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Some notes on the Borel directions of meromorphic functions

By Nan WU*) and Zu-xing XUAN**)

(Communicated by Masaki KASHIWARA, M.J.A., Sept. 12, 2013)

Abstract:

We prove that the distribution of the Borel radii (indirect Borel points) and

that of Borel radii (indirect Borel points) concerning the small functions of a meromorphic
function are the same. Furthermore, some equivalent conclusions on the Borel radii (indirect
Borel points) of meromorphic functions of order 0 < p < oo are established. This is a continuous

work of Tsuji [4,5].
Key words:

1. Introduction and results. We suppose
that the readers are familiar with the basic notions
of value distribution of meromorphic functions
such as n(r, f =a),N(r,f =a),S(r, f) and T(r, f)
(see [2,4,8]). The singular points of a meromorphic
function on the unit circle has been a popular topic
in the study of value distribution. Tsuji [4,5]
studied the Borel rays of a meromorphic function
from two aspects, the first being the rays through
the origin directed outward of the unit disk, and
the second being the rays through a point on the
unit circle {z: |z| = 1} directed inward of the unit
disk.

Given a sector Q = {z: a < argz < 3,|2| < R},
for a function f(z) meromorphic in €2, define

N(r797f:a):/rw

dt,
To t

where n(t,Q, f = a) is the number of the roots of
f(z)=ain QN {ry < |2| <t} counted according to
the multiplicities, 0 < rp < r < R.

Definition 1.1. Let f(z) be a meromorphic
function in the disk Cp = {7 : |z| < R}(0 < R < 0).
The order of f(z) is defined as follows:

, log T'(r, f)
limsup ——=—=p

r—R— 10g le

A radius L(0) : argz = 6 is called a Borel radius of
order p for f(z), if for any £ > 0,
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log N(r,Z(0), f = a)

lim su =
Hpr log R}ET P
or
1 ,Z:(0), f =
lim sup ogn(r (R) / a):p—i-l
r—R— log =

holds for any complex value a except at most
two complex values, where Z.(0) ={z:0—¢c<
argz < 0 +¢e}.

We collect together three characteristic func-
tions:

(I) Ahlfors-Shimuzi characteristic function (see

[4]):
1 _feen”
Sr 1) = 71' //(20{0<z|<r} (1 + | f(te?)])? tatdd,

o0 = [ T

0
where ) is an angular domain whose vertex is the
origin or a point on the unit circle {z: |z| = 1}.
(I1) The Nevanlinna angular characteristic
function (see [2,3]):

Sa.ﬂ<r7 f) = Aa.ﬂ(rv f) + Ba‘{i(ra f) + Ca‘( (7’, f)a

where

A[T/1 A .
Aot ) =5 [ = 55 ) o Itee)

r \E*
. dt
+log" £t}

2 [P N
Bas(r, f) = ﬁ/ log™ | f(re”)| sin A(§ — o) d#,

Loty
Z <|b—A_ TQ/\)sm)\(Gn—a),

ro<|by|<r

Cop(r,f) =2


http://dx.doi.org/10.3792/pjaa.89.81

82 N. WU and Z. XUAN

A= /(8- a).
(IIT) (see [2

tA
s / / (6-);
(¥ ry Ja th 2

-sin A(6 — a)tdhdt,

where 0 <7y <7 < R,R = {1,00}.

In 1989, Pang [6] discussed some equivalent
relations and obtained a theorem as follows:

Theorem A. Let f(z) be a meromorphic
function of order p in the whole complex plane,
p(r) be its precise order, U(r) =r""). Then the
following properties are equivalent.

1) For any e > 0,

n(r, Z.(0), f = a)

limsup U >0
r—00 T

|/ (te”)?
L+ | f(te)[*)”

holds for any a € C, with two exceptions at most.
The half line L(0) :argz =0 is called the Borel
direction of mazximal kind.

2) For any e > 0,

T(T, ZE(G)v f)
U(r)
3) For anye > 0 and any meromorphic function
a(z) with T(r,a) = o(U(r))
n(r, Z:(0), f = a(2))
U(r)
holds for any meromorphic function a(z), with two
exceptions at most. The half line L(0) : argz =0 is

called the Borel direction of mazimal kind respect to
small functions.

lim sup > 0.

7—00

>0

lim su

r—00

For meromorphic functions of infinite order,
Chuang [1] proved the following result.

