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Abstract: In this article, for irreducible admissible infinite-dimensional representations �

and �0 of GLð2;CÞ, we show that the local L-factor Lðs;�� �0Þ can be expressed as some local

zeta integral for GLð2;CÞ �GLð2;CÞ.
Key words: Whittaker functions; automorphic forms; zeta integrals.

1. Introduction. Let F ¼ R or C. Let �

and �0 be irreducible admissible infinite-dimen-

sional representations of GLð2; F Þ. We consider

here the local zeta integral Zðs;W;W 0; fÞ for

GLð2; F Þ �GLð2; F Þ, which is defined from

Whittaker functions W for ð�;  Þ, W 0 for ð�0;  �1Þ
and a standard Schwartz function f on F 2 with the

standard character  of F . In Theorems 17.2 (3)

(for F ¼ R) and 18.1 (3) (for F ¼ C) of the lecture

note [Ja], Jacquet asserts only that the associated

local L-factor Lðs;���0Þ can be expressed as a

finite sum of the local zeta integrals for GLð2; F Þ �
GLð2; F Þ, that is,

Xm
i¼1

Zðs;Wi;W
0
i ; fiÞ ¼ Lðs;�� �0Þ

with some Wi, W
0
i and fi. However, in the proof of

Theorem 17.2 of [Ja], he shows a stronger result for

F ¼ R. He gives Whittaker functions W0, W
0
0 and a

standard Schwartz function f0 satisfying

Zðs;W0;W
0
0; f0Þ ¼ Lðs;�� �0Þð1:1Þ

for F ¼ R, explicitly. (See Proposition 2.5.2 in [Zh]

for the case omitted in [Ja].) On the other hand, the

proof of Theorem 18.1 in [Ja] is written with the

modified zeta integrals defined from vector valued

functions, and it is not clear whether the stronger

assertion (1.1) for F ¼ C is true or not. In this

article, we give Whittaker functions W0, W 0
0 and a

standard Schwartz function f0 satisfying (1.1) for

F ¼ C, explicitly, rewriting Jacquet’s calculation

in [Ja] using Schur’s orthogonality and explicit

formulas of Whittaker functions.

2. Whittaker functions on GLð2;CÞ. Let

G ¼ GLð2;CÞ be the complex general linear group

of degree 2, and we fix an Iwasawa decomposition

G ¼ NAK with

N ¼
1 x

0 1

� � ���� x 2 C

� �
;

A ¼ fdiagðy1y2; y2Þ j y1; y2 2 Rþg
and the unitary group K ¼ Uð2Þ of degree 2. Here

Rþ is the set of positive real numbers. We denote

by gC the complexification g�R C of the associated

Lie algebra g of G.

For c 2 C�, we define a character  c of C by

 cðxÞ ¼ e2�
ffiffiffiffiffi
�1
p

ðcxþcxÞ ðx 2 CÞ;
and let C1ðNnG; cÞ be the space of smooth

functions f on G satisfying

f
1 x

0 1

� �
g

� �
¼  cðxÞfðgÞ ðx 2 C; g 2 GÞ;

on which G acts by the right translation. Here we

note that there is a G-isomorphism

�c:C
1ðNnG; 1Þ ! C1ðNnG; cÞ;ð2:1Þ

defined by �cðfÞðgÞ ¼ fðdiagðc; 1Þ gÞ (g 2 G).

Let ð�; H�Þ be an irreducible admissible infin-

ite-dimensional representation of G. We denote by

H�;K the subspace of H� consisting of all K-finite

vectors. We define the space I�; c of homomor-

phisms �:H�;K ! C1ðNnG; cÞK of ðgC; KÞ-mod-

ules such that �ðfÞ is of moderate growth for any

f 2 H�;K . Theorem 6.3 in [JL] tells that the space

I�; c is one dimensional. We define the space

Wð�;  cÞ of Whittaker functions for ð�;  cÞ by

Wð�;  cÞ ¼ f�ðfÞ j f 2 H�;K; � 2 I�; cg:
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3. Irreducible representations of K. Let

� be the set f� ¼ ð�1; �2Þ 2 Z2 j �1 � �2g of domi-

nant weights. Let V� be the C-vector space of degree

ð�1 � �2Þ homogeneous polynomials in z1, z2, for

� ¼ ð�1; �2Þ 2 �. The group K acts on V� by

��ðkÞpðz1; z2Þ ¼ detðkÞ�2pððz1; z2ÞkÞ

for k 2 K and pðz1; z2Þ 2 V�. Then the representa-

tions ð��; V�Þ (� 2 �) of K are irreducible, and

exhaust the equivalence classes of irreducible rep-

resentations of K.

