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CONVERGENCE FOR YAMABE METRICS OF POSITIVE
SCALAR CURVATURE WITH INTEGRAL BOUNDS ON

CURVATURE

KAZUO AKUTAGAWA

Let yι(n,μo) be the class of compact connected smooth n-
manifolds M (n > 3) with Yamabe metrics g of unit volume
which satisfy

μ{M, [g]) > μo > 0,

where [g] and μ(M, [g]) denote the conformal class of g and
the Yamabe invariant of (M, [#]), respectively. The purpose of
this paper is to prove several convergence theorems for com-
pact Riemannian manifolds in 3Mrc,μo) wί*h integral bounds
on curvature. In particular, we present a pinching theorem
for flat conformal structures of positive Yamabe invariant on
compact 3-manifolds.

1. Introduction.

Let M be a compact connected smooth manifold of dimension n > 3. The
Yamabe functional I on a conformal class C of M is defined by

where Sg, dυg and Vg denote the scalar curvature, the volume element and
the volume vol(M, g) of (M,g), respectively. The infimum of this functional
is denoted by μ(M,C), i.e.,

) = inΐI(g)
gζC

and called the Yamabe invariant of (M, C). The following so-called Yamabe
problem was solved affirmatively by the work of Yamabe [Ym], Trudinger
[T], Aubin [Aul] and Schoen [SI, SY2]:

Given a conformal class C on a compact manifold M of dimension n > 3,
find a metric g which minimizes the Yamabe functional I on the conformal
class C.
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We call a metric, which is a solution of the Yamabe problem, simply a
Yamabe metric. It is well-known that the scalar curvature of every Yamabe
metric is constant. Moreover, a Yamabe metric of positive scalar curvature
stisfies a volume estimate of geogesic balls from below (see §2). In [Kl, K2]
and [S3], a diίferential-topological invariant μ(M) of M was independently
introduced by Kobayashi and Schoen , which is defined as the supremum of
μ(M,C) of all conformal structures C on M, i.e.,

μ(M) = sup{μ(M, C); C is a conformal structure on M}.

They also studied properties of μ(M) and proposed some problems (for
recent remarkable developments see [LI, L2]). In particular, Schoen con-
jectured affirmatively the following problem. That is whether the posi-
tive constant curvature metrics h on non-simply connected quotient spaces
Sn/Γ of the standard n-sphere Sn acheive the supremum of μ(Sn/Γ,C), i.e.,
μ(S n /Γ, [h]) = μ(Sn/Γ), where [h] denotes the conformal class of h.

On the other hand, Gromov and Lawson [GL] (cf. [SY1]) proved that a
irreducible oriented compact 3-manifold M3 admitting a metric of positive
scalar curvature is diffeomorphic to a quotient space of a homotopy 3-sphere.
Moreover, if M3 admits a conformally flat metric, then M 3 is diffeomorphic
to a quoitent space of S3 (cf. [Ku]). Under these situation, the following
naive problem arises naturally; for a quotient manifold Xs of a homotopy 3-
sphere which admits a metric of positive scalar curvature, is there a positive
constant curvature metric h such that μ(X3, [h]) — μ(X3)? It also should be
pointed out that, which was proved by Izeki [I], if a compact 3-manifold N3

admits a conformally flat metric of positive scalar curvature, then a finite
cover of N3 is difFeomorphic to S3 or a connected sum k(Sx X S2) of A -copies
of S1 xS2.

Let Ag denote the tensor field (Aijk) = (VkRij — VjiZ^) of type (0,3),
where (Rij) stands for the Ricci curvature Ric5 of a metric g and V the
Levi-Civita connection of g. We note that if (M,g) is a conformally flat
manifold of constant scalar curvature, then Ag vanishes identically (i.e., h
is of harmonic curvature). Conversely, under the condition dimM = 3,
Ag = 0 implies that (M, g) is a conformally flat manifold of constant scalar
curvature. Throughout this paper, we always assume that p, q and μQ are
positive constants satisfying p > | , m a x { l , | } < q < ^ and μ0 < n(n —
1) vol(5 n ( l)) 2 / n , where Sn(l) denotes the Euclidean n-sphere of radius 1.
We also always denote by a = 2 - £(> 0) and β = 4 - ^(> 0).

Let 3̂ i {n,μo) be the class of compact connected smooth n-manifolds M
(n > 3) with Yamabe metrics g of unit volume which satisfy

μ(M, [g]) > μ0 > 0.



CONVERGENCE FOR YAMABE METRICS OF POSITIVE SCALAR CURVATURE 309

Inspired by the above problems, we obtain the following convergence theo-
rem.

Theorem 1.1. Let {(M, , (7i)}iGN be a sequence in y\(n,μ0) which satisfy

ί \R9t\
n/2dυ9t < Au ί | V A J < ^ , < Λ 2

with some positive constants Λ1?Λ2, where \Rg%\ denotes the norm of Rie-
mann curvature tensor R9t of g{. Then either of the following two cases must
be hold.

(1°) (Mi,gi) converges to a point in the Hausdorff distance.

(2°) There exist a subsequence {j} C {i}, a compact connected metric
space (Moo, doo) with positive diameter and a finite subset S = {a?i,..., xk} C
Moo {possibly empty) such that:

(2°.l) (Mj,gj) converges to (Moo,doo) in the Hausdorff distance.

(2°.2) Moo\<S has a structure of smooth n-manifold and a Cβ Π
//?oc^n~2^ metric g^ of positive constant scalar curvature S9oo such that
g^ is compatible with the distance d^ on M^S and that

0<μo<S9oo< n(n - 1) vol(5n(l))2 / n.

(2°.3) For each compact subset K C M^S, there exists an into dif-
feomorphism Φj : K —> Mj for j sufficiently large such that the pull-back
metrics {Φj)*gj converges to g^ in the C^ topology for β' < β and weakly
in the L2'nq^n~2^ topology on K.

(2M) limJgj=Sgoo.

(2°.5) For every xa £ S{a — 1,..., k) and j } there exist xaj £ Mj and
positive number rj such that:

(2°.5a) Bε(xaj) converges to Bε(xa) in the Hausdorff distance for
allε>0.

(2°.5 b) limr. = oo.