Theorem B. Let f(z) be a meromorphic
function of infinite order in the complexr plane,
p(r) be a precise order. A half line L(0) : arg z = 6 be
a p(r) order of Borel direction if and only if for any
0<e<m,

log Sp—z 9+ (7, f) _

i
imsup o(r) log

Zhang [9] established the following theorem:

Theorem C. Let f(z) be a meromorphic
function of order p € (0,400) in the complex plane.
Then L(0) : argz = 0 is a p order Borel direction, if
and only if for any 0 < e < m,
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log 7 (r, Z:(9), f)

lim sup ]
ogr

r—00

:p.

Motivated by Theorems B and C, we establish
the following;:

Theorem 1.1. Let f(z) be a meromorphic
function of order p € (3,+00) in the complex plane.
Assume that Q@ = {z:a <argz< f} (-5 <a<f<

%ﬂ) is an angular domain such that

T
b—a>—.

Then the angular domain ) possesses a Borel
direction of f(z) of order p if and only if

log Sa 5
(1.1) limsupwzp— T ,
00 logr 08—«
or
log Sa (7,
(1.2) limsupog’—M =1.
r—00 (p _ [%a) logr
Example 1. The function f(z) = e* has two

Borel directions L) ={z:argz=13}, L(-3) =
{z:argz= —Z} of order p=1.

Now we Wlll show that f(z) =e*
Theorem 1.1.

Consider the angular domain Q={z:a<
argz < fH(—3 <a<0,m < <3). Then, f—a >
w/p,p=1. Q satisfies the condition of Theorem
1.1 and contains a Borel direction L(}). Noticing
that

supports

10g+ |f(7”ei9)| _ 10g+ |6T€,"”| _ 10g+(ercos9)
_ [rcosB, cosf >0,
B { 0, cosf <0
and cosa > 0,cos 3 < 0, it follows that

Aaﬁ(ra ez)
t/\ 1

1 "1 B
:ﬂ—a : W_TT/\ t cos adt

cosa [ 2\ |, 1 o2
5 a [1—/\2T _ﬁ+x+1]
and
B, s(r,e%)
9 /2 . 9pl—A
W/& rcos@sm)\(efa)df):ﬂ_a(],

where J = f;rﬂ cos Osin A\(6 — a)df. Therefore,
Sup(r,e?) = O(r' ™), r — oo.
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This coincides with (1.1) or (1.2).

Regarding the Borel direction of maximal kind,
we have the following theorem.

Theorem 1.2. Let f(z) be a meromorphic
function of order p € (% ,+00) in the complex plane.
Assume that Q@ = {z:a <argz< f} (-5 <a<f<

37") s an angular domain such that

ﬁfoz>z.
p

Then the angular domain € possesses a Borel
direction of mazimal kind for f(z) if and only if

ri-aS, s(r, f)
U(r)
Next, by using the above characteristic func-

tions, we establish an equivalent conclusion as

follows:

Theorem 1.3. Let f(z) be a meromorphic
function in the unit disk of order 0 < p < oo and z
be a point on the unit circle and J be a line through
20, directed inward of the unit disk, which may
coincide with the tangent of |z| =1. Let w be an
any small angular domain, which contains J and s
bounded by two lines through z). Then the following
statements are equivalent.

(1)

lim sup

r—l1—

(1.3) > 0.

lim sup
r—00

logn(r,w, f =a
gn( j ) ot
log =

with two possible exceptional numbers a € C.

(2)

lim sup

r—1—

log S(r, w,
BStrwf)
o

1
ST

3)

lim sup

r—1—

logn(r,w, f = a(z))
1ogﬁ

=p+1,

with two possible exceptional functions a(z) satisfy-
ing T(r,a) = o(T(r, f)). Here zy is called an indirect
Borel point of f(z).

If w is a sector whose vertex is the origin,
Theorem 1.3 is also true. Moreover, we have the
following two theorems.

Theorem 1.4. Let f(z) be meromorphic in
the wunit disk of order 0 < p <oo. Then L(0):
argz =0 is a Borel radius of order p for f(z) if
and only if for arbitrary 0 < e <,
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lOg 8675,9%5 (Tv f)

(1.4)
logl%r

lim sup

r—l—

:p.

Theorem 1.5. Let f(z) be meromorphic in
the unit disk of order 0 < p < oo and let {¢(2)} be a
family of small functions in the unit disk such that

T(r,) = o(T(r, f))-

Then the Borel radii of f(z) respect to complex
numbers and the Borel radii of f(z) respect to small
functions p(z) are common.

2. Some lemmas. We need some lemmas
for the proofs of the theorems.

Lemma 2.1. [2,3] Let f be a nonconstant
meromorphic function in the unit disk. Then for any
complex number a € 6,

S j() ’) = S <I‘
a,( 9 a,f 3
' f

—a

)+o<1), r—1-.