Let � ¼ ð�1; �2Þ 2 �. We define fv�qg
�1��2

q¼0 as a

basis of V� by v�q ¼ z
�1��2�q
1 zq2. We set

~� ¼ ð��2;��1Þ:

Then there is a K-invariant C-bilinear pairing h�; �i
on V ~� �C V�, which is determined by

hv~�
~q ; v

�
q i ¼ ð�1Þ�1�q �1 � �2

q

� ��1

and hv~�
r ; v

�
q i ¼ 0 (r 6¼ ~q) with ~q ¼ �1 � �2 � q. Here

we denote by
n

i

� 	
the binomial coefficient

n!

i!ðn� iÞ!
for n; i 2 Z such that n � i � 0.

4. Principal series representations. For

� ¼ ð�1; �2Þ 2 C2 and d ¼ ðd1; d2Þ 2 Z2, let H1ð�;dÞ be

the space of smooth functions f on G such that, for

t1; t2 2 C�, x 2 C and g 2 G,

f
t1 x

0 t2

� �
g

� �
¼

t1

jt1j

� �d1 t2

jt2j

� �d2

� jt1j2�1þ1 jt2j2�2�1fðgÞ:
The group G acts on H1ð�;dÞ by the right translation

ð�ð�;dÞðgÞfÞðhÞ ¼ fðhgÞ ðg; h 2 G; f 2 H1ð�;dÞÞ:

Let ð�ð�;dÞ; Hð�;dÞÞ be a Hilbert representation of G,

which is the completion of ð�ð�;dÞ; H1ð�;dÞÞ relative to

the L2-inner product on K with respect to the Haar

measure. We call ð�ð�;dÞ; Hð�;dÞÞ a principal series

representation of G.

Theorem 6.2 in [JL] tells that any irreducible

admissible infinite-dimensional representation of G

is isomorphic to some irreducible principal series

representation of G as ðgC; KÞ-modules. Moreover,

when �ð�;dÞ is irreducible, we may assume d 2 �

without loss of generalities, since

Hð�;dÞ;K ’ Hðð�2;�1Þ;ðd2;d1ÞÞ;Kð4:1Þ

as ðgC; KÞ-modules. Here Hð�;dÞ;K is the subspace of

Hð�;dÞ consisting of all K-finite vectors. From

Lemma 6.1 (ii) in [JL], we obtain the following

Proposition 4.1. As K-modules,

Hð�;dÞ;K ’
M1
m¼0

Vðd1þm;d2�mÞ

holds for � ¼ ð�1; �2Þ 2 C2 and d ¼ ðd1; d2Þ 2 �.

5. Explicit formulas of Whittaker func-

tions. For s 2 C and i 2 Z�0, we set

ðsÞi ¼
�ðsþ iÞ

�ðsÞ
¼ sðsþ 1Þ � � � ðsþ i� 1Þ;

�CðsÞ ¼ 2ð2�Þ�s�ðsÞ
as usual, where �ðsÞ is the Gamma function and Z�0

is the set of non-negative integers. For a1; a2 2 C,

we define a function Kða1; a2Þ on Rþ by

Kða1; a2Þðy1Þ ¼ 8ya1þa2

1 Ka1�a2
ð4�y1Þ

¼
1

2�
ffiffiffiffiffiffiffi
�1
p

Z �þ
ffiffiffiffiffi
�1
p

1

��
ffiffiffiffiffi
�1
p

1
�Cðsþ a1Þ�Cðsþ a2Þy�2s

1 ds

for y1 2 Rþ. Here K�ðzÞ is the modified Bessel

function of the second kind (§17.71 in [WW], (6.5)

in [Bu]), and � is a real number such that

� > maxf�Reða1Þ;�Reða2Þg:

Let ð�ð�;dÞ; Hð�;dÞÞ be an irreducible principal

series representation with � ¼ ð�1; �2Þ 2 C2, d ¼
ðd1; d2Þ 2 �. Let c 2 C�. Let m 2 Z�0 and we set

� ¼ ð�1; �2Þ ¼ ðd1 þm; d2 �mÞ. By Proposition 4.1,

there is a non-zero K-homomorphism �:V� !
Wð�ð�;dÞ;  cÞ, which is unique up to scalar multiple.

For g 2 G with the Iwasawa decomposition

g ¼
1 x

0 1

� �
y1y2 0

0 y2

� �
k

y1; y2 2 Rþ;

x 2 C; k 2 K

� �

and v 2 V�, we have

�ðvÞðgÞ ¼  cðxÞy2�1þ2�2

2 �ð��ðkÞvÞðdiagðy1; 1ÞÞ:

Hence we note that � is characterized by the func-

tions �ðv�q Þðdiagðy1; 1ÞÞ (0 � q � �1 � �2) on Rþ. We

will give explicit formulas of these functions.

Because of (2.1), it suffices to consider the case

of c ¼ 1. We set c ¼ 1 and

’qðy1Þ ¼
�ðv�q Þðdiagðy1; 1ÞÞ
ð
ffiffiffiffiffiffiffi
�1
p

Þ�1�qy1

ð0 � q � �1 � �2Þ:

Translating Eq. (15) and Eq. (16) in [Po] into our

notation, for 0 � q � �1 � �2, we have

fð@1 � 2�1 �mþ qÞð@1 � 2�2 þm� ~qÞð5:1Þ
� ð4�y1Þ2g’q ¼ �8�qy1’q�1;
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fð@1 � 2�1 þm� qÞð@1 � 2�2 �mþ ~qÞð5:2Þ
� ð4�y1Þ2g’q ¼ �8�~qy1’qþ1

with ~q ¼ �1 � �2 � q and @1 ¼ y1
d

dy1
. Here we set

’q ¼ 0 if q < 0 or q > �1 � �2.

Since the functions ’q ð0 � q � �1 � �2Þ are

determined from ’0 by the equation (5.2), we note

that � 6¼ 0 implies ’0 6¼ 0. Taking q ¼ 0 in the

equation (5.1) and comparing with the Bessel

differential equation, Popa shows that ’0 is a non-

zero constant multiple of K


�1 þ m

2 ; �2 þ �1��2�m
2

�
in [Po].

If we assume ’0 ¼ K


�1 þ m

2 ; �2 þ �1��2�m
2

�
, we

obtain the formula

’q ¼
Xminfq;mg

i¼0

q

i

� � ð�mÞi 
� �1 þ �2 � �1��2

2

�
i

ð2�Þi ð��1 þ �2Þi
�K



�1 þ qþm

2 � i; �2 þ ~q�m
2

�
for 0 � q � �1 � �2, recursively, by (5.2) with

1

8�y1
fð@1 � 2b1Þð@1 � 2b2Þ � ð4�y1Þ2gKða1; a2Þðy1Þ

¼ ðb1 þ b2 � a1 � a2ÞK


a1 þ 1

2
; a2 � 1

2

�
ðy1Þ

þ ð2�Þ�1ðb1 � a1Þðb2 � a1ÞK


a1 � 1

2; a2 � 1
2

�
ðy1Þ

for a1; a2; b1; b2 2 C and y1 2 Rþ. From the above

arguments, we obtain the following proposition.

