard basis of W1 and Vi,... ,υn be co-
ordinate functions of Rn associated with e i , . . . ,e n . We fix an el-
ement u of V. For a fixed k = 1,... ,n, let £ > 0 be such that
n + hβk G V for \h\ < δ. We denote by J the interval {/ι; \h\ < δ}
in R We define a C°° map τ of J into Γ by r(Λ) = ί(u + hek). For
j = 1,... , n - p, we define an element ff of Cf(Q) by ίf(g, x) =^
( a / a ^ O α ^ , ^ - ^ ) ) ) ! ^ . We set t(v) = ( t i (^) , . . . ,*n-p(^)) and
r(Λ) = (ri(Λ),... ,τn_p(h)). We define an element α of C™(G)
by α(^,x) = Σ]ZΪ(dF/dtj)(τ(0),g,x)(dτj/dh)(0). It follows from
Lemma 3.1 that h~1(Fτ^) — -PV(o)) converges to α as /ι —> 0. Let ^
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be a function o n G x G such that Kh(g,gι) is equal to

. 7 = 1

We have ||tfΛ||oo < \\h-\Fτ{h) -F τ «») -α| |oo. We set ξi = csm(/™)
and define maps ξ{ of ί/2 onto C and zy 7 of V into C by ^/(x) =
Ψi,χ(ζχ) a n ( l ^ = ζί ° ΨQ1 respectively. It follows from Lemma 1.2
that we have

n—p

Γι(η(u + hek) - η(u)) -

Therefore we have (dη/dvk)(u) = Σ™Iι ηj(u)(dtj/dvk)(u). As we
have seen in the first half of this proof, rf is continuous on V.
Therefore η is of class (C 1)' in the sense of §1. Similarly rf is of
class (C 1) ' for j = 1,... , n — p. Therefore we know that η is of class
(C°°y and that & is of class C°° in the sense of Definition 1.3. This
completes the proof of Theorem 3.2. D

Recall that T(B) is not only a *-algebra but also a C°°(M) -
module. We denote by V the *-subalgebra of Γ(B) generated by
elements of the form ω csm(f) with / G C™(Q), m e λί and
ω e C°°(M). Then V is also a C°°(M)-submodule of Γ(B). For
x £ M, we set I>x = {ξx e BX)ξ e V}. Note that Vx is the *-
subalgebra of Bx generated by elements of the form px(f)P™ with
/ G C™(Q) and m e λί. If Λf is finite, then Vx is dense in the norm
topology of Bx for every x e M. If Λ/" is infinite, then Z^ may not
be dense in the norm topology, but it is dense in the strong operator
topology of Bx by Lemma 2.1.

4. Flat connections. It follows from Lemma 1.6 that there exr
ists a unique flat connection V in B. In this section we calculate
V(c5m(/)) explicitly.

LEMMA 4.1. For j = 1,... , n — p, there exists an element wj of
Γ(T*M) such that wJ

x(Xx) = Xx{tjop2 o φ) (X e Γ(ΓM), x € U)
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for every local chart ([/, φ) of (M, G) compatible with σ, where p2 is
the projection of Ge x Rn~p onto Rn~p and tj is the j-th coordinate
function ofRn~p.

Proof Let {ωk; k = 1,2,...} be a partition of unity on M sub-
ordinate to the cover {llf, i G /}. Let i(k) be an element of / such
that supp ωk C U^k)- We define w 7 by wj = Y,(

kLιωkd{tj o p2 o

<PM) •

THEOREM 4.2. The flat connection V in B satisfies the following
equation;

V(c*m(/)) = 2 y ® c U/f) (/ e C?{Q) m e ΛT),

where f™(g,x) = ( ^ / ^ ^ ( / ( ^ ^ ( x J J J I ^ o . /n particular, a cross
section (Vξ)(X) is an element of V for every ξ € V and X 6
Γ(TM).