(2°.5 c) ((Mj, rjgj),xaj) converges to ((Na, /ια), xa,oo) in the pointed
Hausdorff distance, where (Najha) is a complete noncompact, scalar-flat,
non-flat C°° Riemannian n-manifold which satisfies

snp\Rha\ < oo, 0 < / \Rha\
n/2dυha < oo,

Na JNa

and
vo\(Br(x);ha) > (5 2n(n-l))-n'2(n-2)n/2μn

0

/2rn

for x £ Na and r > 0. In particular, when n = 3 (resp. n = 4,5) each
(Na,ha) is conformally flat (resp. of harmonic curvature).
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(2°.5d) For every r > 0, there exists an into diffeomorphism Φj :
Br(xa,oo) —> Mj for j sufficiently large such that (ΦJ)*(ΓJ#J) converges to
ha in the C1>σ topology for σ < 1 and weakly in the L2>s topology for s > n
on Br(xaίOO).

(2°.6) It holds

ί r k r
lim / \R9j\

n/2 dv9j > / \RgJ
n/2dv9oo + Σ \Rha\

n/2dvha.

Remark 1.2.
(1) Theorem 1.1 is a generalization of Theorem 1.2 in [Ak].

(2) Since the metric g^ is of class Cβ Π ifό^ , then its curvature
tensors R9oo,Ric9oo and S9oo make sense in L^J(n~2q\

(3) It would be conjectured that only the second case (2°) holds, and when
n = 3 each conformally flat, scalar-flat 3-manifold (JVα, ha) in (2°.5 c) is
asymptotically locally Euclidean (cf. [BKN]). However, when solving
them, a technical difficulty arises in obtaining volume estimates of
geodesic balls from above. Moreover, when n = 3 and M, is a quotient
3-manifold M3 of a homotopy 3-sphere for all i, then it would be also
conjectured that S = φ (see [B, AC1] for reconstruction of manifolds).

The following result includes a pinching theorem for flat conformal struc-
tures of positive Yamabe invariant on compact 3-manifolds (see Remark
2.2).

Theorem 1.3. For given positive constants s(> | ) and A, there exists a

positive constant ε0 = εo(μch niP-> s > A) such that if a compact Riemannian

n-manifold (M,g) G JΊ(ft,μo) satisfies

ί \Rg\
pdv9<A, I \VAg\

sdυg<εo,
JM JM

then M admits a Yamabe metric h of harmonic curvature with

Vh = 1, μ(M, [h]) >μo>O.

In particular, when n — 3 (Λf3, h) is conformally flat, and a finite cover of

M3 is diffeomorphic to S3 or a connected sum k{Sι X S2) for some k 6 N-,

In §2 we give basic known facts on Yamabe metrics and the Hausdorff
distance. These contain a geometric inequality for Yamabe metrics of pos-
itive scalar curvature, which plays a key role in our proofs. In §3 we give
the notion of L2)P harmonic radius. We then summarize convergence results
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for manifolds and a priori estimates for L2>p harmonic radius, which were
developed mainly by Anderson [An2, 3, AC2]. The proofs of our theorems
are essentially based on these results. For the proofs of Theorem 1.1 and
Theorem 1.3, we also give another a priori estimate for L2>p harmonic radius.
In §4, using these results, we prove compactness and pinching theorems for
Yamabe metrics of positive scalar curvature, and we also prove Theorem 1.3.
Finally, in §5 we give the proof of Theorem 1.1.

Acknowledgment. I would like to thank Professors A. Kasue and S. Nay-
atani for useful discussions. I would also like to thank Professor A. Treibergs
for his kind hospitality while I visited to the University of Utah in summer
1993, when part of this work was carried out.

2. Preliminaries.

In this section, first we shall give several known properties for Yamabe met-
rics. Let M be a compact n-manifold. Since a Yamabe metric g on M is a
minimizer of the Yamabe functional / : [g] —> R, then the first variational
formula shows the following equation (cf. [Au2], [LP]):

(2.1) 5 , = μ(M, [fif])V"2/n = const..

Moreover, the following inequality is due to Aubin [Aul].

(2.2) μ(M, [</]) < n(n - l ) v o l ( 5 /

Now let g be a Yamabe metric of positive scalar curvature on M. The
Yamabe invariant μ(M, [g]) is rewritten as

(2.3)

where L1 > 2(M) denotes the Sobolev space of functions on M with L2 first
derivatives (cf. [Au2, GT]). It then follows from (2.1), (2.3) and the posi-
tivity of μ(M, [g]) that

0 v (n~2)/n Λ t 1 ί

f \u\2n/{n-2)dvg) < - / \^n\2dvg + - ^ / u2dvg

M / cg JM Vg JM

for u e L 1 ) 2 (M), where cg = "~2 μ(M, [g]) > 0. By the Sobolev inequality

(2.4), we can prove the following geometric inequalities for Yamabe metrics

of positive scalar curvature (cf. [Ak]). In particular, the first inequality

(2.5) is of essential use in the proofs of our theorems.
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Proposition 2.1. Let g be a Yamabe metric of positive scalar curvature
on M. Then

/2/n

(2.5) vol(J3Γ(x)) > (5 2 n" 2)- n l 2c n j 2r n for x G M and r < χ ^—,
\ C9

r2/n

(2.6) diam(M,#) < 2(5 2 n " 2 ) n / 2

λ ^ — ,
\| C9

where Br(x) = Br(x;g) denotes the geodesic ball of radius r centered at x
and vol(Br(x)) = vo\(Br(x);g) the volume of Br{x) with respect to g.

Remark 2.2. Let Mι(n,μo,p, 50) (resp. ΛΊi(n,μo)) denote the class of
compact Riemannian n-manifolds (M, g) of unit volume which satisfy

μ(M, [g]) > μ0 > 0,

(resp. μ(M, [g]) > μ0 > 0),

where 5+ = max{55,0} and p > | . For an element (M,g) G Aii(n,/xo?P)5O),
Kasue and Kumura [KK] proved geometric inequalities similar to (2.5) and
(2.6). In Theorem 2.3 below, if we replace }^(n, μo) by λΛι(n,μQ,p, 50), then
the same conclusion holds. We can also prove convergence theorems for Rie-
mannian manifolds in ./Mi^μo,;?, 5Ό) with integral bounds on curvature,
similar to those in this paper. In particular, if we only replace yι{n,μ$) by
•Mi(ft?μo) i n Theorems 1.3 and 4.1, then similar conclusions hold.

Next, we recall the definition of the Hausdorff distance on the set MET
of all isometry classes of compact metric spaces introduced by Gromov [Gr]
(cf. [F]). Let X and Y be compact metric spaces. A map / : X —y Y
(not necessarily continuous) is said to be an ε-Hausdorff approximation if
the following two conditions are satisfied.

The ε-neighborhood of f(X) in Y is equal to Y.