For any q(>3) complex numbers a;€ C(j=
17 27 MR q)7

(21) (q— 2)504,[5(7.7 f)

Eq (‘1 B)a,ﬂ(r7f f/ ) C(l)
—aj
Let

Q(’I”, f) = Aa_ﬂ (T, ff) + Baﬂ <’I"7 ff) .
Then

(1) Q(r,f)=0(logt:) as r—1—, when
A(f) < o0.

(2) Q(r, f) = Olog 1= + log T(r, f)) as ¥ — 1—
and r¢ E when A(f) = oo, where E is a set such
that [}, < oco.

The following lemma is well known to us and
we omit the proof of it.

Lemma 2.2. Let h(t) be a positive increas-
ing and continuous function defined on 0 <t <1,

H(r) = [} h(Tt)dt, (0<ryg<r<1). Then
log h log H

lim sup o8 (1T) =p+1 < limsupor) =p
r—l- 10g 1 r—1- logi—

Lemma 2.3. [7] Let f(z) be meromorphic in
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the sector Q = {z: a < argz < 3, |z| <1}. Then the
following hold
2

3\
Sap(r f) < - T(r, 2, f) + OQ1),
0

Sas(r, f) 2 N sin(A)T (r, Qs, f) + O(1),

where Qs ={z:a+d6<argz<f—0,|2| <1},A=
/(B —a).
The following two lemmas are from [10].
Lemma 2.4. [10] Let f(z) be meromorphic in
the angular domain Q = {a < argz < B}. Then

Sa,ﬁ(ra f) = Smﬁ(r’ f) =+ 0(1)7

T(r,?,f)+A3/’TT(t,Q,f)dt

5 2
Saﬁ(rv f) <2 , L

+ O(1),

Sualr, 1) > N sin(e) w

, "I f)
+ A3 sm()\s)/ Tdt—i— O(1),
o
as r— oo, where Q. ={a+e<argz< f—¢e} and
A=t

=

Lemma 2.5. [10] Let T(r) be a non-negative
and non-decreasing function in 0 < r < oco. If

T(d
liminf 20 5 go
R T
for some d > 1 and w > 0, then
Tt T
(2.2) / W < kT L op),
1 tw+1 rw

as r — 00, where K is a positive constant.

3. Proof of Theorems 1.1 and 1.2.

Proof of Theorem 1.1. Sufficiency. Lemma 2.4
yields that

Sas(r, f) < 2X° W

+A3/TT(t’—Q’f)dt+0(1),

AL

(3.1)

Suppose that the angular domain 2 contains no
Borel direction of order p for f(z). Using Theorem C
gives

: log 7(r, 2, f)

limsup——F<p

r—00 logr

Therefore, there exists a number p; such that A <
p1 < pand
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T(t,9Q,[f) <t",

By a simple calculation, we have

/’T(t,Q,f)dt<

AL T p1— A

t € (ro,r).

7-/’1 -A

Substituting the above to (3.1) yields

3
(3.2)  Sap(r, f) < <2)\2 + /\)\> A 4 0(1),

P1—
A=/(B-a).
This gives
log Sa 5(r,
limsupw <pr—A<p=A
r—00 logT‘

This contradicts to (1.1).
Necessary. Lemma 2.4 implies that
T(r,Q, f)

(3.3) =

Sas(r, ) > A sin(\e)

Ve € (O,ﬁ_Ta>.

Suppose that argz =6 € (a, 8) is a Borel direction
of order p for f(z). We choose £ >0 such that
0 € (a«+¢,8—¢). The fact that . contains a Borel
direction of order p for f(z) gives

log 7(r, 2., f) _
logr -

+0(1),

(3.4) lim sup

Combining (3.4) with (3.3), we have

IOg Sa,ﬁ(r7 f) >

- A
logr

lim sup

By the inequality (3.1), we can obviously find that
log Sa,5(r, f) <

lim sup - A
00 logr
Theorem 1.1 follows. O

Proof of Theorem 1.2. We use the same nota-
tions in the proof of Theorem 1.1.

Sufficiency. Suppose that 2 contains no Borel
direction of maximal kind for f(z). Then, Theo-
rem A yields

(3.5) T(r,, f) = o(U(r)).
In view of Lemma 2.5 and noticing U(r) satisfying
lim, % =d(d>1), p>A=75;, we get

(3.6) /17'(;—(3& < K%’duou),
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where K is a positive constant. Combining (3.1),
(3.5) and (3.6), it follows that

vy,

A

Sualrf) = o

This contradicts to (1.3).

