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Abstract: In this paper, we make structural elucidation of some interesting arithmetical

identities in the context of the Parseval identity.

In the continuous case, following Romano� [R] and Wintner [Wi], we study the Hilbert space
of square-integrable functions L2ð0; 1Þ and provide a new complete orthonormal basis|the Clau-

sen system{, which gives rise to a large number of intriguing arithmetical identities as manifesta-

tions of the Parseval identity. Especially, we shall refer to the identity of Mikol�as-Mordell.
Secondly, we give a new look at enormous number of elementary mean square identities in

number theory, including H. Walum’s identity [Wa] and Mikol�as’ identity (1.16). We show that

some of them may be viewed as the Parseval identity. Especially, the mean square formula for the
Dirichlet L-function at 1 is nothing but the Parseval identity with respect to an orthonormal basis

constructed by Y. Yamamoto [Y] for the linear space of all complex-valued periodic functions.
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1. The Hilbert space L2ð0;1Þ. The purpose

of the present paper is to show that some number-
theoretic identities have very natural hidden struc-

ture, i.e. the Parseval identity, that is why they are
to hold. To uncover such phenomena, we are to dis-

cover suitable complete orthonormal systems. Note

that in the case of �nite-dimensional normed vector
spaces, all orthnormal systems (ONS) consisting of

the dimension number of elements are complete and

therefore, we immediately obtain the Parseval identi-
ties. However, in the Hilbert space L2ð0; 1Þ, the space

of all square-integrable functions, completeness is

essential to attain the Parseval identity. This sec-
tion is a sequel to [KTZ] and by incorporating the

studies of Wintner [Wi] and Romano� [R], provides

a new orthonormal basis (ONB)|the Clausen sys-
tem, f1; �n;kðxÞg ðn 6� kmod 2Þ given in Theorem 2.

The following lemma is a slight modi�cation of
Wintner’s result [Wi, pp. 566{569].

Lemma 1. Let the system f�ðktÞg, where

we understand �ð0tÞ ¼ 1 and � is an L2-function of

mean value 0, be an ONS and each is given by

(1.1)

�ðktÞ �
X1

n¼1

an cos 2�kntð Þ þ bn sin 2�kntð Þð Þ a0 ¼ 0ð Þ:

For any function f 2 L2ð0; 1Þ, let

fðtÞ � c0 �
X1

k¼1

ck�ðktÞð1:2Þ

be its orthogonal expansion, whence in particular,P1
n¼1 c2

n <1. Suppose the growth conditions

An ¼
X

d jn
cdan=d
�� �� ¼ O n�

1
2
��

� �
;ð1:3Þ

Bn ¼
X

d jn
cdbn=d
�� �� ¼ O n�

1
2
��

� �

hold in view of the assumption

cn ¼ O n�
1
2
��

� �
; 8� > 0:ð1:4Þ

Then the partial sums fnðtÞ ¼
Pn

k¼1 ck�ðktÞ converge

to f ðtÞ � c0 l.i.m., i.e.
R 1

0 f � c0 � fnj j2dt ! 0 as n !
1, and the Fourier series of f is given by

(1.5)

fðtÞ � c0 �
X1

n¼1

�n cos 2�ntð Þ þ �n sin 2�ntð Þð Þ �0 ¼ 0ð Þ;
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where

�n ¼
X

d jn
cdan=d; �n ¼

X

d jn
cdbn=d:ð1:6Þ

Proof is essentially given in [Wi, pp. 567{568].

The main ingredients are that the sequence of par-
tial sums ffnðtÞg is a Cauchy sequence in view of

(1.3) and that there exists a function to which the

sequence fnðtÞ converges l.i.m., which must be
fðtÞ � c0 by assumption. The statement becomes

simpler if we restrict to those f whose mean values

are 0. Then we need to add the non-vanishing con-
stant 1 to the system f�ðktÞg; k 2 N (cf. [Wi, pp.

564{565]).

Let

lsðtÞ ¼
X1

n¼1

e2�itn

ns
; � ¼ Re s > 1ð1:7Þ

be the polylogarithm function, and for s ¼ k 2 N,

let

l ckðtÞ ¼
X1

n¼1

cos 2�tnð Þ
nk

; l skðtÞ ¼
X1

n¼1

sin 2�tnð Þ
nk

:ð1:8Þ

Under this notation, Wintner [Wi, Statement (II),

p. 566] essentially proved that for � 2 N, each of

f1; l c�ðktÞg; fl s� ðktÞg

forms a basis of L2ð0; 1
2Þ. We may proceed slightly

further to contend.