\dχ{x, y) - dY(f(x)J(y))\ <ε ϊorx,ye X.

The Hausdorff distance dH(X,Y) between X and Y is defined to be the
infimum of all positive numbers ε such that there exist ε-Hausdorff approx-
imations from X to Y and from Y to X. Unfortunately dH( , •) does not
satisfy the triangle inequality. However the inequality (2.7) below holds and
then shows that it gives a metrizable complete uniform structure on the set
M£T. Thus we treat d#( , •) as if it is a distance function.

(2.7) dH(X,Z) <
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for X,Y,Ze MET.
For noncompact metric spaces, we also recall the definition of the pointed

Hausdorff distance. Let (X, x) and (Y, y) be pointed metric spaces (possibly
compact). A map / : (X, x) —> (Y,y) is said to be an ε-pointed Hausdorff
approximation if

/(*) = y,
f(B1/e(x))cB1/e(y),

f\B1/e(χ) : Bι/ε(x) — ϊ Bι/ε(y) is an ε-Hausdorff approximation.

The pointed Hausdorff distance dPiH((X,x),(Y,y)) between pointed metric
spaces (X, x) and (Y, y) is the infimum of all positive numbers ε such that
there exist ε-pointed Hausdorff approximations from (X, x) to (Y, y) and
from (Y, y) to (X, x). dP)H(',-) also defines a distance on the set ME%
of all isometry classes of pointed metric spaces whose metric balls are all
precompact.

By (2.2), (2.5) and (2.6), we can prove the following precompactness the-
orem for Yamabe metric of positive scalar curvature (cf. [Ak]), which is also
of use in the proof of Theorem 1.1.

Theorem 2.3. The set 3^i(n,μ0) i>s precompact in λΛ£T with respect to
the Hausdorff distance.

3. L2>p harmonic radius.

In this section, we first give the notion of L2>p harmonic radius (cf. [An2, 3],
[AC2]). Let (M,g) be a complete Riemannian n-manifold (without bound-
ary). For given p(> ^) and L(> 0), the L2>p harmonic radius at x G M is
the radius rH{x) — rH(x;g,p,L) of the largest geodesic ball BrH(x)(x)(C M)
centered at x, on which there exist harmonic coordinates U = {^*}?=i
BrH{χ){χ) — * Rn (cf [JJ OK]) s u °h *hat the metric components g^ =
g(d/du%d/duj) are bounded in the L2)ί> norm on B = U(BrH(x)(x)), i.e.,

(3.1) e~L δij < gij < eL - δij (as bilinear forms),

(3.2) M a O " - 1 ^ ! ! ^ ) + rH(xy\\ddgij\\LPφ) < L

for i, j = 1, , n, where a — 2 — - ( > 0).

Remark 3.1.
(1) By the Sobolev embedding theorem ZΛP(J5) C C α ( β ) , the ZΛP har-

monic radius controls the Ca norm of g{j on B.
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(2) For the rescaled metric h = λ 2 g ( A Ξ const. > 0), the L2>p harmonic

radius at x changes as follows;

rH(x;h) = \-rH(x;g).

Next we shall summarize part of convergence results for manifolds and
a priori estimates for L2}P harmonic radius, which were developed by An-
derson [Anl-3, AC2] and also many mathematicians (cf. [BKN, Ga l-
2, GW, Gr, Ka, N, P, Ynl, 3]). These are also of essential use in our
proofs of §4 and §5.

Theorem 3.2. Let {(M, , ^ ) } ί G N be a sequence of compact C°° Riemannian

n-manifolds which satisfy, for each i £ N

(3.3) rH(x) > r0 for x £ Mh Vg% < Vo

with some positive constants ro,Vo. Then there exist a subsequence {j} C
{i}, a compact C°° n-manifold M^ with Ca Π L2 ) P metric g^ and a diffeo-
morphism Φj : M^ —> Mj for each j such that (Φj)*gj converges to g^ in
the Ca' topology for a' < a and weakly in the L2>p topology on M^.

Remark 3.3. In Theorem 3.2, we should remark the following fact. For
a point x £ M^ and fix it. From (3.3), for each h(j) — (Φj)*#j, there exist
harmonic coordinates

Uj = {uaya=1(= {u(jyya=1) : Bro(c M^) —>K- with Uj(x) = 0eKn

such that the metric components h(j)ab = h(j)(d/dua,d/dub) satisfy (3.1)
and (3.2). Then, by (3.1), (3.2), the Lp estimates for elliptic differential
equations (cf. [GT]) and the construction of Φj and MOO1 there exists a
coordinate system {Vx}™=1 of class C°° on M ^ such that

where C is independent of j and x £ M^ (cf. [AC2, Ka]). Similar results
hold in the following Theorems 3.4 and 3.5.

Theorem 3.4. Let {(Mi,gi)}ieπ be a sequence of compact C°° Riemannian
n-manifolds and Ωt C Mt open subsets (possibly disconnected) which satisfy,
for each i £ N

rjϊ(s) > ô for x £ Ω2 C Mu 0 < cx < vol(Ωt ) < c2

and that each Ω, (2ε) = {x £ Ωiu,distgt(x,dίli) > 2ε} is nonempty, where
r o,Ci,c 2 and ε denote positive constants. Then there exist a subsequence
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{j} C {i}, a compact C°° n-manifold Ωoo(ε) (possibly disconnected but only
finitely many components) with Ca Π L2'p metric g^ and an into diffeomor-
phism Φj : Ωoo(ε) —> Ωj( |) with ΦJ (Ωoo(ε)) D Ωj( |ε) for each j such that
(Φj)*gj converges to g^ in the Ca topology for a* < a and weakly in the
L2'p topology on Ωoo(ε).

Theorem 3.5. Let {(M,-, </,-,&,•)}ίGN be a sequence of pointed compact C°°
Riemannian n-manifolds which satisfy:

s u p | β J < Λ for ieN

with some constant A,

diam(M i,^ i) —> oo (i —> oo),

and for any R > 0 there exist i β G N and r o ( > 0) such that

where inj/Mt g\(x) denotes the injectivity radius of (M,-,^) at x. Then there
exist a subsequence {j} C {i} and a noncompact complete C°° pointed n-
manifold (N, b^) with C1 > σ(0 < σ < 1) metric h such that {Mj^g^bj) con-
verges to (JV, Λ, δoo) in the pointed Hausdroff distance. Moreover, for each
r > 0 there exists an into diffeomorphίsm Φj : Sr(6oo;/i)(c N) —> Mj with
bj G Φj(Br(bΌO;h)) for j sufficiently large such that (Φj )*5i converges to h
in the C 1 > σ topology on Brftoo h) and that lim Φj"1(6J ) = &oo

In order to state a priori estimates for L2)P harmonic radius, we set, for a
given δ > 0

υs(x) = sup{r > 0; vol(Bs(y)) > δ sn for all Bs(y) C JBΓ(X)},

which was introduced by Anderson [An3]. We note that, for each δ < ωn,
vδ(x) is positive for any x G M, where ωn denotes the volume of the unit
ball in R n . Let Λ4\(n) denote the space of all compact C°° Riemannian
ra-manifolds (M, g) with unit volume Vg = 1.

