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Abstract: Given a set E =

(0,0), the spherical maximal operator M associated to the

parameter set E is defined as the supremum of the spherical means of a function when the radii of
the spheres are in E. The aim of this paper is to study the following inequality

(0.1)

| Mi@yotads < B, | 11@F o).

holds for p > - 2" - with the continuous spherical maximal operator M and where the nonnegative
function ¢ is 1n some weights obtained from the A, classes. As an application, we will get the
boundedness of vector-valued extension of the spherical means.

Key words:

1. Introduction. The aim of this paper is to
study the boundedness of spherical maximal oper-
ator corresponding to E = (0,00) from LP(¢) to
LP(¢), where the nonnegative function ¢ is in some
weights obtained from the A, classes. Given a
function f, continuous and compactly supported,
we consider for each x € R" and t > 0, the operator
Sif(x) = [gu1 f(x —ty)do(y), where do is the nor-
mahzed Lebesgue measure over the unit sphere
S"~!. Then S;f(z) is the mean value of f over the
sphere of radius ¢ centered at x and it defines a
bounded operator in LP(R") for 1 <p < co. Con-

sider now the spherical maximal operator given by
M f(z) = sup S, f(z)].
>0

Then M deﬁnes a bounded operator in LP(R") if
and only if p > 25 with n > 1. This result was first
proved by Stein [3 10], for n > 3 and later Bourgain
showed that the same is true for n =2, (see [2]).
Other proof for n =2 is due to Mockenhaupt,
Seeger and Sogge [4]. In [1], Javier Duoandikoetxea
and Luis Vega, they have studied the weighted
inequalities of the type

| Mi@) oo < B [ |fa)l d(a)ds,

n

with B depending only on p and ¢ and where the
weight ¢ is a locally integrable nonnegative func-
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tion. They proved that there are no weighted
inequalities for p < -4, and have proven the most
interesting result: /\/l is bounded in LP(|z|") if
l-n<a<(n—1)(p—1)—1. We shall use c as a
constant independent of j in several spaces without
mentioning it. In this paper, we shall consider the
weights ¢ with the property

(1.1) W ={¢: Mop(x) < cp(z)a.e.},

where M is the spherical maximal operator. For
example, ¢(z) =|z|" (1—n<a<0)eW. Under
the above assumption (1.1) on the weights, we shall
study the following weighted inequalities

| (M7@) o(a) do

<5, [ I

where the operator N is defined by

(1.2)

z)[" No(x) dx

(1.3) oz + ty)ldo(y)],

lyl=1

where |do| is the total variation measure on the
sphere |y| = 1. In fact, in [1], they have studied the
following weighted inequalities,

/H(Mf(a:)) ) dz < B /

with some operator N. They have suggested that
the operator A is in some sense similar to M and at
least one expects to have

x)l" No(x) dz
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Nu < cu for v € W with s > 1.

Notice that, in our case, using Holder inequality, we
have,

(1.4) N¢ <c¢ for ¢ € W with s > 1.

Here, one could now replace N'¢ with ¢ at the
right hand side of (1.2), reducing the result of (1.2)
to a one-weight inequality i.e., the boundedness of
M from LP(¢) to LP(¢). The main application was
exactly the vector-valued extension of the classical
Hardy-Littlewood maximal theorem as in [5] to
spherical means.

1.1. The dyadic maximal operator. The
proof of our main result, as well as many other
arguments that involve explicitly (or implicitly) the
Fourier transform, makes use of the division of the
dual (frequency) space into dyadic spherical shells.
Dyadic decomposition, whose ideas originated in
the work of Littlewood and Paley, and others, will
now be described in the form most suitable for us.
Let ¢ be a nonnegative radial function in C°(R")
supported in {§ <[] <1} such that Y32, ¢(279¢) =
1 for |£| > 1. Define v;(&) = ¢(277¢) for j > 0, and
$o(§) =1 =327, 9;(€). Denote by o, the C®
functions given by

—

(07)(&) = (d0)(€) w5(&) and ji(€) = (d0)(&) b0 (©)-
Let Sf and B; be the operators defined by
Sif(x)= | flx—ty)o'(y)dy and

R”

Bif(z) =

R

[z —ty) u(y) dy.

Notice that B, is pointwise majorized by a
constant times the Hardy-Littlewood maximal
operator M. Then,

Mf(z) <Y sup|S/f(x)| + ¢ Mf(x).
=0 !