Necessary. Suppose that argz =0 € (a, §) is a
Borel direction of order p for f(z). We choose & > 0
such that 6 € (o +¢,8 —¢). The fact that Q. con-
tains a Borel direction of maximal kind for f(z)
gives

(3.7)

Combining (3.3) with (3.7), we have (1.3).
Theorem 1.2 follows. ]
4. Proof of Theorems 1.3-1.5.
Proof of Theorem 1.3. (1)=-(2) Suppose that
(2) is false. Then there exist an angular domain w;
and 0 < p; < p+ 1, such that

1 P1
8(7’,w17f)< < > )
1—r

as r — 1—. Take 7 =1 — 27% and denote by E}, the
set of a which satisfies

1
n(l — 1,w,a> > [2okn
2k

for sufficiently large k. The spherical measure of E,
is not larger than 7k~2, otherwise we have

(4.1)

1 20kp —2
S< 2k,wf)>;k2’7rk: ,
which contradicts to (4.1). Put
E=U B
p=1k=p

The spherical measure of E is zero. For any a ¢ E
and 1 —27% <r <1 -2+ we have

1
n(r,wl,a) S n<]— - Qkﬂawl,a>
9 9 1 4t
< (k—+1)*200r < (k4 1)%2m (1) .
—r

L
,,.

Notice that k <

, which implies that

1
n(r,wl,a)<<
1—r

Since E has a zero measure,
almost every a,

P2
) , (m<pp<p+l).

it follows that for
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1 P2
n(rawlva) < < > 3
1—r

as 7 — 1—. This contradicts to (1).
(2) =)
From [4] we gain an inequality as follows:

7+ 255

3
S 9 7f S K <
(ryw, f) ;n 556

= T(r,a)
+0 ——dr |,
0 (I—-r)
where w C wy are two sectors, and a;(2)(j = 1,2,3)
are small functions of f(z).

Since  T(r,a)=o(T(r,f)) and T(r, f)=

O((T5)"™), we get T(r,a) = ol(+5)""). Then we

have
1
( p+5+2 dr

,wo, f = aj(Z))

r+127

TE? T(r, a) 128
/ 5dr=o /
0 (1-7) 0

P |
)

O<log</o T )
=)

>p+1

p+1+5

<(p+1+s log

Thus we have

logn(r, wo, f = G;(Z))
1ogﬁ

lim sup

r—1—

with two possible exceptional for a(z).
On the other hand, the inequality

1
ol2)) [ 1oy
1—
Hence,

log n(r,wp, f = a(z))
1ogﬁ

(3) = (1) is obvious.

Theorem 1.3 follows. O

Proof of Theorem 1.4. In view of Lemma 2.2,
we obtain

lim sup logn(r, wo, f =

r—1—

<p+1
,

is obvious.

limsup

r—1—

=p+1
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log 7 (r, 2,
— limoup BTN _
r—l— IOg:

From Lemma 2.3, there exit two constants

Ky, K5 > 0 such that
Sap(r, f) < KaT(r,Q, f) + O(1),
Sa,6(r, ) = KT (r, e, f) + O(1),
By using Theorem 1.3, we can get the result.
Proof of Theorem 1.5. Suppose that argz :DG
is a Borel radius of f(z) respect to constant a of

order p, then we have (1.4).
Let

r—1-—.

f(2) — ai(2) a3(2) — as(2)
f(2) = as(2) a3(2) — ar(2)’

where a;(2)(j =1,2,3) are three small functions.
Then

9(z) =

Sap(r, f) = o(T(r, f)) < Sa5(r,9)
< S(l-ﬂ(ra f) + O(T(T, f))

Therefore, we have

log Sp—c9+:(7, 9)

lim sup log ﬁ

r—1-—

:p'

Let b; be 0,1, 00, respectively. Then, we have
N(r,Z:(0),9 = bi) = N(r, Z:(0), f = ai(2))
+o(T(r, f))-

Suppose that there exist three small functions
aj(2),j =1,2,3, such that

Nma@szm<(fgylm<m<m

Note that
067579+5 (7‘, g= bt)

N ZE bl =0
N 20521
T
"N Z.(0), 9 = b))
2
+2 / — dt
:O(N(T7ZE(0)7g:bl))7 r— 177

where A = 7-. In view of Lemma 2.1, we have

3
Sa,/i(ra g) < Z Ca,ﬂ(rvg = bl)
=1
1
1—r)

J

+ O(log T(r, f) + log
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Then we have

1Og 5975,0+5 (7‘, g)

lim sup log L
1—r

r—l—

< p.

This leads to a contradiction. Theorem 1.5 follows.
|
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