Theorem 3.6. For (M,g) e Mι(n) which satisfies

( \Rg\
pdυg < A

JM

with some positive constant Λ. Then there exists a positive constant c0 =

Co(Λ, ?i, j9, δj L) such that

Π/(#) > co ' vδ(x) for x € M.
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Theorem 3.7. Let (M,g) be an element in M\{n) which satisfies

\Rg\"dυg<A
Br

with some positive constant Λ; where Br denotes a geodesic ball of radius
r > 0 in M. Then there exists a positive constant c0 = co(Λ, n,p, ί, L) such
that

ΊH{X) > Co - uδ(x) for x e J3 r,

where JH(%) = min{rH(x), distg(x,dBr)} and uδ(x) = min{ϋ^(x),
distg(x,dBr)}.

Finally, for the proofs of Theorem 1.1 and Theorem 1.3, we shall prove
another a priori estimate for L2)P harmonic radius. To start with, we prove
the following lemma (cf. [Anl, SU, S2]).

L e m m a 3.8. Let (M,g) be a compact C°° Riemannian n-manifold which
satisfies the following Sobolev inequality

(3.4)

for u € £1 |2(M) with some positive constant cs and

(3.5) / \VAg\"<A
JM

with some constant A. Then there exist positive constants ε0 = So(n,q,cs)
and Cι = ^ ( n , g, c s, Vg, Λ, r) such that, if

(3.6) / \Rg\
n/2dvg < ε0,

JBr

then

(3.7) / \Rg\
nql[n-2q)dvg<cu

JBr

where Br — Br(x) is a geodesic ball of radius r > 0 in M.

Proof We first note that the Riemann curvature tensor Rg = (Rijki) satisfies
the following equation

(3.8) AgRijkl = -ViAjkl + VjAikl + (Rg * Rg)ijkh
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where Rg * Rg denotes a linear combination of contractions of the tensor

Rg®Rg by the metric g and Δ^ = g^ViVj the (nonpositive) Laplacian of g,
respectively. From (3.8), we then obtain the following differential inequality

(3.9) A9\R9\>-c2\VAg\-c3\R9\
2,

where c2 and c3 are positive constants depending only on n.

Let u = \Rg\ and ξ a cut-off function satisfying ξ = 1 on Br and ξ =

0 on M\Br with \Vξ\ < jf. Using Holder's inequality in (3.5), we may

particularly assume q < ^ z π Multiply both sides of (3.9) by ξ2uτ, where

T = ^ ^ ( m a x { l , ^ } < r + 1 < | ) . Integrating by part, we obtain

(3.10)

dυg -2Jξuτ\Vξ\\Vu\dυg

where c4 = max{c2,c3}. The Young inequality implies

Using (3.10) in (3.11) then gives

(3.12)

From (3.4) and (3.12), we obtain

(3.13)

g

where c5 is a positive constant depending only on n.

By Holder's inequality, we note
(3.14)

/

/ ί \ 2 / n i t / \ 2n/(n —2) \

ξu dvg< ^ u dvg) \J [ξu ) dvg)

(n~2)/n
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Taking ε0 in (3.6) satisfying ε2

0

/n < 5^7, it then follows from (3.5), (3.13),
(3.14) and Holder's inequality again that

(3.15)

α \ (n-2)/n
en/in-2)\Rg\

nq/{n~2q)dυg)

/(|Vί|V

(jf

«
V r2/n

9

i/ς / r . . . \ (9"1)/^

2(r+l)/n

j
c7 ( l + 1

where c6 = c6(n, c5, V̂ ) and c7 = c7(n, ̂ , c5, V^).

Set X = fξ2nKn-V\Rg\
n*Kn-24dυg. The inequality (3.15) implies

(3.16) X(n-2)/n _ C β Λ l / ς . χ (*- l)/g _ C γ Λ + 1 ) ε2,(n-2)/n(n-2,) ^ Q

From ^ < ^ we note

(3.17) o < i ^ < ^ ^ .
q n

It then follows from (3.16) and (3.17) that there exists a positive constant

d — ci(n, g, c5, Vg, Λ, r) such that

< X <
Br '

This completes the proof of Lemma 3.8. D

Proposition 3.9. Le/ (M,g) be an element in Mχ(n) which satisfies the
Soboleυ inequality (3.4) and (3.5) in Lemma 3.8. Let Br denote a geodesic
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ball of radius r > 0 in M. Then there exist positive constants ε0 = εo(ft, q, cs)
and c0 = co(n, g, cs1 Λ, r, 5, L) swcΛ that if

(3.18)

then
ΊH{%) > Co uδ(x) for x 6 Br,

where 7#(z) = mm{rH(x)^distg(x^dBr)}^us(x) = min{vδ(x),distg(x,dBr)}
and rH(x) denotes the L2iTiq^n~2q^ harmonic radius at x.

Proof. We take the same ε0 in (3.18) as in (3.6). By Lemma 3.8 we obtain
the following estimate

(3.19) / \Rg\
nq/(n-2q)dυg<cu

JBr

where cλ — cγ (n, g, cs, Λ, r). It then follows from (3.19) and Theorem 3.7 that
there exists a positive constant c0 = co(n, g, cs, Λ, r, 5, L) such that

) > CQ v (x) for x G β Γ

This completes the proof of Proposition 3.9. D

4. Compactness and pinching theorems for Yamabe metrics.

In this section, we shall prove compactness and pinching theorems for Yam-
abe metrics of positive scalar curvature with integral bounds on curvature,
and we also prove Theorem 1.3.

Theorem 4.1. Let {(Mj, <7, )} , €N be a sequence in }\(ri,μo) such that each
iidi) satisfies

(4.1) / \Rgt\*dvgt<A

with some positive constant Λ. Then there exist a subsequence {j} C {i}, a
compact C°° n-manifold M^ with Ca Π L2>p metric g^ of positive constant
scalar curvature S9oo and a diffeomorphism Φj : M^ —> Mj for each j such
that the following hold.
(1) Vgoo = l, 0<μ0<Sgoΰ<n(n-l)vo\(S"(l)y/n.