Proposition 1. Each of the following systems

is complete in L2ð0; 1Þ:

1; l c2kðktÞ
� �

[ fl s2k�1ðktÞg;

the system of (periodic) Bernoulli polynomials, which

we denote by f �BkðtÞg;

l c2k�1ðktÞ
� �

[ f1; l s2kðktÞg;

the system of Clausen functions, which we denote by

fAkðtÞg.
Proof. We show that f1; l c�ðktÞg and

f1; cosð2�ktÞg are equivalent, i.e. that their closures

coincide. Indeed, using fðtÞ ¼ cosð2�ktÞ and �ðktÞ ¼
l c�ðktÞ, in (1.2) we deduce that �n are all 0 except for
n ¼ k; �k ¼ 1. Denoting this function by EðnÞ, and

applying the M€obius inversion formula we derive

cn ¼
X

djn
	
n

d

� � n

d

� ���
EðdÞ:ð1:9Þ

Hence it follows that cn ¼ O n��ð Þ and so (1.4) is
satis�ed and a fortiori, (1.3). Hence, Lemma 1 assures

that cosð2�ktÞ is well approximated by �nite combi-

nations of lc�ðktÞ
0s, so that it lies in the closure of

1; l c�ðktÞ
� �

. The reverse inclusion being clear, we

conclude that these systems are equivalent. Similarly

we can prove the equivalence of f1; l s� ðktÞg and

f1; sinð2�ktÞg. Hence we conclude the assertion in

view of the completeness of the trigonometric func-

tions. r
At this point we quote the following result from

[KTZ] and [R].

Proposition 2 ([KTZ, Proposition 2] and [R]).
Each of the sequences f1; �n;kðxÞg and f1; �n;kðxÞg
(n 6� k mod 2) forms an orthonormal system of

L2ð0; 1Þ, where

(1.10)

�n;kðxÞ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2k
k

� 	�1
B2k’2kðnÞ

q
X

djn
	
n

d

� �
dkBkðdx� ½dx�Þ;

(1.11)

�n;kðxÞ ¼
1

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2k
k

� 	�1
B2k’2kðnÞ

q
X

djn
	
n

d

� �
dkAkðdx� ½dx�Þ;

and where ’2kðnÞ ¼ n2k
Q
pjn

1� 1
p2k

� �
is the Jordan

totient function.

Now from Proposition 1 and Proposition 2 we

deduce the following result. The Bernoulli system is
due to Romano� [R] and the Clausen system is new.

Theorem 1. Each of f1; �n;kðxÞg and

f1; �n;kðxÞg ðn 6� k mod 2Þ forms a complete or tho-

normal basis of L2ð0; 1Þ.
Now we shall give some examples of orthogonal

expansions and Parseval identities based on Theo-

rem 1. We �rst evaluate the orthogonal coef�cient,

with 
ðs; uÞ designating the Hurwitz zeta-function,

cn;kðsÞ ¼
Z 1

0


ðs; uÞ�n;kðuÞdu;ð1:12Þ

which reduces to
Z 1

0


ðs; uÞAkðbuÞdu

for b 2 N. As in the proof of [KTZ, Corollary 2], we

may prove the following result which is a generaliza-

tion of [KTZ, (20)], which in turn is a generalization
of the results of [EM1, EM2].

Proposition 3. We have for � < 0
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(1.13)
Z 1

0


ðs; uÞAkðbuÞdu

¼ �k!ð2�Þs�k cos
�ðsþ kÞ

2
bs�1�ð1� sÞ
ð1þ k� sÞ:

Rewriting (1.11) in the form

�n;kðuÞ ¼
1

an;k

X

�jn
	

n

�

� �
�kAkðf�ugÞ

with an;k ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2kk�1B2k’2kðnÞ

q
, and using (1.13) we

evaluate the orthogonal coef�cients:

cn;kðsÞ ¼
1

an;k

X

� jn
	
n

�

� �
�k
Z 1

0


ðs; uÞAkð�uÞdu

¼ � k!

an; k
’kþs�1ðnÞð2�Þs�k cos

�ðsþkÞ
2

� �ð1� sÞ
ð1þ k� sÞ:

ð1:14Þ

Example 1. For � < 0, we have the orthogo-

nal expansion with respect to f1; �n;kðuÞg


ðs; uÞ ¼
X

n; k

cn;k�n;kðuÞ;

where cn;k ¼ cn;kðsÞ is given by ð1:14Þ.
Using (1.14), we may easily write down the Par-

seval formula for
Z 1

0


ðs; uÞ
ðz; uÞdu:

However, we shall not evaluate it here and refer to

the Mordell-Mikol�as formula given in the following
remark.