Proof Let {α;*} be the partition of unity as in the proof of Lemma
4.1 and i(k) be an element of I such that supp ωk C !/<(*)• Let (V, ^)
be a local coordinate system of M and x i , . . . ,α;n be coordinate
functions associated with (V9ψ). We set ξ = csm(f) and ξ* =
csm(fp), we set ξi(k)(x) = ^(A;),χ(^) and g ( Λ ) = ^(ik),x(^), and then

we set η = ξi(k)°Ψ~ι and r/ 7 = l ^ ) 0 ^ " 1 - We set ζ ^ = tjθp2oφ^ky

It follows from the proof of Theorem 3.2 that we have (dη/dυι) =

Σj=f r?(d^k) o tβ^/dvi). Since we have Σ%Lι(dωk/dxι) = 0, we

have

Let X be an element of Γ(ΓM). It follows from Lemma 4.1 that
we have (Vξ)(X)x = Σj=f w£Pk)Cί T h i s completes the proof of
Theorem 4.2. O

In the rest of this section, we assume that G is connected and that
C*(Q) is simple. The following proposition shows that the bundle
B is topologically trivial, but the differentiate structure for B is
not trivial as we shall see in the next section.
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PROPOSITION 4.3. Suppose that G is connected and that C*{G)
is simple. Then the bundle B is isomorphic to the product bundle
M x C*(G) as topological vector bundles.

Proof. We set A = C*(Q). Since G is connected, we have ρx = ρx.
Since A is simple, ρx is a *- isomorphism of A onto Bx. For i G /, we
define a *-isomorphism θijX of A onto C by θ ϊ j X = φijX o ρx, where
(U{, ψi) G Tσ. For α G A, we define a map τ?α of U{ into C by r?α(x) =
Θ 2 >(α). For / G C?(G), it follows from the proof of Theorem 3.2
that ηj is continuous. Since Q^x is isometry, the map (x, a) ι-» r/α(a;)
is continuous on U{XA. For c G C, we define a map % of £/»• into A by
77c(x) = θ ^ ( c ) . The map (α;, c) ι-> 7/c(x) is continuous on UiXC. We
define a map θ* oΐUiXA onto C/» x C by θ;(:r, α) = (x, %(#))• Then
we have θ^1(x,c) — (x,ήc(x)). Therefore θi is a homeomorphism.
We define a map θ of M x A onto B by θ(x,a) — px{a). Then
we have ψi o θ = θ^ for every i G /. Since the topology of B is
determined by {ψi}, θ is a homeomorphism. D

We denote by Cc°°(£)σ the *-algebra of all elements / of C
with the property that V(cs(/)) = 0. It follows from Theorem 4.2
that / is an element of C™(G)σ if and only if we have f(g, σt(x)) =
f(g,x) for all t G Rn~p and (^,a;) G ζ?. Let C;(Q)σ be the C*-
subalgebra of Cr*(£) generated by Cc°°(£)σ. We set β^ = Px{C*r{G)σ).
We set 5 σ = UxeMBζ and τrσ = π | 5 σ , the restriction of TΓ to Bσ.

For (ϋi, ̂ ) G Jv, we set ^ σ = ^ i l M " 1 ^ ) a n d ^ > = ^ , χ | ^ (* €
t/i). We denote by Tσ

σ the set of (U^φf) (i G /) . Let Cσ

x be the
C*-subalgebra of Cx generated by elements p(K[) (/ G C™(Q)σ).
Then i/ f _ is a *-isomorphism of B° onto CZ.. Let ί be the element
chosen in §2 so that we can identify CXi with C = Cx. We set
Cσ = Cσ

x. Then we may identify the subalgebra Cσ

x. of Cx. with the
subalgebra Cσ of C. Thus we consider ψ?x to be a *-isomorphism
of Bσ

x onto C σ and φf to be a homeomorphism of (πσ)~ι(Ui) onto
Ui x Cσ. We denote by θ σ the restriction of θ to M x C*(G)σ,
where θ is the homeomorphism defined in the proof of Proposition
4.3. Then we have the following:

PROPOSITION 4.4. Suppose that G is connected and C*(G) is
simple. The quartet (Bσ, τrσ, M, Cσ) is a differentiable bundle of
C*-algebras with respect to the family T°. Moreover the differen-
tiable structure for Bσ is trivial in the following sense: There exists
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a homeomorphism θ σ of M x C*(Q)σ onto Bσ with the following
property; for every (Ui,φ?) G F%, there exists a * -isomorphism oti
of C*(G)σ onto Cσ such that φf o θ f = id{ x aif where θ f is the
restriction of Θσ to Ui x C*(Q)σ and idi is the identity map of Ui
onto itself.