(2) (Φj)*gj converges to g^ in the Ca> topology for af < a and weakly in
the L2'p topology on M^.
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Moreover, there are only finitely many diffeomorphism types of compact n-
manifolds M, which satisfy that there exists a Yamabe metric g on each M
such that (M,g) G ̂ i(n,μ0) with (4.1).

Corollary 4.2. There exists a positive constant So — εo(n,p, μ0) such that
if a compact Riemannian manifold (M,g) G yι(n^μ0) satisfies

ί
JM

\Zg\*dυg<e0,

then M admits a C°° metric h of positive constant curvature with

(4-2)

where Zg =

Moreover,

Vh = l, μ(M,[h])>μo>O,

denotes the concircular curvature tensor of g, i.e.,

jki = Rijki /—^-TτiSikQji - 9u9jk)-

n(n — 1)

μo

Remark 4.3. Under more general setting, compactness and pinching
results similar to Theorem 4.1 and Corollary 4.2 have been already proved in
[An3] and [Yn2]. However, we make only minimal assumptions for Yamabe
metrics of positive scalar curvature and conclude some additional results.

Proof of Theorem 4.1. Set δ =
(2.5) and V9t = 1, we obtain

> 0. From (2.2),

Using (4.1) and (4.3) in Theorem 3.6, then there exists a positive constant
c0 = co(Λ, n,p) such that the following estimate for L2>p harmonic radius
holds

(4.4)

It then follows from (4.4) and Theorem 3.2 that there exist a subsequence
{j} C {i}, a compact C°° n-manifold M^ with Ca Π L2)P metric g^ and a
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difFeomorphism Φ^ : M ^ —> Mj for each j such that (Φj)*gj converges to
goo in the Ca> topology for α' < α and weakly in the L2}P topology on Moo,
and then V9oo = 1.

Moreover, taking a subsequence if necessary, we may assume that

lim Sq = SQ = const.,

then we also obtain

This completes the proof of Theorem 4.1. D

Proof of Corollary 4.2. Our assertion will be done by contradiction. If
the assertion does not hold, then there exist sequences {ε, }i€N °f positive
constants and {(M, , <7, )}J€N C DM^μo) satisfying εi > ε^ > —> 0 and

(4.5) / \Zgfdυg.<εi

for all i € N such that each Afj never admits a metric of positive constant
curvature.

From (2.2) and \R9t\
2 = \Z9t\

2 + ̂ z r ^ we first note that

(4.6) \R9t\ < \Z9t\

for i G N. Combinig (4.5) and (4.6) with Minkowski's inequality, we have

(4.7)

\Rg,\»dvgt < UjM \Zgi\vdυg)jIP + ̂ ( n - 1) vol(5"(l))2/"

for t ξ N. It then follows from (4.7) and Theorem 4.1 that there exist a
subsequence {j} C {«}i a compact C°° ra-manifold M ^ with CaΓ)L2 p metric
h of positive constant scalar curvature Sh and a diffeomorphism Φj : M
Mj for each j such that the following hold.

(4.8) Vh = l, 0<μo<Sh< n(n - 1) vol(5n(l))2/n.

(4.9) h(j) = (Φjygj-^h (j—>oo)
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in the Ca' topology for a' < a and weakly in the L2>p topology on M^.

(4.10) lim Sgi = Sh = const..

Using (4.7) in (4.1) of Theorem 4.1 then gives the following estimate for L2>p

harmonic radius of each h(j)

(4.11) rH(x; h(j)) > r0 > 0 for x G M^,

where r 0 = r o (n,p,μ o ) From (4.9) and (4.11), we can cover M ^ by a fi-
nite collection of geodesic balls {BLo.(yk;h);yk G M o o } ^ with respect to
h. It then follows from (4.11) and Remark 3.3 that there exist harmonic
coordinates

Vj,k = {W}n

a=ι (= Mj) α } "=i) : β f o ( » ; Λ ( j ))(C Moo) — • R"

with c/j,fe(t/fc) = o e R n

and a coordinate system {Vλ}™=1 of class C°° on M^ such that the metric
components h(j)ab = h(j)(d/dua,d/dub) satisfy (3.1) and (3.2) on JBiifc =
Uj>k{Bro(yk;h(j))), and that

where C is independent of j and k. From (4.12), taking a subsequence if
necessary, we may assume that there exists a coordinate system {ί/oo,fc}i=i
of class C2>a Π L4'p such that, for each &, C/ĵ  converges to t/oo,& in the
C 2 > α topology for α ; < a and weakly in the L4)P topology. We also as-
sume that a collection of geodesic balls {Bro(yk;h(j))}ι

k=1 covers Moo and
that Uj}k{Bro{yk;h{j))) D Boo,*(l/2) for all j and A, where Boo,*(l/2) =

( )

On the other hand, from (4.5) we obtain

(4.13) / R i c A ω Γ d ϋ Λ ( j ) = dvgj

Mo,

where Ric^ denotes the traceless part of Ric^, i.e., Ric^ = Ric^ —-jj- g. In each

harmonic coordinates t/,-^, by using (3.1) in (4.13), then the component*

R(j)ab of RicΛ ( j ) converge to 0 strongly in the Lp topology on ZJoojΛ(l/2).

Combining (4.9) with this fact, we obtain

(4.14) R{j)ab—> — hab strongly in L
n
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where R(j)ab denote the components of Ric/^ ). In terms of this harmonic
coordinates, R(j)ab are expressed as follows (cf. [J, DK]).

(4.15)

where Q is a quadratic term in the first derivatives dh(j) of h(j). It then

follows from (4.9), (4.14) and (4.15) that the metric h in terms of the coor-

dinates {t̂ oo,/s}ic=i is a weak Ca Π L2)P solution to the following equation

(4.16) h a ^ ^ + Qab(dh) = ~Sh hab on

Applying the elliptic regularity theory (cf. [Gi, GT]) to the equation (4.16),
we obtain that h is an Einstein metric of class C°° on M^, and then
{Uoo^Vk-i ι s a harmonic coordinate system of class C°° compatible with
{K\}r=i- From (4.5), we also obtain that h is a positive constant curvature
metric on M^. Here we remark that an Einstein metric is a Yamabe metric
(cf. [O, S3]). Combining (4.8) and (4.10) with these facts then contradict
our assumption.