Remark 1. For a; b 2 N we have
Z 1

0


ðs; faugÞ
ðz; fbugÞdu

¼ a

d

� �s�1 b

d


 �s�1

ð2�Þsþz�2 cos
�ðs� zÞ

2

� �ð1� sÞ�ð1� zÞ
ð2� s� zÞ;

ð1:15Þ

valid for maxf�; 0g þmaxfRez; 0g < 1 (cf. [Mi1, p.

158]), where d ¼ ðm; nÞ the g.c.d. of m; n. Indeed,

(1.15) is equivalent to

(1.16)
Z 1

0


ðs; uÞ
ðz; uÞdu ¼ 2ð2�Þsþz�2�ð1� sÞ�ð1� zÞ

� cos
�

2
ðs� zÞ

� �

ð2� s� zÞ;

which is [Mi1, (5.1)]. Mikol�as [Mi2] gave the special

case of ð1:15Þ with s ¼ z.

Proof of (1.15) is easily accessible if we make use
of the results of Mikol�as [Mi1, Mi2;] and Mordell [Mo],

where an argument similar to Mordell’s has been

given also by Romano� [R].
We may obtain an enormous amount of new in-

triguing identities and the following are illustrative

examples which will be treated more thoroughly else-
where.

Example 2. We have

ie
�s
2
i
�
e
�iz
2 ð�1Þj � e��iz2

�

ðjþ 1� zÞ
ð1� zþ sÞ

¼ j ! sin �s
h
2ðkþ sÞ
2ðkþ 2s� jÞ
2ðkþ 1� zÞ


2ð2kÞ
ð2kþ 3s� jÞ

� 

2ðkþ 1þ sÞ
2ðkþ 1þ 2s� jÞ
2ðkþ 2� zÞ


2ð2kþ 2Þ
ð2kþ 2þ 3s� jÞ
i

Example 3. Let

�ðv; uÞ ¼ �ð!Þ ¼
ffiffiffi
v
p X1

n¼�1
n6¼0

�ðnÞKi�ð2�jnjvÞe2�inu

be a Maass wave form corresponding to the eigen

value 1=4þ �2 of the automorphic Laplacian, where

K signi�es the modi�ed Bessel function. Then


2ðkþ 2� zÞ

2ð2kþ 2Þ

X1

n¼1

dðnÞKi�ð2vÞ
nkþ1

�ðnÞ

¼
Xþ1

n¼1

dðnÞKi�ð2�nvÞ
n1�z �ðnÞ:

Example 4. Let

 0ðv; uÞ ¼  0ð!Þ ¼
ffiffiffi
v
p X

n�0 ð24Þ
T ðnÞK0

�2�jnjv
24

�
e

2�inu
24 ;

where TðnÞ is the coef�cients de�ned by [Coh]. Then

ið24Þ1�z�k sin
�z

2

X

n�0 ð24Þ; n>0

T ðnÞK0

�
2�nv

24

�

n1�z

¼ cos
�z

2


2ðkþ 1� zÞ

2ð2kÞ

X

n�0 ð24Þ; n>0

T ðnÞK0

�
2�nv

24

�
dð n24Þ

nk

þ i sin
�z

2


2ðkþ 2� zÞ

2ð2kþ 2Þ

X

n�0ð24Þ; n>0

T ðnÞK0

�
2�nv

24

�
dð n24Þ

nkþ1
:

2. Mean square identity and Yamamoto’s

basis. In the remaining of the paper we will estab-
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lish a new look at discrete mean square result as Par-
seval identities.

