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Ruelle zeta functions for finite dynamical systems

and Koyama-Nakajima’s L-functions
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Abstract:

A complex reflection determines an L-function which is a generalization of the

Artin-Mazur zeta function associated with an element of the symmetric group. The present paper
shows that the L-function is the Ruelle zeta function associated with a weighted Z-dynamical

system.
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1. Introduction. Koyama and Nakajima
[KN] introduce a class of L-functions associated
with complex reflections, a genreralization of the
Artin-Mazur zeta functions for finite dynamical
systems. They define the L-functions in the form of
Euler product, and give a simple determinant
expression. Let ¢ be an element of the symmetric
group S, acting on a set X ={1,2,...,n} of n
points. The pair (X,o) forms a finite discrete
dynamical system. Let m be a positive integer. An
m-periodic point is an element x € X satisfying
o0™(z) = x. The set of m-periodic points is denoted
by Fix(c™), and N,, denotes the cardinality of
Fix(0™). Let u be an indeterminate. Then the
formal power series

exp (Z ]:;”' u’”>

m>1

is called the Artin-Mazur zeta function ([AM]; see
also [Y]) associated with (X,0), or simply o,
denoted by Z(‘%’[H)(u), or simply Z,(u). For any
permutation o, the Artin-Mazur zeta function Z,(u)
always has an Euler product and a determinant
expression. Let o =pips---p, be the cyclic de-
composition of o, and let Cyc(o) = {p1,p2,...,pr}
One can easily show that the Euler product of
ZAM(y) is given by

1

11 1 u’

peCyc(o)
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where [(p) denotes the number of elements in the
cyclic domain of p. Let M, = (60(”])2._]-:172_’_“’" be the
permutation matrix representing o, where 6 denotes
the Kronecker delta. It is known that ZAM(u) has
the determinant expression

1
det(I —uM,)’

where I stands for the identity matrix.

Zeta functions that arise from combinatorial
settings are called combinatorial zeta functions.
In [MS], we observe that combinatorial zeta func-
tions whose determinant expressions are of the form
1/det(I — A) should be constructed as Ruelle zeta
functions [R] for essentially finite dynamical sys-
tems defined for finite digraphs. Koyama and
Nakajima [KN] introduce their L-functions by Euler
product, and show that its determinant formula is
of the form 1/det(I — uM) for a square matrix M.
Hence their L-functions should be expressed as
Ruelle zeta functions.

Note that, if the components of M are commu-
tative, then it is well known that 1/det(I — ull)

equals
tr M™
exp <Z ! um>
m

m>1

where tr X denotes the trace of a square matrix X.
Thus, one can always reformulate 1/det(I —uM)
into the generating function. So the problem treated
in the present article lies in constructing a dynam-
ical system which characterizes tr M™ in terms of
its m-periodic points.


http://dx.doi.org/10.3792/pjaa.92.107

108 Y. HATTORI and H. MORITA

In the sequel, | X| denotes the cardinality of a
set X, Z the set of integers, Zp the set of integers
satisfying a property P, and R a commutative
Q-algebra with an identity element 1. For each
n € Zs1, [n] denotes the finite set {1,2,...,n}.

2. L-functions. The symmetric group S, of
the set [n] acts on the direct product (Z/rZ)" of n
copies of the cyclic group Z/rZ of order r € Z>;. An
element 7 of the semi-direct product G(r,n)=
(Z/rZ)" x S, is called a complex reflection. Thus
there exists a unique o € S,, and a unique sequence
(s1,...,8,) of nonnegative integers smaller than r,
satisfying 7 = (£%,...,&")o € G(r,n) where £ is a
primitive r-th root of unity. Let Dom(p) denote the
cyclic domain for a cyclic permutation p € Cyc(o).
For 7= (£,...,&)o € G(r,n) and p € Cyc(o), let
X (p) = €2 ™

Definition 1. Let 7€ G(r,n) and v an in-
determinate. Then Koyama-Nakajima’s L-function

L;(u) is defined by the Euler product
1

peCyc(o) 1- XT(p)ul<p>
For example, if 7= (£%",...,£%)(123)(45) €
G(r,5), then Cyc(o) ={(123),(45)}, and L,(u) =
1/{(1 — garrsetsy3) (1 — ¢9754?)}. Note that if r = 1
then L,(u) is nothing but the Artin-Mazur zeta
function ZAM(u). A complex reflection T € G(r, n) is
associated with a square matrix

M; = (fsi‘sﬂ(wj)lgi,jsw

For example, the matrix M, representing 7=

(&,...,£6%)(123)(45) is

0 & 0 0 0
0 0 €& 0 0
& 0 0 0 0
o 0 0 o0 &
0 0 0 ¢ 0

If » =1, then M, coincides with the permutation
matrix M, corresponding to the permutation o €
Sh.