Since there exists a C°° metric h of positive constant curvature on M
satisfying (4.2), then from (2.1) we have

This completes the proof of Corollary 4.2. D

Proof of Theorem 1.3. Our assertion will be also done by contradiction. If
the assertion does not hold, then there exist sequences {ε, }t eN °f positive
constants and {(Mt , <7J)}I6N C JΊ(ft,μo) of compact Riemannian rc-manifolds
satisfying S\ > ε2 > —> 0 and

(4.17) / \Rg/dυg, <Λ, / |VAJ' dυgt < ε,

for all i £ N such that each Af» never admits a C°° metric of harmonic

curvature.

Since each M< satisfies the estimate (4.17), we can apply volume estimates

of geodesic balls from above due to Yang [Yn3]. Then, there exist positive

constants c0 = CQ(Π) and p0 = /90(w,p, Λ) such that

(4.18) vol(J3r(x;#)) < cor
n for r < p0 and x 6 M,.
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From (4.17), (4.18) and Holder's inequality, we have

(4.19) / \R9f
/2dυgt

/ \Rgt\
pdvgt

Br(x)

for r < p0 and x € Af. .

Taking Pl = pi(w,p,Λ) satisfying Λn/ 2 p(c 0/>?) ( 2 p-n ) / 2 p < ε 0 and Λ < />0,
where ε0 is the same constant as in (3.6) with cs = 4^12

1)Mo > 0 By
Holder's inequality and V t̂ = 1, we may particularly assume that s < | . It
then follows from (2.4), (4.17), (4.19) and Lemma 3.8 that

(4.20) / \Rgf
s/(n~2s)dvgt < cx for x G M, ,

JBp^ix)
2

where Ci = Cι(n,p, .s,^θ5 A). Here, by (2.5) and V t̂ = 1, there exists a

{ >j mo

Bp±(xa{ϊ)) \ is a
covering of M, , where m 0 = πιo(n1p1 μOi Λ). Combining (4.20) with this fact
then gives
(4.21)

, < £ / \RgΓ
/(n'2s)dυg, < m o C l for i G N.

α = 1 JBp^(xa(i))

Set p = ^ j ( > 2s) and a = 4 - ^(> 1) in the proof of Corollary 4.2,
respectively. From (4.21), Theorem 4.1 and Remark 3.3, the same results
as (4.8)-(4.12) and (4.15) hold, and then we will use the same notation as
in the proof of Corollary 4.2 except for p and a. In terms of each harmonic
coordinates Uj^, the Ricci curvature RicΛ(j) satisfies the following equation
beside (4.15)

( 4 2 2 )
= [(ddh{j) + dh(j) * θh(j) + RicΛ ( ί )) * Ric M i ) ] α 6

+ h(j)cd[VcA(j)adb - VaA(j)cbd]

(=T(j)ab) on Bjιk,

where A(j) = Ahy). Here we note

(4.23) \\h(j)ab\\L,,^{έ}k) < Cu
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for all j , k and α, b = 1, , n, where CΊ and C 2 , C 3 below are independent
of j . Combining (4.17), (4.21) and (4.23) with (4.22) then gives

(4.24) \\T(JU\L.{Bjtk) < C2

for all j , k and α, 6 = 1, , n. From (4.23), (4.24) and the Lp estimate (cf.
[GT]) for (4.22), we have for B <s Bjyk

(4.25) \\R{JU\\L*-{B) < Cs

for all j , k and a, b = 1, , n.
From (4.17), (4.23) and (4.25), there exist a C 1 ' 3 - " / ' n i / 2 " ' /< n - 2 » metric

h and a L2 s symmetric tensor P of type (0,2) on M^ such that we obtain
the following.

(4.26) h(j)ab-^hab (j—>oo)

in the C1'*' topology for a' < 3 - J and weakly in the L2 n'^"-2s) topology

on ^

(4.27)

weakly in the L2's topology on B 0 o < ; (l/2), where Pab denote the components
of P .

(4.28) VaA{j)bcd—^0 strongly in V

It then follows from (4.12), (4.15), (4.22) and (4.26)-(4.28) that, in terms
of the C 3 ' 3-"/* Π Z,4,nS/(n-2,) coordinates {£/oo,*}Li. Λ is a weak C 1 ' 3 " " / ' Π
^2,n«/(n-25) s o l u t ion and F a weak L2'* solution to the following equations,
on each

( 4 2 9 ) hC

(4.30)

^ = i(ddh + dh*dh + P)* P]ab.

Applying the elliptic regularity theory (cf. [Gi, GT]) to the equations (4.29)
and (4.30), we obtain that h is a C°° metric of Sh = const, on M^, and then
P = RicΛ, {C/oo,/e}l=i is a harmonic coordinate system of class C°° compatible
with {Vλ}^=1. From (4.28) we also note that VΛΛ = 0. By the definition of
Ah, we then obtain

(4.31) / | A Λ | 2 ^ , < 2 / I Rich I \VAh\dυh = 0.
JMoo JMOO
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From (4.31) we have Ah = 0, i.e., h is of harmonic curvature. Since a
sequence of Yamabe metrics h(j) = (Φj)*gj converges to the C°° metric h in
the C1'"' topology for oί < 3 - £ and weakly in the L2>ns/(n~2sϊ topology on
Moo, then h is also a Yamabe metric on M ^ . In fact, unless h is a Yamabe
metric, one can show that h(j) is not a Yamabe metric for j sufficiently
large. Combining this fact with the following

Vh = l, μ(M o o , [/ ι ] )>μ 0 > 0,

it then contradicts our assumption.

When n — 3 , ^ = 0 implies that (M3,/ι) is conformally flat. Now the
compact 3-manifold M 3 admits a conformally flat metric h of positive scalar
curvature. Then, by Izeki's theorem [I], the rest assertion is immediate. This
completes the proof of Theorem 1.3. D

5. Proof of Theorem 1.1.

In this section we shall prove Theorem 1.1.

By Theorem 2.3, if the first case (1°) in Theorem 1.1 does not hold, then
there exist subsequence {j} C {i} and a connected compact metric space
(Moo, doo) with diam(Moo, cίoo) = Do > 0 such that

lim d^((M i, f lf i),(Mo o,rfo o)) = 0.
J—>oo

Taking a subsequence if necessary, we may assume that

(5.1) d i a m ( M i , Λ ) > -Do > 0

for all j and that there exists a (l/j)-Hausdorff approximation

ψj : {Mj,gj) —> (Moo, doo)

for each j . For each y € M^ , we can find Ίjj G MJ such that

) < -.
J

We define the singular set S by

S= Γ| (yeMro;liminf / \Rgf
/2 dυgi > ε0

0<r<D. "- 3^°° J B ( )

for arbitrary {Vj}j^u ^s above >,
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where ε0 = εo(ft, Qifto) denotes a constant similar to ε0 in Proposition 3.9.
To prove Theorem 1.1, we first note the following.

