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1. Introduction. Bertelson-Gromov  pro-
posed a study of “dynamical Morse inequality”
in [2]. It is a new kind of Morse theory in
(asymptotically) infinite dimensional situations.
The authors think that the paper [2] opened a way
to a fruitful new research area. The purpose of this
paper is to solve a transversality problem relating
to [2].

Let X be a compact connected smooth mani-
fold of dimension > 1, and let f: X x X — R be
a smooth function. For n=1,2,3,..., we define
S,(f) : X" — R by

—

n—

73371) =
i

(1) Sn(f)(m()ylj,...

f(xh $i+1)'

Il
o

The study of this kind of functions was proposed
by Bertelson-Gromov [2]. (See also Bertelson [1].)
The “physical” meaning of S,(f) is as follows.
We consider a crystal which consists of n particles
in a line. Suppose that the state of each particle
is described by the manifold X and that each
particle interacts with the next one by the poten-
tial function f(z,y). Then the critical points of
Sy (f) correspond to the stationary states of the
crystal.

Let ¢ be a real number, and let ¢ be a positive
real number. We define N, (c,é) as the number of
critical points p of S, (f) with ¢ — 6 < S,,(f)(p)/n <
c+ 6

No(er8) = n{p € XM | (dS,(f)), = 0,
5.(H®)

c—6< 2=
n

<c+6}.
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We solve a transversality problem relating to Bertelson-Gromov’s “dynamical

Critical point; Morse function; Betti-number entropy.

We set

log N,,(c, §
N(c) :=lim <lim inf og—(c))

§—0\ n—oo n

Recall that a smooth function on a manifold is
called a Morse function if all its critical points are
non-degenerate. Bertelson-Gromov [2] proved the

following “dynamical Morse inequality”. (See
[2, Remark 8.2] and [1,p. 156, Remark].)
Theorem 1.1 (Bertelson-Gromov). Suppose

the following
(2) All S,(f) : X" - R (n>1)
are Morse functions.
Then for any c € R
(3) N(c) = b(c).
Here b(c) is the “Betti-number entropy” introduced
in [2]. (b(c) depends on f.) We review its definition

in Appendiz A.
The function b(c) is concave, and there exists

ceR such that b(c)>0 [2,Proposition 9.2,
Proposition 10.1].
Theorem 1.1 rises the following natural

question: How common is the condition (2) for
smooth functions? The main issue of this note is to
give an affirmative answer to this question. Notice
that the answer is not apparent because of the
symmetry of the function S,(f). For example, the
value

Su(H)xy .z, 91, Yy Ty e e, T)
= f(x,y1)+f(ym,x) + (n_m_ 1)f(l’,:l?)

m—1

+ T (Wi, vis1)
i=1
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does not depend on the number of z’s before the
sequence of yi,...,y, appears. So the standard
arguments to show the prevalence of Morse func-
tions  (e.g.  Guillemin-Pollack  [3, Chapter 1,
Section 7], Hirsch [4, Chapter 6, Section 1]) do not
work.

Let C*°(X x X) be the space of all (real valued)
C>-functions in X x X.C™(X x X) is endowed with
the topology of C®-convergence. A subset U C
C*(X x X) is said to be residual if it contains a
countable intersection of open dense subsets of
C*(X x X). The main result of this paper is the
following

Theorem 1.2. The set of all functions f €
C*(X x X) satisfying the condition (2) is a residual
subset of C*°(X x X).

Let C°(X x X) be the space of all f € C™(X x
X) satisfying the symmetric relation f(z,y) =
f(y,x) for all z,y € X. This is a closed subspace of
C*(X x X). If we consider X"*! as the “configu-
ration space of a crystal” as we explained before,
then it is natural to suppose that the “potential
function” f is symmetric. So we think that the
following result is also interesting.

Theorem 1.3. The set of all functions f €
Cr(X x X) satisfying (2) is a residual subset of
Cr(X x X).

2. Proof of Theorems 1.2 and 1.3. In this
section we assume that the closed manifold X is
smoothly embedded into the Euclidean space RY.
For n>1, let P, be the set of all partitions of
{0,1,2,...,n}. Foro ={P, P,...,P} € P,, we set
lo| =1 and o(i) = P; for i € P;, (i=0,1,2,...,n).
For example, if o= {{0},{1,3},{2}} € P3, then
o] =3 and o(0) ={0}, o(1)=0(3)=1{1,3},
o(2) = {2}. We define an order on P,, as follows:
For 0,7 € P,, 7 > o if we have 7(i) D o(i) for all
i=0,1,...,n. (This means that o is a subdivision
of 7.) The maximum partition with respect to this
ordering is {{0,1,2,...,n}}, and the minimum
partition is {{0},{1},...,{n}}.