Let 7 € G(r,n). Koyama and Nakajima [KN]
show that the L-function L,(u) has the determinant
expression

1
det(I —uM,)’
If 7=(&",...,8%)(123)(45), then one can easily
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confirm the identity by direct caluculation. Note
that, as is mentioned in Introduction, for a square
matrix A whose components lie in a commutative
ring R, the form 1/det( —uA) can always be
reformulated in a generating function of exponen-
tial type, that is, if we let NV, =tr A™ for each
m € Z>1, then the form equals

exp (Z & um> .
m>1 m

If one wants to show this, through the argument in
the algebraic closure of R, then it is enough to
consider the case where A is upper-triangular, and
takes logarithm of both sides for the identity. It is,
however, not trivial that the quantities /V,, have an
interpretation in terms of dynamical systems, as in
the case of Artin-Mazur zeta function.

3. Dynamical systems. Let o€ S,, and
X = [n]. Then we have a finite discrete dynamical
system (X, o). This dynamical system is called a
Z-dynamical system. Let R be a commutative
Q-algebra with the identity element 1. A map

w:X — R

is called a weight map of (X, o), or simply a weight
of X. Let (X,0;w) be a weighted Z-dynamical
system with a weight map w: X — R. For x € X
and m € Z>y1, let w,(x) = 6 [T w(o®(x)),
and Ny, (w) =3 .y wn(x). Let v be an indetermi-
nate. The formal power series

exp (Z N,,;iw) u’”)

m>1

is called the Ruelle zeta function [R] for the
weighted Z-dynamical system (X,o;w), denoted
by Z&m (u; w), or simply Z,(u;w). The Ruelle zeta
function Z&_ﬁ) (u;w) is an element of the ring Rfu]
of formal power series the coefficients of which lie in
R. Note that N, (1) equals the number |Fix(c™)| of
m-periodic points. Therefore we have Z,(u;w) =
Z,(u) if w=1. For p € Cyc(o), we define w(p) =
HiEDom(p) w(z)

Lemma 2. For each integerm > 1, it follows

that N, = Z l(p)w(p)m/l(p>.

peCyc(o)
(p)|m

Proof. Since wy,(z) =0 if = # Fix(e™), it fol-
lows that Ny (1) = 3, cpyy(or [T w(0* (). One
can easily see that an element ¢ € X belongs to



No. 9]

Fix(¢™) if and only if there exists p € Cyc(o)
satisfying ¢ € Dom(p) and I(p)|m. Thus one has a
disjoint union

Fix(o™) = |_| Dom(p

peCyc(o)

I(p)|m
Let = € Fix(¢™), and suppose that z € Dom(p) for
p € Cyc(o) satistying I(p )|m It follows from the
assumption that [y, w(o®(z)) = 1(p)w(p)™'®.
This completes the proof. O

Let 7= (&,...,&)o € G(r,n) and X = [n].
Then 7 defines a weighted Z-dynamical system
(X, 0;w), where the weight map is defined by w(i) =
&%, 1€ X. Consider the case where n =25 and
o= (123)(45). We have Fix(c!) =10, Fix(c?) =
{4,5}, FIX( ) ={1,2,3}, FiX(OA) = {4,5},
Fix(o®) = 0, Fix(c®) = {1,2,3,4,5}, and so on. We
shall examine the value of N,,(w) in this case. One
can readily see that w;(z) =0 for any z € X and
Ni(w) =0. If m =2, then it follows that wq(1) =
we(2) = we(3) =0, wo(4) =&H€H =&4+%  and
wy(h) = €585 = ¢517%5. Hence we have No(w) =
265155, Note that the coefficient 2 coincides with
the number of 2-periodic points of (X, o). Similar
inspection shows that Nj(w) = 3¢t Ny(w) =
26(51+%) and N5(w) = 0. In the case where m = 6,
we have wg(1) = wg(2) = we(3) = 2rt2+5)  and
we(4) = we(5) = €317%) Hence we have Ng(w) =
3¢2sitstsy) L 9g3(sit55)  One should notice here
again that the coefficient 3 (resp. 2) coincides with
the number of 3-periodic points (resp. 2-periodic
points) of (X, o).

4. Foata-Zeilberger. A theorem of Foata
and Zeilberger [FZ] gives an Euler product to the
form 1/det(I — M) in a general setting. Let X =
{1,2,...,n} be a finite alphabet of n letters, totally
ordered by 1 <2 < --- < n. Let X* denote the free
monoid generated by X. An element of X* is called
a word on X. The monoid X* is also totally ordered
by the lexicographical order induced from the total
order < on X. Let w =iyis---4, € X* be a word. A
set Re(w) = {ilig tee iT7 ’L'Q’L' s ,’L'ril, e ,iril te ’L',-,l}
of r words is called the cyclic rearrangement class
of w. Remark that a cyclic rearrangement class of
a word is a multiset in general. A word w € X*
is called a Lyndon word if w is the unique minimum
in Re(w). The set of Lyndon words in X* is denoted
by L = L(X). For example, in the case where X =
{1,2,3), 1212¢ L,1312¢ L and 1213 € L. The
Lyndon words are the “primes” of the monoid
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X* in the following sense. The factorization of w
stated in Proposition 3 is called the Lyndon
factorization of w. A proof of the following will be
found in [L].