Lemma 5.1. S is a finite set.

Proof. Take a small constant r > 0 and fix it. Then we can cover S by a
finite collection of metric balls {B2r{Xa)'^a € *5}αGr with respect to d^ such
that the collection {Br(xa)}a£r is disjoint. Since xa G 5, for j sufficiently
large there exists a point xaj 6 Mj such that

Br(xa}J) *

(5.3) doo(xa,φj(xaJ)) < - for a € Γ,
j

(5.4) Bε(xaj)nBn(xbJ) = φ fora^b.

It follows from (5.2)-(5.4) that

(5.5)

" 1
< 2 ε 0

Since 2Λχε^1 is independent of r, letting r —> 0 in (5.5), we then obtain

#(«S) < 2Λ1εό1.

This completes the proof of Lemma 5.1. D

Next we give a proof of (2°.2) - (2°.4). Fix a point y e M^S.

Lemma 5.2. There exist r satisfying 0 < r < \d^(y^S)j a point %• £ Mj
for each j and a positive constant r0 = ro(n, g, μ0, Λ2, r) such that

(5.6) 7 t f ( * ) > r o > O for x G Br(Vj) C Mj}

where ΊH{%) = min {r//(x),dist!?i(α:, dBr(yj))} and rH(x) denotes the
jji,nqi{n-2q) harmonic radius at x.

Proof. Taking a subsequence if necessary, we can find r satisfying 0 < r <r

|̂ cx)(y?<5) and yj 6 Mj for each j such that doo{y^ψj{yj)) < j and

(5.7) / \R9j\
n/2dυgj < εo for all j .
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Using (2.4), (5.7) and fM \VA9j\
qdvgj < Λ2 in Proposition 3.9, then gives

(5.8) ΊH{%) > co ' vδ(x) for x G Br(yj) and all j ,

where c0 = co(n,q, μo,δ,A2,C) and ι/δ(x) = min {vδ(x),distgj(x,dBr(yj))}.

Now set δ = (5 2 n " 2 ) - n / 2 ( ^ ^ ) n / 2 μ o / 2 > 0. It then follows from (2.5) and

(5.8) that

ΊH{X) > ô > 0 for x G Br(yj) and all j .

This completes the proof of Lemma 5.2. D

By (5.6), for each j there exist harmonic coordinates Uj : Bro(yj) —> R n

with Uj{Bro(yj)) D B2p - {x G R n; \x\ < 2ρ) for some p > 0 independent of
j , such that the metric components of gj satisfy (3.1) and (3.2) for p — ^^-
and a — 4 — - ( = β > 0). Now (^ o U~1\BP is a (4)-Hausdorff approximation
from (Bp,jj) to a neighborhood of y in M^ equipped with d^, where 7̂- =
(U~1)* gj. From (3.1) and (3.2), taking a subsequence if necessary, there
exists a C ^ Π [J2,nq/(n-2q) m e t r i c ^ ^ o n £^ ^ ^ ^ ^ ^ φ. o C/j"1!^ converges
to an isometry Hy : (β p ? 7y,oo) —> (Oy, d^), where Oy is also a neighborhood
of y. Moreover, for any y, z G Moo\<S, i ί j 1 o i ί y : {H~ι{Oy Π O z), 7y>oo) —^
(H~ι(Oy Π0 2 ),7 2 ; 0 O ) is also an isometry unless OyΓ\Oz = φ. Since each
metric 7 y o o is of class C^, then H~1oHy is of class C1 '^ unless OyΠθz = φ (cf.
[CH]). By Whitney's theorem, there exists a unique C°° structure on M^S
compatible with the Cλ>β structure {(#~\ Oy)}yeMoo\s- Thus {jy^jyeM^s
also gives a C13 metric g^ on MOQ\S compatible with d^.

For each xa G S = {xi, , #&}, let {^α,j}jGN be points same as in the
proof of Lemma 5.1. For each m G N, define the open subsets Dj(2~~m) in
M3 and Do o(2~m) in M^ by

D i (2" m ) = {x G Mj dist^ίx^αj) > 2~m for α = 1, ,fc}

and

D o o (2" m ) = {* G Moo rfoo^,^) > 2~m},

respectively. From (5.1) and (5.6), each Dj(2~m) is nonempty for m suffi-
ciently large. Also from (3.1), (5.6) and Vgj — 1, we have for all j

(5.9) 0 < c 1 < v o l ( D i ( 2 - m ) , ^ ) < l

for some constant C\ — C\{m) independent of j . Replace Ωt and ε in Theorem
3.4 by Dj(2-m-1) and 2~m" 1 respectively. It then follows from (5.6), (5.9)
and Theorem 3.4 that, for each m, there exist a subsequence {jm} C {j}, a
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C°° n-manifold ϊ>™ with Cβ Π Lnq^n~2^ metric g£ and an into diffeomor-

phism Fjm : V% —> Djm(3 2 — 2 ) with F i m(2>S) D D i m ( 5 2 — 2 ) for

each j m such that (Fjm)*gjm converges to g™ in the Cβ> topology for β' < β

and weakly in the L2>nq^n~2q^ topology on Z>™. Moreover we assume that

{jm+i} C {jm} for all m.

Now we remark that <pjmoFjrn : £>™ —> M^ converges to an into isometry

Gm : (2?S,flfS) —> (βoo(3 2 — 2 ) , ^ ) with G - ( P ^ ) 3 ^oo(5 - 2 — 2 ) for

each m. Take the diagonal sequence {jj} of {im}j,meN We shall rewrite the

index "jj" by u j " again. Then we obtain that, for each ra, there exists an

into diffeomorphism ΦJ1 = Fj o (G m )- 1 | £ > o o ( 5 .2—») : ^oo(5 2" m - 2 ) — ^ M^

for j sufficiently large such that (ΦJ*)*flfj converges to firoo in the C^' topology

for β' < β and weakly in the L2^^n~2^ topology on ^ ( 5 2 " m - 2 ) . We

also note that g^ is a L*£q^n~2q^ metric on Moo\S. Moreover, taking a

subsequence if necessary, we may assume that

lim So. = SQoo = const.,

then we obtain

0 < μ0 < S9oo < n(n - 1) vol(5 n ( l )) 2 / n .