For o0 € P, we set

X, = {(z0,71,...,m,) € X" | 2; = x;
if o(i) = o(j)},
R{yv = {(vo,v1,...,vn) € (RN)HH | vi = v;
if o(i) = o (j)}.
We have X, CRY. If 7> 0, then X, C X, and
RY c RY. We set
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Yo = U X,.
TZO0

Here 7 runs over all partitions in P,, strictly greater
than 0. We have ¥, C X,.

Remark 2.1. (i) For «= (x¢,%1,...,2,) €
X" we have z € X,\X, if and only if the
following condition is satisfied: “z; = z; & o(i) =
o(j)".

(i) X" = U ep, (X0 \ Z,)-
(iii) The pair (RY,X,) is diffeomorphic to the
pair ((RY), X7,

For feC®(XxX), we define S,(f)e€
C®(X™1) by (1). For each (fixed) n > 1, the set
{feC®(X x X)|S,(f) is a Morse function} is
obviously open in C*(X x X). (A similar statement
for C°(X x X) is also true.) Hence Theorems 1.2
and 1.3 follow from the following

Theorem 2.2. Fizn > 1. Every f € C*(X x
X) can be approzimated arbitrarily well (in the C*°-
topology) by g€ C*(X x X) such that S,(g9) is a
Morse function. Moreover, if f is symmetric (i.e.
flx,y) = f(y,x) for allz,y € X), then we can choose
a symmelric approximation g.

For a while we will prepare some preliminary
results for proving this theorem. In the rest of this
section we fix n > 1. First recall the following well-
known result (see Guillemin-Pollack [3, p. 43]).

Proposition 2.3. Let M be a closed mani-
fold embedded in R™, and let f: M — R be a
smooth function. Fiz xqg € R™. Then for almost
every a € R™, the function

M>zw— f(z)+ (,z —29) €R

is a Morse function. Here (-,-) is the standard inner
product of R™.

We will also need the following (well-known,
we believe).

Lemma 2.4. Let M be a closed manifold
embedded in R™, and let f: M — R be a smooth
function. Let p=(p1,...,pm) € M be a critical
point of f. Let ai,...,a, be positive numbers.
Then for all but finitely many c € R, the point p
is a mon-degenerate critical point of the following
function:

ge: M >z — f(l‘) +CZCL¢|$¢ —pi‘g € R.

=1

Proof. First note that the following fact: Let A
and B be two matrices of the same degree, and
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suppose B is regular. Then A + ¢B is also regular for
¢ > 1. Hence det(A + ¢B) is not identically zero as
the polynomial of ¢. So it has only finitely many
zeros. Then A+ ¢B is regular for all but finitely
many c € R.

We can assume p=0. Let v = (¢1,...,9m) :
R¥ — M Cc R™ (¢(0) =0) be a local coordinate

around 0€ M. We have g.op(y)=fop(y) +
¢y ai(pi(y))’. Then
8ge o Pfoyp I O, Opi

- = 0) +2c a; — (0 0
yaOyp 0YaOyp ©) ; " OYa (©) yp

It is easy to see that the symmetric matrix (>, a; -

0i(0)/0yq - 0¢i(0)/0ys),, 5 is positive definite and

hence regular. Hence the desired result follows from

the above remark. O
For p = (po,p1,---,pn) € X", we put

r(p) == min{|p; — p;| | pi # p;}
Up:={xec X" ||z - p| <r(p)/3}.
When py=p1 =+ =p,, we set r(p) =+oco and
U, = X" Let x be a C*-function on R such that
x=1on [0,1/3] and x =0 on [2/3,400). For p =
(PosP1y---,Pn) € X" and j=0,1,...,n, we set

Xpi(@) == x(Jz = pjl/r(p)) for x € X. If py=p; =
++ = pn, then we set xp; = 1.

Lemma 2.5. Let c€P,. For pe X,\ X,
and € = (29, Z1,...,%,) € Up,
tey= {1 70 =t
P 0 if ofi) # o(j).
Proof. If o(i) = 0(j), then p, =p;. So |z; —
pil =lzi —pil < |z —pl <r(p)/3. It ofi) #0o(j),
then p; #pj. So |zi —pj| > [pi — pj| — i —pi| >
2r(p)/3. O
Fori=10,1,2,...,n, we set
. 1 +=0,n,
1) =
He) {2 otherwise.
Lemma 2.6. Let oc€P,, p=(py,p1,-.--,

pn) € Xo \ B and a = (g, 01, ..., ) € Rf,v. Then
there is a symmetric fpao € C™(X x X) such that
Sn(fpa)(@) = (o, —p) for all x € UpN X,.