Proposition 5.1. Let ð�ð�;dÞ; Hð�;dÞÞ be an

irreducible principal series representation of G

with � ¼ ð�1; �2Þ 2 C2, d ¼ ðd1; d2Þ 2 �. Let c 2 C�

and m 2 Z�0. Set � ¼ ð�1; �2Þ ¼ ðd1 þm; d2 �mÞ.
There is a K-homomorphism �

ðcÞ
½�;d;m�:V� !Wð�ð�;dÞ;

 cÞ such that, for y1 2 Rþ and 0 � q � �1 � �2,

c
ffiffiffiffiffiffiffi
�1
p

jcj

 !��1þq

y�1
1 �

ðcÞ
½�;d;m�ðv

�
q Þðdiagðy1; 1ÞÞ

¼
Xminfq;mg

i¼0

q

i

� � ð�mÞi
��1 þ �2 � �1��2

2

�
i

ð2�Þi ð��1 þ �2Þi
ð5:3Þ

�K


�1 þ qþm

2 � i; �2 þ ~q�m
2

�
ðjcjy1Þ

¼
Xminf~q;mg

i¼0

~q

i

� � ð�mÞi
��2 þ �1 � �1��2

2

�
i

ð2�Þi ð��1 þ �2Þi
ð5:4Þ

�K


�2 þ ~qþm

2
� i; �1 þ q�m

2

�
ðjcjy1Þ

with ~q ¼ �1 � �2 � q.
Here the second expression (5.4) is derived

from the formula (7.4.4.1 in [PBM])

3F2

a1; a2; �m
b1; b2

; 1

� �
¼
ðb1 þ b2 � a1 � a2Þm

ðb1Þm

� 3F2

b2 � a1; b2 � a2; �m
b1 þ b2 � a1 � a2; b2

; 1

� �
ðm is a non-negative integerÞ

of the generalized hypergeometric series (the both

sides of this equality are rational functions of a1, a2,

b1, b2), and the expression

c
ffiffiffiffiffiffiffi
�1
p

jcj

 !��1þq

y�1
1 �

ðcÞ
½�;d;m�ðv

�
q Þðdiagðy1; 1ÞÞ

¼
1

2�
ffiffiffiffiffiffiffi
�1
p

Z �þ
ffiffiffiffiffi
�1
p

1

��
ffiffiffiffiffi
�1
p

1
ðjcjy1Þ�2s

� 3F2

��1 þ �2 � �1��2

2 ; �q; �m
1� s� �1 � qþm

2
; ��1 þ �2

; 1

 !

� �C



sþ �1 þ qþm

2

�
�C



sþ �2 þ ~q�m

2

�
ds

obtained from (5.3).

Remark 5.2. From the explicit formulas of

�
ðcÞ
½�;d;m�ðv�q Þðdiagðy1; 1ÞÞ in Proposition 5.1, we have

c
ffiffiffiffiffiffiffi
�1
p

jcj

 !��1þq

y�1
1 �

ðcÞ
½�;d;m�ðv

�
q Þðdiagðy1; 1ÞÞ

¼
K


�1 þ q

2
; �2 þ ~q

2

�
ðjcjy1Þ if m ¼ 0;

K


�1 þ m

2 ; �2 þ �1��2�m
2

�
ðjcjy1Þ if q ¼ 0;

K


�1 þ �1��2�m

2 ; �2 þ m
2

�
ðjcjy1Þ if ~q ¼ 0:

8>><
>>:

6. The local zeta integrals for G�G.

Let SðC2Þ be the space of Schwartz functions on

C2. Let SðC2Þstd be the subspace of SðC2Þ consisting

of all functions f of the form

fðz1; z2Þ ¼ pðz1; z2; z1; z2Þe�2�ðjz1j2þjz2j2Þð6:1Þ
for z1; z2 2 C, with polynomial functions p on C4.

We call functions in SðC2Þstd standard Schwartz

functions on C2.

Let ð�ð�;dÞ; Hð�;dÞÞ and ð�ð�0;d0Þ; Hð�0;d0ÞÞ be irre-

ducible principal series representations of G with

� ¼ ð�1; �2Þ 2 C2, d ¼ ðd1; d2Þ 2 �, �0 ¼ ð�01; �02Þ 2 C2

and d0 ¼ ðd01; d02Þ 2 �. From the Langlands parame-

ters of �ð�;dÞ and �ð�0;d0Þ, we define the local L-factor

Lðs;�ð�;dÞ � �ð�0;d0ÞÞ by

Lðs;�ð�;dÞ ��ð�0;d0ÞÞ

¼
Y

1�i;j�2

�C

�
sþ �i þ �0j þ

jdiþd0jj
2

	
:

For W 2Wð�ð�;dÞ;  "Þ, W 0 2Wð�ð�0;d0Þ;  �"Þ (" 2
f	1g) and f 2 SðC2Þ, we define the local zeta

integral Zðs;W;W 0; fÞ for G�G by
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Zðs;W;W 0; fÞ

¼
Z
NnG

W ðgÞW 0ðgÞfðð0; 1ÞgÞj det gj2s d _g;

where d _g is the right invariant measure on NnG.