We denote by RM(A) the Banach algebra of all right multipliers
of a C*-algebra A on a Hubert space ([15, 3.12]). Let RM(B)
be the disjoint union of Banach algebras RM(BX) (x G M) and
7f be the map of RM(B) onto M defined by π(α) = x for a G
RM(BX). Let (Ui, φi) be an element of Tσ. It follows from Lemmas
2.2 and 2.3 that ^ ί j X is spatial for every x e Ui. Therefore we
can extend φ^x to an isomorphism φ^x of RM(BX) onto RM(CXi).
We define a map φi of π~ι(Ui) onto £/* x RM(CXi) by ^ ( α ) =
(x,φi)X(a)) for α G RM(BX). We denote by ^ σ the set of φuφi)
(i G /) . Moreover we may identify RM(CXi) with RM(C). Thus we
consider ^ ^ to be an isomorphism of RM(BX) onto RM(C) and
-01 to be a homeomorphism of τf"~1(ί7i) onto {/* x RM{C). Then
the quartet (RM(B), π, M, RM{C)) is a differentiate bundle
of Banach algebras with respect to the flat family Tσ of Banach
coordinate systems. It follows from Lemma 1.6 that there exists a
unique flat connection V in RM(B).

5. Examples, (a) Kronecker dynamical systems and irrational
rotation algebras. Let M be the two-torus T2 = R 2 /Z 2 . For μ G
R U {oo}, we define an action Fμ of R on M by Ff(xι,X2) = (#i +
t,x2 + μt) if μ G R and by / ^ ( r c i , ^ ) = (^i,^2 + <) ((^1,^2) G
M,£ G R). Let G be the real line R and θ be an irrational number.
We define an action of G on M by ί x = F^(x) for t G G and
x G M. For μ G Q U {00}, we define an action σ of R on M by
σ = F". For xQ = (x?,z§) G M and ε > 0, we set S = T = {ί G
R; |ί | < ε}. We define a map φ0 oΐ S x T into M by ^0(^1^2) =
h σ ί 2(x0) We set [/ = (^o(5 x Γ). If ε is small enough, then
ψo is a diffeomorphism onto U. In this case, we set φ = φ^1 and
(U,φ) is a local chart of (M,G) compatible with σ. Therefore σ is
a transverse action for (M,G). It follows from Theorem 2.8 that
there exists the differentiate bundle (B, π, M, C) of C*-algebras
with respect to the flat family Tσ. Let V be the flat connection in B
(Lemma 1.6). For / G C£°(ί?), it follows from Theorem 4.2 that we
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have, V(cs(/)) = (adxι+bdx2)®cs(fι), where a = —θ/(μ — θ), b =
l/(μ — θ) and /i = df/dxi + μ(df/dx2), if μ G Q and we have
V(cs(f)) = {-θdxi + dx2) ® cs(df/dx2) if μ = oo.

First, we suppose that μ = oo. For u G C(T), we define an
operator rm(u)x on Ή x by (rm(u)xζ)(t,x) = Ϊ/(X2 + 0£)C(*?#) f° r

x = (xi,x2) e Λf, C G % . and ί G G. For / G CC(G), we have
Px(f)rm(u)x = px(f w), where (/ tι)(ί,a:i,ar2) = f(t,xux2)u(x2).
Therefore rm(u)x is an element of RM(BX). We denote by £)x the
set of elements rm(u)x (u G C(T)). Then D^ is a C*-subalgebra of
B(ΉX) and Dx is *- isomorphic to C(T). Note that / is an element
of C™(Q)σ if and only if there exists an element / of CC°°(R x T)
such that f{t,X\,x2) = f{t,xχ). Therefore BζDx generates Bx. Let
D be the disjoint union of Dx (x G M), τrr be the restriction of π
to D and ^[ be the restriction of ψi to (πr)~1([/i) for (Ui,ψi) G ̂ σ
We denote by Tr

σ the set of {UuψD (i G /) . Then the quartet
(£>, τrr, M, G(T)) is a differentiate bundle of C*-algebras with
respect to the flat family Tr

