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Abstract: We show that

gcdð2!Sð2nþ 1; 2Þ; . . . ; ð2nþ 1Þ!Sð2nþ 1; 2nþ 1ÞÞ ¼ denominator of B2n;

where Sðn; kÞ is the Stirling number of the second kind and Bn is the Bernoulli number.
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1. Introduction. Let Sðn; kÞ be the Stirling

number of the second kind, which counts the

number of partitions of a set with n elements in k

disjoint nonempty subsets. Put eSðn; kÞ ¼ k!Sðn; kÞ.
Let Bm be the mth Bernoulli number.

Theorem 1. The formula

gcdð eSð2nþ 1; 2Þ; . . . ; eSð2nþ 1; 2nþ 1ÞÞ
¼ denominator of B2n;

holds.

It is interesting to note that there are already

classical formulas expressing the Bernoulli number

in terms of Stirling numbers such as

B2n ¼
X2nþ1

k¼1

ð�1Þk�1ðk� 1Þ!Sð2nþ 1; kÞ
k

¼ 1�
X2nþ1

k¼2

ð�1Þk eSð2nþ 2; kÞ
k2

(see, for example, Chapter 1 in [2]). We shall not

use this formula in our argument.

Proof. We use the von Staudt–Clausen theo-

rem ([1,3]) which states that

denominator of B2n ¼
Y

ðp�1Þj2n
p:

We first show that the right–hand side divides each

of the numbers eSð2nþ 1; kÞ. Let p be a prime such

that p� 1 j 2n. To proceed, we recall that

Sðn; kÞ ¼
1

k!

Xk
j¼0

ð�1Þk�j
k

j

� �
jn;

to derive that

eSð2nþ 1; kÞ ¼
Xk
j¼0

ð�1Þk�j
k

j

� �
j2nþ1:ð1Þ

Let j 2 f1; . . . ; 2ng. By Fermat’s Little Theorem

and since p� 1 j 2n, we get

j2nþ1 � j (mod pÞ:ð2Þ

Hence, inserting the above congruence (2) for j ¼
1; 2; . . . ; k into (1), we get

eSð2nþ 1; kÞ �
Xk
j¼0

ð�1Þk�j
k

j

� �
j (mod pÞ:

However, the last sum aboveXk
j¼0

ð�1Þk�j
k

j

� �
j ¼ 0ð3Þ

for k � 2 as it can be seen by putting x ¼ 1 into the

identity

kðx� 1Þk�1 ¼
d

dx
ðx� 1Þk

¼
d

dx

Xk
j¼0

ð�1Þk�j
k

j

� �
xj

 !

¼
Xk
j¼0

ð�1Þk�j
k

j

� �
jxj�1:

This shows that the right-hand side divides the left-

hand side.

Now we show that the left-hand side divides

the right–hand side. Note that in the left-hand side,

the last term inside the gcd is eSð2nþ 1; 2nþ 1Þ ¼
ð2nþ 1Þ!, which implies that every prime p dividing

the left-hand side satisfies p � 2nþ 1. Let pt be the
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���Þ

School of Mathematics, University of the Witwatersrand,
P. O. Box Wits 2050, South Africa.
����Þ

Universidad Panamericana, México DF, México.
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exact power of p appearing in the left-hand side. We

show that t ¼ 1 and that ðp� 1Þ j 2n, statements

which together imply the desired conclusion. We

then haveXk
j¼0

ð�1Þk�j
k

j

� �
j2nþ1 � 0 (mod ptÞ;ð4Þ

for k ¼ 2; . . . ; 2nþ 1. Making k ¼ 2 in (4) above we

get

� 2þ 22nþ1 � 0 (mod ptÞ:ð5Þ

Making k ¼ 3 in (4) above we get

3� 3 � 22nþ1 þ 32nþ1 � 0 (mod ptÞ;ð6Þ

and inserting also (5) into (6), we get the con-

gruence 32nþ1 � 3 (mod ptÞ. So, let us show by

induction on k ¼ 1; 2; 3; . . . ; 2nþ 1 that k2nþ1 �
k (mod ptÞ. Assume that k � 4 and that the above

congruences are satisfied for 1; 2; . . . ; k� 1. Formula

(4) together with the induction hypothesis implies

that Xk�1

j¼0

ð�1Þk�j
k

j

� �
jþ k2nþ1 � 0 (mod ptÞ

which together with the identity (3) gives that

k2nþ1 � k (mod ptÞ. Hence, it is indeed the case

that

k2nþ1 � k (mod ptÞ;

for k ¼ 1; . . . ; 2nþ 1. Making k ¼ p, we get that

p2nþ1 � p (mod ptÞ, showing that t ¼ 1. Finally,

since p � 2nþ 1, it follows that 1; 2; . . . ; 2nþ 1

cover all residue classes modulo p, therefore

we have a2nþ1 � a (mod pÞ for all integers a. In

particular, a2n � 1 (mod pÞ for all integers a co-

prime to p, implying that ðp� 1Þ j 2n because the

multiplicative group modulo p is cyclic of order

p� 1. This concludes the proof of the theorem. �
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