Proof. We define h € C*(X) by

-1
n

h) =3 3 uh)

7=0 \ keo(j)

Put fp,a(xv y) = h(x) + h(y)
xn) € Up N X,

(@, Xp,j(T) (T = pj))-

For == (zg,x1,...,
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Sn(fp.a)(®)
n—1 n
=Y (h(@) + b)) = Y pli)h(z)
=0 =0
-1
= > i) D utk) o (g xp(@i) (@ — py)
0<i,j<n keo(j)
-1
=S D uk) > (i) ey, — py)
=0 \ kea() ica(j)
(by Lemma 2.5 and z; = z; for i € 0(j))
= faja;—pj) = (@, @ p).
=0
([l
Lemma 2.7. Forp= (po,p1,--.,p,) € X",

there is a symmetric g, € C°(X x X) such that
Sulgp)(@) = g i) = pil* for all @ = (xp, ...,
x) € Up.

Proof. Choose o € P, such that p e X, \ 3.
We define h € C*(X) by

by =3 X e

= to(j)

Set  gp(z,y) :== h(z) + h(y). For = (x,z1,...,
x,) € Up,
Sn(9p)()

- Z (z:) + h(zie)) = 3 pli)h(z:)

=0
_ A Xed(@i)
= ()<7'zj:<'n (7) to(j) i — pj

Do) 3= o=

i=0 q

(by Lemma 2.5)

€a(i)
p(@z: —pil*  (p; = pi for j € (i),

]

Let M be a manifold, and let f: M — R be a
smooth function. We define C(f) as the set of all
critical points of f, and C.(f) as the set of all
degenerate critical points of f.

Lemma 2.8. Let c€P,, and let K C X,
be a compact set. Let feC™(X x X). Suppose
Co(Su(f)lx,) N K = 0. Then f can be approzimated
arbitrarily well by ¢ge€C®(X x X) such that
C.(Sn(9))NK =10. If f is symmetric, then we can
choose a symmetric approrimation g.
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Proof. All critical points of S, (f)[y, in K are
isolated in X,. In particular C(S,(f)|y,) N K is a
finite set. Since C,(S,(f))NK 1is contained in
C(Su(f)lx,) N K, C(Su(f))N K is also finite. We
prove the lemma by the induction on [:=
8(C.(Su(f)) N K).

The case | =0 is trivial. Suppose C.(S,(f))N
K ={py,ps,-..,p}. There are open subsets Vi, ...,
Vi, of X, such that p; € Vi, C(S,(f)|x,) NV = {p;}
(i=1,...,1) and V;NV;=0 (i#j). Since non-
degenerate critical points are persistent, there is
a neighborhood U of f in C*(X x X) such that for
allgel
(i) Cu(5u(9)) N K € Uiy Vi,

(ii) 4(C(Sn(9)lx,)NVi) =1 for i =1,...,1. (Then,
H(C(Su(g) N V) < 1.)

Take ¢ > 0 such that f+cg, €U (gp, is the
function given in Lemma 2.7.) and that p; is a non-
degenerate critical point of the following function
Xn+1 — R:

)

z— S (f)(z) + C(Z 1(i)lz; = p
=0
where p; = (p1.0,P11,- - -, P10). (The latter condition
is satisfied for all but finitely many c€ R by