σ of C*-coordinate systems. We denote
by V r the unique flat connection in D (Lemma 1.6). Let (£/, φ) be
an element of Tσ constructed from the above local chart (£/, φ). We
denote by ψr the restriction of ψ to (τrr)~1(U) and denote by ψζ. the
restriction of ψx to Dx for x G U. For x = ( x i , ^ ) G C/, we have
(^(rm(i/)x)C)(5) = u(-θ(xι - x\) +x2 + θs)ζ(s) for u G G(T), C 6
7ί and 5 G R Let {xι,x2,x$) be a natural coordinate system of
U x T as a subset of T3 = M 3 / z 3 W e denote by C?{U x T) the
set of all C°° functions / on U x T with the property that partial
derivatives daf/dxa are bounded for every multi-index a and every
natural coordinate system x. For v G C(U x T ) , we define a map
rm(v) of [/ into Z) by rm(v)x = rm(yx)x for rr G U, where vx is
an element of C(T) defined by ^(α^) = f(α;, X3). As in the proof
of Theorem 3.2, we can show that rm(v) is a differentiate cross
section of D on U for υ G C^°(U x T), and we have Vr(rm(υ)) =
oίxi ® rm(^i) + dx2 ® rm(^2), where υi = dv/dx\ — θ(dv/dx$) and
t>2 = dv/dx2 + dv/dxs. Moreover we have Vr(rra(i>)) = 0 if and
only if there exists an element u of C°°(T) such that v(xι, x2, x3) =
u(θ{xι-x°ι)- (x2-x°2)+x3).

Let [α, 6] be a closed interval in E, and 7 : [α, 6] -» M be a smooth
curve, that is, 7 extends to be a C°° map of (α — ε, 6 + ε) into M
for some ε > 0, which we denote again by 7. We shall say that a
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map ξ of [α, 6] into D is a smooth curve in D if ξ extends to be
a map of (a — ε, b + ε) into D, which we denote again by f, such
that πr(ξ(t)) = 7(ί) and the map t ^ <%(*)(£(*)) is of class C°°
for every i G /. Next suppose that 7 is a piecewise smooth curve.
By definition there exists a partition a = αo < αx < < α* = 6
such that 7|[βj,βj+i] is smooth for every j ([21, Definition 1.41]).
We shall say that a map ξ of [α, 6] into D is a piecewise smooth
curve in D if ξ|[αJ? α J + 1] is smooth for every j . For a piecewise
smooth curve ξ in £>, we define Vr(ξ)(j(t)) € DΊ(t) by Vr(£)(7(*)) =
( ^ T ί ή Γ H W Λ J ί ^ w ί f ( * ) ) ) ) (cf [14, §1]). A horizontal curve ξ
in I) is a piecewise smooth curve in D such that V r(£)(7(ί)) = 0
for every t G [α,6] (c.f. [11, Chapter II, §3]). Then we have the
following:

LEMMA 5.1. Let 7 : [α, 6] -> M be a piecewise smooth curve with
Ύ(α) = 7(6) = x. For every A G Dx, there exists a unique horizontal
curve £4 in D such that d ( a ) = A. Foru G C(T), cίe/ϊne an element
h(u) ofC(Ύ) by ^A(&) = rm(h(u))x, where A = rm(w) r Γ/ien ί/iere

an integer k such that h(u)(s) = ιt(s + A:0) (5 G T) /or

Proof. We fix ί0 G [a, 6]. Let (U,ψr) and (t/,y>) be as above
with #o = 7(*o) Let V be a connected neighborhood of £0 such
that 7(ί) G t/ for every t G V. Then we have ξA(t) = (Φ^t))'1 °
Φ^(t0)(ζΛto)) for t G V. This implies the existence and the unique-
ness of ξA. Let ut be an element of C(T) such that £Λ(*) = τm{ut)Ί{t).
We set 7(ί) = (7i(*),72(*)) and ^ ( ί i , ί 2 ) = 7j(*i) - 7j(*2) for
j = 1, 2. Then we have n ί ( - ^ i ( ί , ί 0 ) + 7 2 ( ί ) + ^ ) = n ί o ( 7 2 ( £ 0 ) + ^ )
(s G T). Thus we have h(u)(s) = n(s + fc^) for an integer A:. D

By virtue of Lemma 5.1, one can define a *-automorphism hΊ

of Dx by hΊ(A) = £A(&) This automorphism is called the parallel
displacement along the curve 7. We denote by C(x) the set of piece-
wise smooth curves starting and ending at x. The holonomy group
Φx of V r with reference point x is the group of all automorphisms
hΊ (7 G C(x)) (c.f. [11, Chapter II, §4]). We define an action a of
Z on C(Ύ) by ak(u)(t) = w(ί + kθ) for 2/ G C(T), A; G Z and t G T.
It follows from Lemma 5.1 that (D x , Φx) is isomorphic to (C(T), α).
Therefore the reduced crossed product C^(DX,ΦX) is *-isomorphic
to the irrational rotation algebra AQ. On the other hand, let JV be a



DIFFERENTIABLE STRUCTURE FOR A BUNDLE OF C*-ALGEBRAS 309

σ-invariant closed connected submanifold with dim N = 1. Then N
is of the form {xι} xT for some X\ £ T, and C*{Q\N) is *-isomorphic
to Aθ. Therefore C^{Q\N) is *-isomorphic to C;(DX,ΦX).