For a compact subset K C Λfoo\<S, there exists m G N such that K C

Do^δ 2 " m - 2 ) . Thus we can take Φά = Φ ^ | κ as in (2° .3).

Finally we give a proof of (2°.5) and (2°.6). Fix a point xa e S. There

exists xaj e Mj such that d0O(φj(xaj))xa) < j . Since S is a finite set, we

can take p > 0 so that (B2p{xa)\{xa}) Γ)S = <f>. For each j , we define the

positive number TJ in (2°.5) by

rά= sup \Rg.\.
Bp(Xatj)

By the definition of <S,

(5.10) rά — ^ o o (j —xx>).

Moreover we may assume that \R9j\ takes a local maximum value r, at xaj.

We consider the new sequence of pointed Riemannian manifolds ( (Mj,^) ,

a?β|i), where gά = rάgά. From (2.1), (2.2), (2.5), (5.1), (5.10) and the condi-
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tions in Theorem 1.1, this sequence satisfies:

(5.11)

(5.12)

diam (M, , gj) = ,/r"diam(M,, gά) — ϊ oo (j —>• oo),

(5.13)

fί, = r f X = ' " / a —> oo ( j—•«>),
(5.14)

(5.15)

/ \R~gj\
nl2 dv-9j = ! \Rgf

/2 dvg
B j— {xa,j',gj) J Bp{xa>j\g3)

I.JB rrp(xa,j\gj)

(5.16)

= r i " 2 ? + n / 2 fB {χ \VA9, Γ dυa, —+ ° (i —̂  °°)>
(5.17)

V Λ 1 / D M . n ^ > (^.Orι(n λ\\~nl2(n 0\nl2

n

nf2

r

n

for x ζ Bc rr{xa}j]9j)} where c2 = c2(n) > 0. By using (5.11) and (5.17)

in Theorem 5.3 below due to Cheeger-Gromov-Taylor [CGT], then for any

R > 0, there exists j R £ N and r o (> 0) such that

(5.18) inj ( M j t § j )(x) > rQ > 0 for x G BR (xa,j]gj), J > JΛ

Theorem 5 3 Let Br(x) be a metric ball of radius r in a Riemannian
manifold (M,g) such that for r1 < r,Brι(x) is compact. Assume that on
Br(x),ω < Kg < K and r < -3= (r arbitrary if K < 0) for some constants
ω,κ. Let B^ be a geodesic ball of radius r in the simply-connected space
form of constant curvature ω. Then, for positive constants r 0 and s with
r0 + 2s < r and r0 < j , the following inequality holds

(x)>

rΛ. X

ί ' l + vo\{B?0+9)/vo\(B.(x)Y

It then follows from (5.11), (5.12), (5.18) and Theorem 3.5 that there ex-
ists a noncompact complete C°° pointed n-manifold (iVα, xa)OO) with C1)CΓ(0 <
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σ < 1) metric ha such that, taking a subsequence if necessary, ((M,-, ί̂  ), xaj)
converges to ((Nα, /ια), #α)OO) in the pointed Hausdorff distance. Moreover,
for each r > 0 there exists an into diffeomorphism Φ^ : Br(xa}OO)(c Na) —>•
Mj with xaj G tyj(Br(xa)OO)) for j sufficiently large such that (Φj )*tfj c o n ~
verges to ha in the C 1 > σ topology on Br(#α,oo) a i*d that Jim Φ ~ 1 ( x α j ) = £α,oo

On the other hand, by using (5.10), (5.11), (5.17) and the Bishop compar-
ison theorem [BC, Corollary 4, p. 245] in Theorem 3.7, then for any s(> n)
satisfying 1 — j > σ there exists Γχ(> 0) such that

rH{x) > rλ > 0 for

where rH{x) denotes the I,2 '5 harmonic radius at a? 6 Mj. In terms of each

harmonic coordinates in ΦJ 1 lBλ rr {χaj]9j)j^ by (5.11), (5.16), the Lp

estimates and the Sobolev inequality (cf. [GT]), then the components h(j)kl

of hj = (Φj)*gj,R(j)kl of Ric^ and VbA(j)ckl of VA^. satisfy

(5.19)

(5.20)

(5.21)

where C is independent of j . From (5.16) and (5.19)-(5.21), there exists
a L2'q symmetric tensor P of type (0,2) on 7Vα such that we obtain the
following.

(5.22) h(j)kl — > {ha)kl ( j — > o o )

in the C1>σ topology for σ < 1 - j and weakly in the X2)S topology, where

{ha)ki denote the components of ha.

(5.23)

weakly in the L2'q topology.

(5.24)

strongly in the Lq topology. It then follows from (5.22)-(5.24) that ha is a

weak ClΛ~nfs Π L2'5 solution and P a weak L2>q solution to the following
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equations

(5.25)

(5.26)

^ b + {d{ha) *dp)ki = [{dd{κ)+d{κ) *d{ha) + p) *p]fc"
Applying the elliptic regularity theory (cf. [Gi, GT]) to the equations (5.25)

and (5.26), we obtain ha is a C°° metric on Na, and then P = RicΛi>. From

(5.10), (5.11), (5.14), (5.15) and (5.17), we also note that Sha = 0 and

s u p | β Λ β | = l, 0 < / \Rha\
nl2dυ ha <

vo\(Br{x);ha) > (5 2n{n - l ))" n / 2 (n - 2)n^μnj2rn

for x £ Na and r > 0.

From the definition of A~gj and Holder's inequality, we note

(5.27)
2 ί

\Λgo I dvg3 < 2 / |Ric^. I \VA9j \ dυ~9j

/ \ (a—1)/<7 /

9j 9j \ JM

By using Holder's inequality and Vgj = 1 in / M | A 5 j |
9 d ^ < Λ2 and

max{l, f} , we may assume that

(5.28) —?— > J when n < 5.
y -L ^

From (5.11), (5.15), (5.16), (5.27) and (5.28), we then obtain for n < 5

(5.29) r
\JM3 )

< 2 r - 2 + n / 2 q A [ q - 1 ) / q A 1

2

/ q — + 0 ( j — > o o ) .

By (5.29), when n < 5 we have that Aha = 0, i.e., /ια is of harmonic curvature.

In particular, when n = 3 (Λfα, /ια) is conformally flat.
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The proof of (2°.6) follows from the lower semicontinuity of the curvature
integral. This completes the proof of Theorem 1.1. •
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