Proposition 3 (The Lyndon Factorization
Thoerem, LFT). Let w be a word on X. Then
there exists a unique mnon-increasing Ssequence

(Leys Ukys - - -5 Ik,) of Lyndon words on X satisfying
w = lkllkzw-lk,-
Let [L]={[l] |l € L} be a set of commutative

variables which is in one-to-one correspondence
with L, and let A denote the Z-algebra Z[[I] | I € L]
of formal power series generated by [L]. Let M =
(mij); jex be a square matrix whose components
lie in a commutative Q-algebra R. Note that the
size of the matrix M is nxn. Let B be the
Z-algebra Z[m;; | i,j € X] of formal power series
generated by the components of M. For a word

w =101 € X*, we denote the element
MiyiyMeigiy  + - Mii, € B by cirepr(w):
circar (W) = MiyiyMiyiy - - - M, -

Since the algebras A and B are commutative, we
can define a ring homomorphism in the following
manner:

oyt A— B [l] v cirey(l).

Let A be an element of A defined by A=
[Le,(1—=[l]). Note that A is invertible in the
algebra  A: T =LA+ + 1P+ € A
Foata-Zeilberger’s thorem states that the form
1/det(I — M) is the image of A~ by ¢

Proposition 4 (Foata-Zeilberger).
det(I — M).

Since A is invertible and ¢, is an algebra

en(A) =

homomorphism, it follows that @y (A7) =1/
det(I — M). Thus we have
1 _ H 1
det(I — M) 3 1—circy (1)’

that is, the form 1/det(I — M) can always be
reformulated into an Euler product.

5. Main results. Let X =[n] and (X,0;w)
a Z-dynamical system. Suppose p € Cyc(o). Let
w(p) = [Liepom(y w(#)- The Ruelle zeta function
Z,(u;w) has the following Euler product.

1
Theorem 5. Z,(u;w) = H — -
p€eCyc(o) 1 —w(p)u v
Proof. By Lemma 2, we have
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Since the sum in the right-hand side ranges all over
Cyc(0), it follows that this equals

1 3
> S Lugen
p€eCyc(o) k>1

= - Z log(1 — w(p)ul(p)).

peCyc(o)

Therefore we have

2o (s w) = exp (Z N, um>
m>1
= 11

peCyc(o)

1
L= w(p)ul®”

O

We assign a matrix M,(w) to the weighted

Z-dynamical sysytem (X, o;w), defined by M,(w) =

(w(#)d(i)j); jex- In the case where X = [5] and o =
(123)(45), the matrix M,(w) is

0 wl 0 0 0
0 0 w2 0 0
w3 0 0 0 0 |,
0 0 0 0 wA
0O 0 0 wbd o0

where w(i) € R for i € X. One can observe that
the reciprocal of the determinant det(I — uM,(w))
coincides  with  the Euler product (1-—
w((123))u?) ' (1 — w((45))u?) ™", that is, by Theo-
rem 5, we have a determinant expression

1
Z 5w w) = .
02045 (15 ) det (1 — uM (123)(45)(w))

This identity actually holds in a general case.
Theorem 6. For any o € S, it holds that

1
~det(I — uM,(w))
Proof. Let X = [n]. We know that
1

1
det(I — uM,(w)) lelL_([X) 1 — circuag, w) (D)

Zy(u;w)

Since each cyclic permutation can be regarded as
an element of X*, the set Cyc(o) is considered to be
a subset of X*. Suppose that [ =4iyig---4,. is a
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Lyndon word on X. By the definition of M =
M,(w), it follows that circ,y(I) # 0 if and only if
l € Cyc(o). Hence we have

H%:

1€L(X) — CiI‘CuM(l)

I—

peCreo) T circ,ar(p)

Since circ,y(p) = circy(p)u'®, the right hand side
equals

1
peg(a) 1 — cirep(p)u'®)
Note that circy(p) = w(p). Then by Theorem 5, the
assertion follows. O

Let 7 € G(r,n) and £ a primitive r-th root of
unity. Since G(r,n) = (Z/rZ)" x S,, there exists a
unique sequence (81,...,s,) of nonnegative integers
smaller than r and a unique element o of S,
satisfying 7 = (£,...,&%)o. Then, as in Section 3,
7 settles the weighted Z-dynamical system
(X, 0;w), where the weight map w is defined by
w(i) = &%. On the dynamical system (X,o;w), one
has M,(w) = M,. Thus we have an expression of
Koyama-Nakajima’s L-functions L,(u) in the form
of generating functions of exponential type, founded
on a dynamical systematic setting.

Corollary 7. Let (X,o;w) be the weighted
Z-dynamical system determined by T € G(r,n), say
T=(&",...,&)o as in Section 2. Then we have
LT(u):Z&J)(u; w), that is, Koyama-Nakajima’s
L-function associated with T is the Ruelle zeta
function for the weighted Z-dynamical system
(X, o;w).
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