Next, we suppose that μ is rational, say μ = p/q for relatively
prime integers p and q. There exist integers a and b such that pb —
qa = 1. We define a diffeomorphism S of M as follows; S(x\,X2) =
{px\ — qx2,—ax\ + bx2) for ( x i , ^ ) £ -W. We set i/ = (—a + bθ)/(p —
qθ) and define actions F and σ by Ft = S o F/ o S~ι and σ* =
S oσto S~ι. Then we have Ft = F £ _ ^ ) t and α* = JFJ». Since

the system (M, F β , σ) is conjugate to (M, F, σ) by 5, we have
a similar result to that obtained above. Note that C*{Q\N) is *-
isomorphic to Av for every σ-invariant closed connected submanifold
N with dim N = 1. We can summarize the conclusion just obtained
as follows:

THEOREM 5.2. Let σ be a transverse action for (M,G) defined
by σ = Fμ for μ e Q U {oo} and let (JB, π, M, C) be a differen-
tiable bundle of C*-algebras with respect to Tσ. Then there exists
a subbundle (D, τrr, M, C(T)) of (RM(B), π, M, ΛM(C)) tiriΛ
ίΛe following properties; (i) J3^i?x generates Bx for every x 6 M,
(ii) C^^IΛΓ) iθ ^-isomorphic to C*(DX1 Φx) for every x e M, where
N is a σ-invariant closed connected submanifold of M with dim
N = 1 and Φx is the holonomy group of the flat connection V r in
D.

(b) An action of a semi-direct product group. Let S be an element
of SL(2, Z), λ be an eigenvalue of S and (1, θ) be an eigenvector of
S with respect to λ. We suppose that θ is real and irrational. Let G
be a semi-direct product group of Z and R defined by (n, ί)(m, s) =
(n + M,λ~mί + 5) for (n,ί), (171,5) € Z x R. We may identify
the group Λί with Z and a connected component Gm is the set of
elements of the form (m, t) (t G M) for m 6 Z. Let M be the
torus T 2 . Since we have SFf = FχtS, we can define an action of
G on M by (n,ί) x = SnF°(x) for (n,ί) e G and x e M. Let
j/ be the other eigenvalue of S and (l,μ) be an eigenvector of S
with respect to v. We set σt = Ff for ί G R . AS in (a), σ is a
transverse action for (M, G). Let (B, π, M, C) be a differentiate
bundle of C*- algebras with respect to the family Tσ and let V be
the flat connection in B. It follows from Theorem 4.2 that we have
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V(csm(/)) = um(adxι + bdx2) ® C5m(/i), where a = -θ/(μ - 0),
6 = l/(/i - θ) and /x - d / / ^ + μ(df/dx2) for m G Z and / G
Cc°°(£) We denote by N the submanifold {0} x T o f M and denote
by 5(5,λ) the reduction C*-algebra C;{Q\N). This algebra was
studied in [12, 13, 14]. It follows from [7] and [13] that it is a
simple algebra. We do not have any results concerning relations
between the bundle and the algebra B(S,\). This is the problem
for further investigation.

(c) Actions of discrete groups. Let (M, G) be a differentiate
dynamical system with G discrete and let σ : W1 —>• Diff (M) be
a differentiate action. Suppose that the differential of the map
t H> σt(x) at 0 is an isomorphism for every x G M. Then, for every
x0 G M, there exist a neighborhood U of x0 and a neighborhood Γ
of 0 in Rn such that the map ψo : 11—> σt(xo) is a diffeomorphism of
T onto U. We set φ = φ^1. Then ([/, y?) is a local chart compatible
with σ and σ is a transverse action for (M, G). Let (B, TΓ, M, C)
be a differentiate bundle of C*-algebras with respect to Tσ and V
be the flat connection. It follows from Theorem 4.2 that we have,
for g G G and / G Cc°°(£), V(ωp(/)) = Σ L i V ® ̂ ( / | ) , where
φ=(φ\...,φn) and / |(^,x) = (d/dtk)f(g',gσt{g-ιx))\t^.
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