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Abstract:

We investigate the first hitting times to spheres of Brownian motions with

constant drifts. In the case when the Brownian motion starts from a point in R? except for the
origin, an explicit formula for the density function of the hitting time has been obtained. When
the starting point is the origin, we represent the density function by means of the density of the
hitting time of the Brownian motion without the drift.

Key words:

This article deals with the
first passage problem of a Brownian motion with a
constant drift. Let {B;},>, be a standard Brownian
motion on R? starting from a given point z € RY.
For a constant vector o € R? a Brownian motion
with a drift g, denoted by {ng}tzo, is defined as
BEQ) = B, + ot. For pe R and r > 0 let

1. Introduction.

7@ = inf{t > 0; |B§y)| =r},

which implies the first hitting time of {BEQ}BO to
the sphere S,,fl’l with radius r and centered at the
origin.

In this paper we will discuss the probability
density function of Tr(g)7 for which we write pﬁ‘g)(-; x)
in the case when d = 2. Explicit forms of pg.o)(-;x)
are obtained in [1,6,7] for |z| <r and in [4] for
|z| > 7, where |y| is the Euclidean distance between
y € R? and the origin. In the case o # 0, formulas
for p(rg)('; x) have been deduced for x # 0. One of the
formulas is given in [5, Theorem 1.1] and expressed
as an infinite sum of which each summand consists
of the modified Bessel functions, the Gegenbauer
polynomials and the densities p$°>(-; x). Other form
is represented in [11] by an integral involving the
Bessel functions. We should remark that a general
framework for discussing the distribution of the
hitting time is provided in [10].

One of our purposes of this paper is to give an
explicit form of p(f))(g 0) when ¢ # 0. For simplicity
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we use the notation p?(-) instead of pi?(-;0). We
obtain that p£«9> is represented by the density p£0>
and the modified Bessel function I, of the first kind

of order u. For convenience we put v =d/2 — 1.

Theorem 1.1. Letd 2 2 and o # 0. We have
that
2C(v+ 1) L(rlol) _ 2
pﬁg) (t) = V el t/2p£0)(t)
(rlol)
for any t > 0.

The idea of the proof is to represent the
Laplace transform of Tr@ as an integral with respect
to the distribution of (r,B;) by the Cameron-
Martin formula, which is similar to the calculation
used in [5]. Here the notation 7 has been used
instead of 7'7@ for simplicity. A proof of Theorem 1.1
will be given in the next section. We should mention
that the formula for pi?(£0) can not be simply
deduced by taking a limit of pﬁg) (t;x), given in
[5, Theorem 1.1], as x tends to 0 since the formula
for p'? (t;z) has terms which contain (o, x)/
(lo| - |x|), where (o, x) is the standard inner product
of p and z. In addition, we remark that the explicit
form of ps.o) is provided in the following way:

O -
r () = S T 1)

o0

(1.1)

j”-,’ﬂ —j2 . t/2r?
- € Y
=1 Jl/+1 (]V,n)
where J, is the Bessel function of the first kind of
order p and {j,,},, is the increasing sequence of
positive zeros of J, (cf. [1, Theorem 2]).
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Another purpose of this paper is to give the
asymptotic behavior of the tail probability of TT(Q)
for o # 0. The following theorem can be deduced
from (1.1) and Theorem 1.1.

Theorem 1.2. Letd =2 and o # 0. We have
that
21, e 1
Pr@ 5 ) = 22D i .
(T|Q|) Jl/+1(]u,1) -712/,1 + 7‘2|Q|
% 6—(1‘3_1+7‘2\9|2)t/27"2(1 + o[1])
ast — oo.

We will prove the theorem in Section 3.

2. The density function. In this section we
give a proof of Theorem 1.1 with the help of the
Laplace transform of Tr@). When z # 0, the Laplace
transform of 7.9 is represented in [5, p. 5391]. In the

same way we can deduce that
Ele"] = Ble~ O+l D@80 1~ ]

for z = 0 and the right-hand side is equal to
(2.1) /oo / l e*(A+\Q\2/2)t+<g,y>p(7- € dt, B, € dy).
0 JR

We omit the detailed calculation. It is known that
P(r£t,B, € A)=P(r S t)o.(A)

for t =0 and a Borel set A in S?! where the
notation o, has been used to denote the uniform
distribution on S?~1 (cf. [8, p. 27]). This implies that
(2.1) can be represented by

(2.2) / " Ol /200) (1) gy /

0 Si-1

eley) do,(y).