1.2. Angular decomposition. We now dis-
cuss the second dyadic decomposition of the fre-
quency-space that is needed for each dyadic oper-
ators Sf in R™. To do this, for fixed j, we first choose
unit vectors £, v=1,... , N(j) such that

3
& — /| > Co27 2, v £V,

for some Ij)ositive constant Cy and such that balls of
n—1
radius 277 centered at ¥ cover S . Note that
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(n—1)
N() ~ 2777

They give an essentially uni]_form grid on the unit
sphere, with separation 272. Let I'Y denote the
corresponding cone in the £— space whose central

direction is {7, i.e.,
I = {f : ‘% =& < 02%}.

Now, we introduce an associated partitions of unity
R™\{0} that depend on scale j. Specifically, we
choose C* functions

Yoo v=1,... N(j) ~ 2T,

satisfying > x, =1 and having the additional

properties, ¥

(1) x.’s are to be homogeneous of degree zero and
satisfy the uniform estimates,

lof
(1.5)  ID"xu(§| < ca 97 for every a if €] = 1.

(2) xv(§j) #0 and x,’s are to have the natural
support properties

(16) iexul(®) =0 if |¢] =1 and |~ €] > c2 7%,

Using the homogeneous partitions of unity x,,
we make an angular decomposition of the operators
by setting

—

(02)(€) = (do) (&) () X (©),

and define the corresponding operators

S77 f(z) = . [z —ty)o)(y)dy.

1.3. A, weights. In this section, we introduce
weight class A, (1 < p < 00) consisting of weights
¢ for which the Hardy-Littlewood maximal oper-
ator M is bounded in LP(¢) (see Garcia-Cuerva
and Rubio de Francia, ch.4 [7]). The weights ¢
in A4, (1<p<oo) characterized by
Mockenhoupt as

1 1 1 \P!
17 —_— d —_— Tp-1 d
(1) SZP(|Q| /Qd’ ”’“’) (IQI /Q¢ x) =

where the supremum is taken over all cubes (or
balls) @ in R". For the case p=1, we refer to
the weights which satisfy M¢(x) < cé(z)a.e. x €
R", as A; weights. Now, we shall state the weighted
versions of the Littlewood-Paley inequalities. Recall
that Lf (1 <p < co) denotes the L” space on R"
with measure ¢(x)dz. The following result (Theo-

were
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rem 1.1) for ¢ € A, is basically known. This was
first proved by Kurtz ([6]) for ¢ supported in an
annulus. Here, we shall state the result for ¢ € A,.

Theorem 1.1. Let 1 <p<oo and ¢ € A,.
Let ¢, € C, have nonzero integral, and ¢ = 1py —
27"py(5). Consider the square function operator S

given by
- (Z 9+ f(fc)|2>
J

(fes, zeR", ;=p(27)).
Then,
(18) 1S(Hge = £l v € 5.
Here, ~ means the bilateral estimate with

positive constants independent of f.

Remark 1.2. In fact, the condition ¢° € W,
s > 1 implies that ¢* € A;. This is because point-
wise M¢o(x) < Me(z), where M is the Hardy-
Littlewood maximal operator.

Next, we will state our main result of this paper
in (8§, 2).

2. Main results.

Theorem 2.1. Let M be a spherical maz-
imal operator. Then, for p > the inequality

n— 17

| (Mr@) o(a) do

<B/

holds for f € . and the operator N and the weights
¢ satisfy the condition as in (1.4), with constant B,
depending only on p.

Theorem (2.1) has the following consequence
on unweighted spherical means.

Corollary 2.2.
able function on R™, n > 1. Then the inequality

”MfHLP R") < Bp ||f||LP(R")

Zn

(2.1)

)" No(z) du

Let f be a bounded measur-

holds whenever p >
The proof of the Corollary follows immediately
by taking ¢ =1 in (2.1) of the above theorem (2.1).
Proof of Theorem 2.1. We shall prove that, for
p > n— 17

(2.2) /R sup S,/ ()" é(x) d

" t>0

<B/

z)l" N () du
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Our proof will consist of three main steps. First
we will decompose each S; into dyadic operator S{.
Then we will use the method of Littlewood-Paley
square function to deduce the general result for ¢ >
0 from the inequality where the supremum is only
taken over t € [1,2]. We will then use the method of
stationary phase to expose the behavior of our
operator S7".

We now turn to the details. To obtain the
inequality (2.2) by summing a geometric series, it is
enough to prove the following: There exists a
constant €(p) > 0 such that for p > -2,

(2.3) / sup |87 f(z)” §(x)da
R 1<t<2

< coiew) / )P M) d

By rescaling, the inequality (2.3) will be true
for sup with the same constant.

ok <<kt

To see that (2.3) is enough, we need to use
Littlewood-Paley operators Ly, which are defined
by (ka)(§) V(27F|E]) f(€), where ¢’s are defined
in (8§, 1). It then must follow that there is an
absolute constant Cy such that, when t € [1,2], we
have

Sif@) =8 Y. Lif |(@).