In this article, we normalize d _g so that, for any

compactly supported continuous function F on

NnG,Z
NnG

F ðgÞ d _g ¼
Z 1

0

Z 1
0

Z
K

F ðykÞ dk
� �

dy1

y3
1

dy2

y2

with y ¼ diagðy1y2; y2Þ 2 A and dk is the Haar

measure on K such that
R
K dk ¼ 1. The local zeta

integral Zðs;W;W 0; fÞ converges for ReðsÞ 
 0.

The group K acts on SðC2Þstd by

ð�ðkÞfÞðz1; z2Þ ¼ fððz1; z2ÞkÞ

for k 2 K and f 2 SðC2Þstd. For non-negative inte-

gers l, r, let SðC2Þstdl;r be the subspace of SðC2Þstd
consisting of all functions of the form (6.1) with

polynomial functions pðw1; w2; w3; w4Þ which are

degree l homogeneous with respect to w1; w2, and

degree r homogeneous with respect to w3; w4. Then

it is easy to see that SðC2Þstd ¼
L

l;r�0 SðC2Þstdl;r and

SðC2Þstdl;r ’ Vðl;0Þ �C Vð0;�rÞ:ð6:2Þ

For n ¼ ðn1; n2; n3; n4Þ 2 ðZ�0Þ4, we define a func-

tion fn ¼ fðn1;n2;n3;n4Þ on C2 by

fnðz1; z2Þ ¼ zn1

1 z
n2

2 z1
n3z2

n4e�2�ðjz1j2þjz2j2Þ:

Then we note that fðn1;n2;n3;n4Þ 2 SðC2Þstdn1þn2;n3þn4
.

Let " 2 f	1g. We take K-homomorphisms

�
ð"Þ
½�;d;m� and �

ð�"Þ
½�0;d0;m0� as in Proposition 5.1. Let m

and m0 be non-negative integers. Set

� ¼ ð�1; �2Þ ¼ ðd1 þm; d2 �mÞ;
�0 ¼ ð�01; �02Þ ¼ ðd01 þm0; d02 �m0Þ:

For each s 2 C such that ReðsÞ 
 0, we note that

v� v0 � f 7! Zðs; �ð"Þ½�;d;m�ðvÞ; �
ð�"Þ
½�0;d0;m0�ðv

0Þ; fÞ

defines a K-homomorphism from the tensor product

V� �C V�0 �C SðC2Þstdl;r to Vð0;0Þ ¼ C, and this homo-

morphism vanishes unless

HomKðV� �C V�0 �C SðC2Þstdl;r ; Vð0;0ÞÞ 6¼ f0g:ð6:3Þ

By (6.2) and the decomposition law

V� �C V�0 ’
Mminf�1��2;�

0
1��02g

i¼0

V�þ�0þð�i;iÞ

of K-modules for � ¼ ð�1; �2Þ; �0 ¼ ð�01; �02Þ 2 �, we

know that (6.3) holds if and only if the non-negative

integers m, m0, l and r satisfy

�1 þ �01 � 0 � �2 þ �02;ð6:4Þ
r ¼ �1 þ �01 þ �2 þ �02 þ l;ð6:5Þ
l � maxf��1 � �02;��2 � �01g:ð6:6Þ

The inequality (6.4) implies that mþm0 � m0 with

m0 ¼ maxf0;�d1 � d01; d2 þ d02g:ð6:7Þ

Assume m ¼ m0 and m0 ¼ 0. Then the smallest

non-negative integers l, r satisfying (6.5) and (6.6)

are given by l ¼ l1 þ l2 and r ¼ r1 þ r2 with

li ¼ ��i � d03�i; ri ¼ 0 if �i þ d03�i � 0;

li ¼ 0; ri ¼ �i þ d03�i if �i þ d03�i � 0:

�
ð6:8Þ

Theorem 6.1. Retain the notation. Then

Zðs;W0;W
0
0; f0Þ ¼ Lðs;�ð�;dÞ � �ð�0;d0ÞÞð6:9Þ

holds for s 2 C such that ReðsÞ 
 0, where

W0 ¼ �ð"Þ½�;d;m0�ðv
�
0Þ; W 0

0 ¼ �
ð�"Þ
½�0;d0;0�ðv

d0

d0
1
�d0

2
Þ;

f0 ¼ ð�1Þd
0
2

4ð�1 þ d01 þ l1 þ l2 þ 1Þ!
ð�1 � �2Þ!ðd01 � d02Þ!

� ð�1 þ d01 � r1 � r2Þ! fðl1;l2;r1;r2Þ:

7. The proof of Theorem 6.1. First, we

prepare two lemmas.

Lemma 7.1. (i) Let a1; a2; b1; b2 2 C. Then

for s 2 C such that ReðsÞ 
 0, it holds thatZ 1
0

Kða1; a2Þðy1ÞKðb1; b2Þðy1Þy2s
1

dy1

y1

¼
�Cðsþ a1 þ b1Þ�Cðsþ a1 þ b2Þ

�Cð2sþ a1 þ a2 þ b1 þ b2Þ
� �Cðsþ a2 þ b1Þ�Cðsþ a2 þ b2Þ:

(ii) For s 2 C such that ReðsÞ > 0, it holds thatZ 1
0

e�2�t2t2s
dt

t
¼ 1

4
�CðsÞ:

(iii) For z1; z2 2 C, n 2 Z�0 such that Reðz1Þ > 0,

Reðz2Þ > n, it holds thatXn
j¼0

�Cðz1 þ jÞ�Cðz2 � jÞ
j!ðn� jÞ!

¼ �Cðz1Þ�Cðz1 þ z2Þ�Cðz2 � nÞ
n!�Cðz1 þ z2 � nÞ

:

Proof. The statement (i) is derived from

Barnes’ lemma (§14.52 in [WW]) and the Mellin

inversion formula (see for example, §1.5 in [Bu]).

The statement (ii) is immediately follows from
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Euler’s integral form of the Gamma function. The

statement (iii) is derived from the formula of the

value of the Gaussian hypergeometric series at 1

(§14.11 in [WW]). �

Lemma 7.2. Let y ¼ diagðy1y2; y2Þ 2 A. For

� ¼ ð�1; �2Þ, �0 ¼ ð�01; �02Þ 2 �, 0 � q � �1 � �2, 0 �
q0 � �01 � �02 and n ¼ ðn1; n2; n3; n4Þ 2 ðZ�0Þ4, the

integralZ
K

hv ~�
~q ; ��ðkÞv�0ihv

~�0
~q0 ; ��0 ðkÞv�

0

�0
1
��0

2
ifnðð0; 1ÞykÞdk

is equal to

ð�1Þn1þn3�qðq þ n1Þ!ðq0 þ n2Þ!
ð�1 þ �01 þ n1 þ n2 þ 1Þ! yn1þn2þn3þn4

2 e�2�y2
2

if �1 þ �02 þ n1 � n3 ¼ �2 þ �01 þ n2 � n4 ¼ �1 þ
�01 � q � q0 ¼ 0, and is equal to 0 if otherwise. Here

we set ~q ¼ �1 � �2 � q and ~q0 ¼ �01 � �02 � q0.
Proof. By direct computation, we have

hv ~�
~q ; ��ðkÞv�0i ¼ ð�1Þ�1�qðdet kÞ�2k~q

11k
q
21;

hv ~�0
~q0 ; ��0 ðkÞv�

0

�0
1
��0

2
i ¼ ð�1Þ�

0
1�q0 ðdet kÞ�

0
2k~q0

12k
q0

22;