Lemma 2.4.) Put g; := f + cgp,. From Lemma 2.7,
for x = (2o, ..., 2,) € Up,,

Su(g1)(x) = Su(f)(2) + ¢ <§n: p()le; = pl,jl2> :
=0

By the choice of ¢ €U, p; is the unique
critical point of S,(g;) in Vi (see the above
condition (ii)), and it is non-degenerate. Therefore
we have C.(S,(q1))NK C Uf::z‘/;~ This implies
#(Ci(Sp(g1))NK) <1—1. By the assumption of
induction, g; can be approximated by g € C*(X x
X) such that C.(S,(g9)) N K = 0. If f is symmetric,
then ¢y is also symmetric and we can choose a
symmetric approximation g. (I
Proposition 2.9. Let oc€P, and fe€
C*(X x X). Suppose C.(S,(f))NEs=0. Then f
can be approzimated arbitrarily well by f € C°(X x
X) such that C.(S,(f')) N X, = 0. If f is symmetric,
then we can choose a symmetric approzimation f'.
Proof. Since X, is compact and C.(S,(f))N
Y, =0, there is an open set Wy C X, such that
¥, C Wyand Wy N C.(S,(f)) = 0. Take py,...,p; €
X,\ X, and open sets Vi,...,V, C X, such that
p eV, V,cU, and X,=W,uU", V. Put
fo:=fand W, := WOUU;:lefori:L...,k:.
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We will inductively show that if f; € C*°(X x
X) satisfies C.(S,(f;)))NW; =0 then f; can be
approximated by fii1 € C°(X x X) satisfying
Co(Sn(fix1)) N Wiy = 0. (If f; is symmetric, then
we can choose fi11 symmetric.) Since C,(S,(fy)) N
Wo=0 and X, = WU Ule Vi, this will complete
the proof.

Let eq,...,e, be the standard basis of Rf,v
(m = N|o|). By Proposition 2.3, for a.e. (cy,...,
¢m) € R™, the following is a Morse function.
4 RYoX,>=z

= SrL(fl)(m) + <chej7 T — pi+1> €R.
j=1
¢m) € R™ such that (4) is a
Put g :=fi+ Z;ll ijpiﬂve]'
(fp..1.e; is the function introduced in Lemma 2.6.)
Then  S,(gi)(z) = Su(fi)(z) + <Z;n:1 Cj€j, T — Pii1)
for x €Uy, NX, This implies C.(Su(gi)lx,)N
Vis1 = 0. By Lemma 2.8, g; can be approximated
by fi1 satisfying C.(S,(fi+1)) N Vi = 0.

Since C.(S,(fi)) N W; = 0 by the assumption, if
we choose (ci,...,c¢y,) sufficiently small and fi 4
sufficiently close to g; then C.(S,(fiy1)) N W, = 0.
Thus we have C.(S,(fiy1)) N Wi = 0. O

Proof of Theorem 2.2. Set fy:=f We
will inductively construct f; below. Let P, =
{o1,02,...,0n,} (m=|P,|), and we can assume
that these are indexed so that o; > 0; =14 <j. If
fi € C*(X x X) satisfies C.(S,(f1)) N (Uj<; Xoy) =
(), then by Proposition 2.9, f; can be approximated
by  fir1 €CY(X x X)  satistying  Cu(Sn(fir1)) N
Xy = 0. We can choose fiy1 sufficiently close
to f; so that C.(Su(fi+1)) N (Uj<; Xo;) = 0. Hence
Ce(Su(fi41)) N (Uj<isr Xo;) = 0. By induction f =
fo can be approximated by f,, € C*(X x X) sat-
isfying C.(S,(fin)) = 0. If f is symmetric, then we
can choose all f; symmetric. (Il

Appendix A. Review of Betti-number
entropy. In this appendix we review the defi-
nition of Betti-number entropy introduced by
Bertelson-Gromov [2]. All results in this appendix
are contained in [2].

Let M be a compact connected smooth mani-
fold. If M is oriented, then we use cohomology over
R. If M is unoriented, then we use cohomology over
Z/2Z. Let a € H* (M) := @,~, H*(M), and let U C
M be an open subset. We write suppa C U if there
exists an open subset V C M such that M =U UV
and a|, =0 in H*(V) [2, Notation 4.1].

Take small (cy,...,
Morse function.
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Let X be a compact connected smooth mani-
fold of dimension >1. Let f: X x X — R be a
smooth function. For n>1 we define S,(f):
X" 5 R as in (1), and set f, = S,(f)/n. Let
7 XM — X" (20,. .., 2) = (T0,...,2,_1). For
an open set U C X" we define a subspace A, (U) C
H*(X"') as the set of a € 7 (H*(X")) satisfying
suppa CU. For ce R and 6 >0, consider the
following linear map:

An(f (=00, ¢+ 8)) — Hom(A,(f, (c — §,+00)),
An(fv;l(c —b,c+ 6))))
ar (b aUb).
We define b,(c,6) as the rank of this linear map.

Lemma A.1 ([2], Lemma 5.1). For ¢,d € R

and 6 > 0,

b71,+m(ac + (1 - a)cl7 6) > bn(ca 5)()"1’(6,, 6)
for a =n/(n+m).

Then we can define the Betti-number entropy
b(c) by

b0) =l Jm M)

&—0 \ n—oo n
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