[i—k[<Cy

Thus, if (2.3
give,

/ sup |5{ /(@) 6(o) do

) held, then a scaling argument will

p
/ swp |8/ S Lif | (@)] d(x)de
l*—oo te[24,2141) |k+l—j|<Co
SCZJCO2—J'€(P)P/ Z |Lif(z)|P Nop(x) dz

k=—00

k=—00

)
ka|2> No(z) dx

—F>

In the last step we have used the fact that
p> 2% >2 Now using the weighted inequalities
(1.8) for the Littlewood-Paley decomposition [6], we
finish our proof.

Next we claim that the inequality (2.3) in turn

would follow from the estimates
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(2.4) / sup | f(2)P () da
R" 1<t<2

< 9 ilP*T ()

[f(@)'N¢(z) da

Rr"

To show that (2.4) implies (2.3), using Holder
inequality for sums, we get,

(2.5) /R sup |5} f(@)[" ¢(x) da
<oy [/Rn g s dﬂ

v

=2 je(p)

If( WN¢(z) da

where we use (2.4) in the second inequality. To
prove (2.4), we shall use a Sobolev embedding to

replace sup S f(z)|” with
1<t<2

2
. 1
[ 10isi s, 5>
1 p
Compute the norm for =0 and =1 and then

interpolate. Using Holder inequality, for 8 =0 and
p > 1, we have

2 .
/ / |SYY ()| ¢(x) da dt
zeR" J1

? P
= - j
/.’EER" /1 yeR" f($ ty) UV(y) dy
X ¢(x) dx dt

<[ (k)

//d’;:fx i ()]

AVEO O,

« [/ by + tz) |0 (@) dx} dy dt

<[ (flr(E)l)

x / @) No(y) dy

In the last step we have used the fact that
|do(x)| > |07 ()|, where |07 (z)] is the total variation
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norm. Therefore, we have, [ ¢(y+ tz) |0l (x)|dz <
No(y).

Now our aim is to estimate the following
integral f \07 )| dy. Using the property of Bessel’s
function, let us consider the following estimate
(do)(€) = '€ a(€) (&) T, for [¢] € [, 27], where
a is C*(R"\ {0}), homogeneous of degree zero
(see [8,9]). We have,

o) (‘%’) = /5 ¢/ 1" (dor) (1€) 5 (#€) o (€)

- /5 60 g Gl () (1)) T o (1€) X (€) d

=D n+1

=27 t2 F(yt),

where, F’(y7 t) = f|?|:2/*1 ei<§7ll/> eit\f\ a/(g) ’(/J(t|f|2_j)
X (&) d§, where o' is homogeneous of degree zero.
Since 9(0) = 0, we have

tOF
:/0 gds
- / | / e'C 9l et*lEl o/ (€) (2771¢]) ¥/ (s[€]27)

X xv(€) déds

/ /é S et

x P(sl€]277) x (€) déds.

Hence we have,

. jin—1) (n+1)
/Ui@)‘dy:/?j T [F(y,
Y Y

j(n—=1) (n+1)
2t (I] + IQ)
Using integration by parts and change of
variable formula to the following integral we get,

t)| dy

<27

@7 L= (€ e g/ (¢) (2-7]¢])

x w'<s|s|2*j> o€ deids|d
(n+1)j .
— 2 P) 22'l<£vy> / v
/y /E ePE0) 4/ () X, (€)

el d
% / 6282'11/)/(8) _S df
5=0 |€|
(n+1)j 1
<c22 /
Yy

S —
(1+ [27y*)™

dy
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2(71,;1)_72_7”. / 1 J
=C _— y
v (1 + |y|2)N
n—1) 1

<c272]1fN>(n—2i_ ),

where a/(€) is homogeneous function of degree zero
in &.

To simplify the writing of the estimates for I,
we set £ = &7, and the corresponding partitions of
unity x(€) = x.(§). Now choose axes in the £— space
so that & is in the direction of £ and & = (&, ..., &)
is perpendicular to &£ With this, let, L =1—
22(2)" —2Ve? and y=(y,y) and €= (&,€).
Next with the help of integration by parts formula
(see, Stein, ch.9, [9]) and change of variable formula
to the following integral we get,

(28) L= O (ilel) el ' ()

X ¢<s|§|2*j> X(€) déds|dy

— 97 eil&y)+s&] [eisﬂf\*fl] a’(&)

x P(sl€277) x(€)] déds|dy

27 i)+l

& {1+ 2y + 5| + 2By [N

x LN[d (&) W (sl|277) x(&)ldéds|dy

. 7(n+1) 1
<c22 / v |y
v [ {1+ [l +[y'[}
(n—1)j 1
<c277 [ if N> nt .
Therefore, using (2.7) and (2.8), we have

(2.9) ( ( )‘dy) dt < ¢27/P=D=1).