fnðð0; 1ÞykÞ ¼ ð�1Þn3ðdet kÞ�n3�n4kn1

21k
n2

22k
n3

12k
n4

11

� yn1þn2þn3þn4

2 e�2�y2
2

for k ¼ k11 k12

k21 k22

� �
2 K. Hence, we have

Z
K

hv ~�
~q ; ��ðkÞv�0ihv

~�0
~q0 ; ��0 ðkÞv�

0

�0
1
��0

2
ifnðð0; 1ÞykÞdk

¼ ð�1Þn3yn1þn2þn3þn4

2 e�2�y2
2

�
Z
K

hv ~�þðn4;�n1Þ
~qþn4

; ��þðn1;�n4ÞðkÞv
�þðn1;�n4Þ
0 i

� hv ~�0þðn3;�n2Þ
~q0þn3

; ��0þðn2;�n3ÞðkÞv
�0þðn2;�n3Þ
�0

1
��0

2
þn2þn3

idk:

Applying Schur’s orthogonality relations (Proposi-

tion 4.4 in [BD])Z
K

hw; ��ðkÞvihw0; ��0 ðkÞv0i dk

¼
hv; v0ihw;w0i
�1 � �2 þ 1

if ~� ¼ �0;

0 otherwise

8<
:
� ¼ ð�1; �2Þ 2 �; w 2 V~�; v 2 V�;
�0 ¼ ð�01; �02Þ 2 �; w0 2 V ~�0 ; v0 2 V�0

 !

to the right-hand side of this equality, we obtain the

assertion. �

Let us prove Theorem 6.1. Let " 2 f	1g. Let

ð�ð�;dÞ; Hð�;dÞÞ and ð�ð�0;d0Þ; Hð�0;d0ÞÞ be irreducible

principal series representations of G with � ¼
ð�1; �2Þ 2 C2, d ¼ ðd1; d2Þ 2 �, �0 ¼ ð�01; �02Þ 2 C2

and d0 ¼ ðd01; d02Þ 2 �. Let m0 be the integer defined

by (6.7), and put � ¼ ð�1; �2Þ ¼ ðd1 þm0; d2 �m0Þ.
Let l1, l2, r1 and r2 be the integers defined by (6.8).

In order to simplify the notation, hereafter, we set

� ¼ �ð"Þ½�;d;m0�; �0 ¼ �ð�"Þ½�0;d0;0�; f ¼ fðl1;l2;r1;r2Þ:

For s 2 C such that ReðsÞ 
 0, we have

Zðs; �ðv�0Þ; �0ðvd
0

d0
1
�d0

2
Þ; fÞ

¼
Z
NnG

�ðv�0ÞðgÞ�0ðvd
0

d0
1
�d0

2
ÞðgÞfðð0; 1ÞgÞj det gj2s d _g

¼
Z 1

0

Z 1
0

�Z
K

�ð��ðkÞv�0ÞðyÞ�0ð�d0 ðkÞvd
0

d0
1
�d0

2
ÞðyÞ

� fðð0; 1ÞykÞ dk
�
y2s

1 y
4s
2

dy1

y3
1

dy2

y2

with y ¼ diagðy1y2; y2Þ 2 A. Since

��ðkÞv�0 ¼
X�1��2

q¼0

ð�1Þ�1�q �1 � �2

q

� �
hv ~�

~q ; ��ðkÞv�0iv�q ;

�d0 ðkÞvd
0

d0
1
�d0

2
¼
Xd01�d02
q0¼0

ð�1Þd
0
1�q0 d01 � d02

q0

� �

� hv~d0
~q0 ; �d0 ðkÞvd

0

d0
1
�d0

2
ivd0q0

with ~q ¼ �1 � �2 � q and ~q0 ¼ d01 � d02 � q0, we have

Zðs; �ðv�0Þ; �0ðvd
0

d0
1
�d0

2
Þ; fÞ

¼
X�1��2

q¼0

Xd01�d02
q0¼0

ð�1Þ�1þd01�q�q0 �1 � �2

q

� �
d01 � d02
q0

� �

�
Z 1

0

Z 1
0

�Z
K

hv ~�
~q ; ��ðkÞv�0i hv

~d0
~q0 ; �d0 ðkÞvd

0

d0
1
�d0

2
i

� fðð0; 1ÞykÞ dk
�
�ðv�q ÞðyÞ�0ðvd

0

q0 ÞðyÞy2s
1 y

4s
2

dy1

y3
1

dy2

y2
:

Applying Lemma 7.2 and Lemma 7.1 (ii), succes-

sively, we find that

Zðs; �ðv�0Þ; �0ðvd
0

d0
1
�d0

2
Þ; fÞ

¼
�C



2sþ �1 þ �2 þ �01 þ �02 þ l1þl2þr1þr2

2

�
4ð�1 þ d01 þ l1 þ l2 þ 1Þ!

�
X�1þd01�r2

q¼r1

ð�1Þ�1þd02�qð�1 � �2Þ!ðd01 � d02Þ!
ðq � r1Þ!ð�1 þ d01 � r2 � qÞ!

�
Z 1

0

�ðv�q Þðy0Þ�0ðvd
0

�1þd01�q
Þðy0Þy2s

1

dy1

y3
1
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with y0 ¼ diagðy1; 1Þ 2 A.

Let us consider the case of m0 ¼ 0, that is,

� ¼ d. By Remark 5.2, Lemma 7.1 (i) and the above

equality, we have

Zðs; �ðv�0Þ; �0ðvd
0

d0
1
�d0

2
Þ; fÞ

¼ ð�1Þd
0
2

�C



2sþ �1 þ �2 þ �01 þ �02 þ l1þl2þr1þr2

2

�
4ðd1 þ d01 þ l1 þ l2 þ 1Þ!

�
ðd1 � d2Þ!ðd01 � d02Þ!�C

�
sþ �1 þ �01 þ

d1þd01
2

	
�C

�
2sþ �1 þ �2 þ �01 þ �02 þ

d1�d2þd01�d02
2

	
� �C

�
sþ �2 þ �02 þ

�d2�d02
2

	

�
Xd1þd01�r2

q¼r1

�C

�
sþ �1 þ �02 þ

�d1�d02
2
þ q
	

ðq � r1Þ!ðd1 þ d01 � r2 � qÞ!

� �C

�
sþ �2 þ �01 þ

2d1�d2þd01
2

� q
	
:

Replacing q! jþ r1 and applying Lemma 7.1 (iii),

we obtain (6.9) in this case.

Let us consider the case of m0 ¼ �d1 � d01. In

this case, we note that

l1 ¼ ��1 � d02; l2 ¼ ��2 � d01; r1 ¼ r2 ¼ 0

and �1 ¼ �d01. Hence, we have

Zðs; �ðv�0Þ; �0ðvd
0

d0
1
�d0

2
Þ; fÞ ¼

ð�1 � �2Þ!ðd01 � d02Þ!
4ð��2 � d02 þ 1Þ!

� ð�1Þ�1þd02�C

�
2sþ �1 þ �2 þ �01 þ �02 þ

��2�d02
2

	
�
Z 1

0

�ðv�0Þðy0Þ�0ðvd
0

0 Þðy0Þy2s
1

dy1

y3
1

:

By Remark 5.2 and Lemma 7.1 (i), we obtain (6.9)

in this case.

Let us consider the case of m0 ¼ d2 þ d02. In this

case, we note that

l1 ¼ l2 ¼ 0; r1 ¼ �1 þ d02; r2 ¼ �2 þ d01
and �2 ¼ �d02. Hence, we have

Zðs; �ðv�0Þ; �0ðvd
0

d0
1
�d0

2
Þ; fÞ ¼

ð�1 � �2Þ!ðd01 � d02Þ!
4ð�1 þ d01 þ 1Þ!

� �C

�
2sþ �1 þ �2 þ �01 þ �02 þ

�1þd01
2

	
�
Z 1

0

�ðv��1��2
Þðy0Þ�0ðvd0d0

1
�d0

2
Þðy0Þy2s

1

dy1

y3
1

:

By Remark 5.2 and Lemma 7.1 (i), we obtain (6.9)

in this case.
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