Hence it is sufficient to calculate the integral on y in
(2.2). We have that

(2.3) / e<“’>da,.(y):/ er<g,1>dgl(y>_
Sa-1 st

Let w = (1,0,...,0) € RY. We take an orthogonal
matrix T of order d such that T'¢ = |o|w. Since oy is
preserved under orthogonal linear transformations
on R, the right-hand side of (2.3) is equal to

/ et dr (y)
si-1

_ / 1) g, ().
si1

It is easy to see that, if d = 3, the right-hand side of
(2.4) coincides with the product of the following two
integrals:

(2.4)
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(2.5) / ereleostigind=2 9, dg, ,

0

1 ™ s
—_— dfy - - - df,_
Sd71/o 2 /o -

2w
X / dfy_1sin?> 0y - -sin o,
0

(2.6)

where S;_; is used for the surface area of Sf’l. We
can find that (2.5) coincides with

v?<ﬁay}<v+%)LUM)

in [3,p. 491] and it is obvious that the integral in
(2.6) is equal to Sy_5. By the well-known formula
Spo1 =272 /(m/2) for each m =2, we obtain
that the right-hand side of (2.4) and also (2.3) are
equal to

1,(rlo|)
(rlo)”

This yields that (2.2), which is the Laplace trans-
form of 7+, can be expressed by

o ) av I,,(T|g|)
| {2F“+1)wmr

« e-left/z,0 (t)} dt

2I'(v+1)

(2.7)

in the case d 2 3.

Note that v = 0 if d = 2. The calculation in the
two dimensional case is easy. Indeed, we have that
the right-hand side of (2.4) is

1 o rlo|cos® jn9 1/7T rlo|cos g

— e do == [ e"%s%dg = Iy(r|o|)

21 0 ™Jo
(cf. [3, p. 491]). This implies that (2.2) has the same
form as (2.7) for v = 0.

We complete the proof of Theorem 1.1.

3. Asymptotics of the tail probability.
This section is devoted to showing Theorem 1.2.
Theorem 1.1 gives that

*© () — 2 (y 1,(r|ol)
(3.1) /0 PO = 2T+ 1)

x/ngW%wamt
0
In addition, it is known that

006_/\#/ (0) _ (rv2))"
/0 P (D)t 2vI'(v + 1)1, (rv2X)
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for A > 0 (cf. [2,6]). Thus we immediately conclude
that the right-hand side of (3.1) is equal to 1, which
implies that P(7 @< oo) = 1. By Theorem 1.1 and
(1.1) we have that P(’Tr > 1) is equal to

I,(rlel) /°° S
7‘]/+2|Q‘V n—1 Ju-‘rl(]u,n)

(20202 2
w e~ (Tlol™+30,)s/2r* go

(3.2)

In order to prove Theorem 1.2, we should justify
changing the order of summation and integration

n (3.2).
It is well-known that
(3.3) Jun = mn + O[1]

for large n (cf. [9,p. 506]). Moreover, combining
(3.3) and the asymptotic behavior of the Bessel
function of the first kind (cf. [9,p. 199]), we can

obtain that
1
vai+of))
n

asn — oo (cf. [7,p. 318]). It is easy to show by (3.3)
and (3.4) that

o _ V2(mn)" (1 4 O[1 /)"
JoitGom) (=1 r/n(1 + O[1/n])
= (—1)7L+1\/§7r”n”+% (1 +0 [%] ) ;

which implies that there exists a constant C such
that

(_1)n+171_

(3~4) Jwrl(jl/.,n) = T

+1
‘7,’17” < COpvti/2?
Jur1 (Jv.,n)

(3.5)

for each n =2 1. Hence we deduce from (3.3) and

(3.5) that
>

converges for each t > 0. We can change the order
of the summation and the integral in (3.2) and thus
it follows that P(T7§Q> > t) is equal to

Iy [e') o0 +1
(T|QD Z/ -]Vn e
— Jt JV+1(.7V,n)

42| of” £

v+1
]I/ n

u+1 Jun

o~ (Plo42,)5/2 g g

2, .
(el +3%0)s/2% g g
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_ 2L(r]el) & Jon
el 4= T (o) (72, + 720l
x e~ (el +i)t/2r?

Using (3.5) again, we obtain the claim of Theo-
rem 1.2.
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