Hence, using (2.9) in (2.6) we get,

[ istrap o
rR" J1
<ez 0000 [ (@) M) do
N

For g =1, we have D%Sf"’ which is essentially
2J times an operator similar to S} so that the above
estimate appears multiplied by 2. By interpola-
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tion, we finally get

2 g
| [ s s@r ot as

< Czj(f(p%)(nfl)wﬂ)/ \f(z)|p/\/¢(x) dr

Inequality (2.4) follows by taking 3 such that
—(p—1)(n—1)+p 5t +pB < —e(p), since p>
2o Hence the theorem. O

3. Application to some maximal inequal-
ities. Inequality of this type (2.1) are important,
since among other things, they can be used to derive
the boundedness of vector-valued maximal opera-
tors. In this section, we extend the spherical
maximal inequalities to the case of [P— valued
functions.

Theorem 3.1. Let f=
quence of functions on R". From the sequence
Mf(x) = {Mfi(x), M fa(x)...} which k-th term is
the spherical mazimal function of fi, we have, for
20 < p < 00,

(3.1) (i Mfk<x>|r>r

k=1

(fl?f?an-) be a se-

S Ar,p <Z |fkr>
k=1

Proof. We look separately at the cases p = r,
p < rand p > r. For the case p = r, inequality (3.1)
follows immediately from the usual spherical max-
imal theorem, since

Mfi(z)| dz = Y M "d
JIETEICEES Y ITICICE
SAT;/RnLﬁ dIAT/R"k;UH dr.

For p < r, we need some preliminary observa-
tion.

Definition. An operator T defined in LP(R")
is called linearizable if there exists a linear operator
U defined in LP(R") whose values are B— valued
functions (for some Banach space B) and such that
ITf(@)] = lUf(2)|lp, (f € LP(R")).

In our case, M f(z) = sup |S; f(x)|, we take B =
L, where (5¢),cg_, is a sequtence of linear operator.
For the case p <r will then follow from the
following corollary (see [7], ch.5, corollary 1.23,
pp. 482).

Corollary 3.2. LetT be a linearizable oper-
ator which is bounded in LP(R") for some 1 <p <
oo. If T is positive (in the sense that: |f(x)| < g(x)

Lp r
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a.e., implies |Tf(x)| < Tg(z) a.e.,) then, the follow-
ing inequalities hold:

1
r

(Z |Tfj’> e <Z |fj|T> ;
7 L 7 L
(p <7< o00).

To prove the remaining parts p >r of our
vector valued spherical maximal theorem, we are
going to use duality. Tha‘u1 is, we shall control the
size of ||, IMfu(z)|")7]],, by estimating the
integral

L (s o

k=1
for all ¢ belonging to a suitable space of test
functions.

Remark 3.3. We shall use the following
observation to prove the remaining part of the
proof. In fact the inequality (2.1) of our main
theorem, holds for weighted simple function. Here,
we consider ¢ =3 «;xp with each |E;| < oo,

i=0
disjoint and «; € R. Therefore, we have if x ¢ E;,
Vi =0,...,m, then (2.1) holds automatically as
LHS =0, otherwise if z € E; for some i, then
p* e W, s> 1, since M¢® < c¢® holds, and also
N¢ < ¢ holds, which gives the inequality (2.1).

Now using the weighted inequalities (2.1) for
r> % and with the help of duality arguments, we

have for positive functions ¢ and fi, fo,..., fi,...
s2 [ (Zwm(z)r)mwdaz
reR™ =

=3 [ OMAGI o)

(fj |fk<x>T>N<z><x> dr.

If in (3.2), we let ¢ run over the space ¥ of
simple functions that vanish outside a set of finite
measure (as in remark (3.3)), with |¢|;, <1,

2n :
- < g < 0o, we obtain,

<B,

zeR”

(3.3) <B

— p
LY

3" MA@

S el
k=1

LY
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where i: 1. Using interpolation and above

+
(3.3), we get

(i |Mfk:(50)|r> < B, (i |fk:(95)|r>
k=1 k=1

for r <p < oo, which is the case p>r in (3.1).
Hence the theorem. O

Remark 3.4. It would be interesting to
know, whether the Theorem (2.1) holds for p >
2. If yes, this will give the boundedness of the
vector-valued extension of the spherical maximal
operators for -5 < r,p < co.
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