Let 
 be a Dirichlet character modulo N , with
N > 1. Let Lðs; 
Þ denote the associated Dirichlet

L-function de�ned by

Lðs; 
Þ ¼
X1

n¼1


ðnÞ
ns

; Res > 1:

For non-principal 
, the series de�ning Lðs; 
Þ is con-

vergent for � > 0 and we may speak of the value
Lð1; 
Þ, which is related to the class number of

a quadratic �eld.

In the special case of N ¼ p, an odd prime, H.
Walum [Wa] discovered an intriguing identity

X


ð�1Þ¼�1

jLð1; 
Þj2 ¼ ’ðpÞðp� 1Þðp� 2Þ
12p2

�2;ð2:1Þ

where the sum is over all odd Dirichlet characters 


modulo a prime p, and ’ðnÞ is the Euler function.
Walum’s identity (2.1) stimulated some authors to

generalize it to the case of composite modulus and

the product of two L-functions; cf. [Lou1, Lou2,
Lou3], which were later generalized by [LZ] and this

last result was recently generalized and elucidated

fully in [KMZ]. However, except for the last paper,
other authors used ad hoc methods and one cannot

see the reason why such identities are to hold.

We push forward the structural study on such
sums in [KMZ] and establish the following structural

elucidation of the generalization of (2.1) to be proved

in §3.
Theorem 2. As a Parseval identity with re-

spect to the orthonormal basis (ONB) X0ðNÞ given

in Lemma 3, we have the identity
X

d jN

1

’ðNd Þ
X


 odd; mod N
d

jLð1; 
Þj2

¼ �

2N

� �2 X

0 6�a mod N

cot

a
ða;NÞ
N

�

 !2

:

ð2:2Þ

Our approach depends on Y. Yamamoto’s [Y]

method for the inner product linear space CðNÞ of
all complex-valued periodic functions f of period N

with N 2 Zþ. We assemble some basic results below.

CðNÞ ¼ f jf : fZ! C; fðnþNÞ ¼ fðnÞf g:
The inner product of ’1; ’2 2 CðNÞ is de�ned by

’1; ’2ð Þ ¼
X

a mod N

’1ðaÞ’2 að Þ;ð2:3Þ

where �S means the complex conjugation of S.
Let 
 be a Dirichlet character mod u, then


 2 CðkuÞ for k ¼ 1; 2; . . .. For a positive integer d

we de�ne 
ðdÞ 2 CðduÞ by


ðdÞ nð Þ ¼ 
 n
d

� �
; if d jn;

0; if d jn:

(
ð2:4Þ

Let

XðNÞ ¼ f
ðdÞj
 Dirichlet character mod u; du ¼ Ng:
In [Y, Proposition 1.1] Yamamoto showed the

following result:
Lemma 2. XðNÞ is an orthogonal system

(OS ) of C ðNÞ.
It is immediate to deduce the following result

from Lemma 2.

Lemma 3. Let N > 2. Then

X0ðNÞ ¼
1
ffiffiffiffiffiffiffiffiffiffi
’ðN

d
Þ

q 
ðdÞ

�������
d jN

8
><

>:

9
>=

>;
ð2:5Þ

is an ONB of C ðNÞ.
We note that the normality of the system in

Lemma 3 entails the fact that the Euler function

’ðnÞ is the number of natural numbers � n coprime
to n.

If ’1; 	 	 	 ; ’nf g is an ONB of an inner product

space, then for any c1; 	 	 	 ; cn 2 C, we have (a �nite
form of) the Parseval identity

Xn

k¼1

ck’k

�����

�����

�����

�����

2

¼
Xn

k¼1

jckj2 $ fj jj j2 ¼
X




jc
j2;ð2:6Þ

for f 2 CðNÞ.
We shall also use the following lemma [Vista,

Lemma 8.3] in an essential way.

Lemma 4. For the sum over odd characters

mod q, we have

X


 �1ð Þ¼�1


 nð Þ ¼

0 if n 6� 
1 mod qð Þ
’ qð Þ

2
if n � 1 mod qð Þ

� ’ qð Þ
2

if n � �1 mod qð Þ:

8
>><

>>:

Remark 2. Lemma 4 refers to the di�erence

between two groups, fall charactersg and feven char-
actersg. The orthogonality of these characters give

rise to the di�erence fodd charactersg which looks

like having orthogonality, although it is not a group.

From now on we shall speak about the orthogon-

ality of odd characters in the above interpretation.
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3. Proof of Theorem 2.

Proof. We want to �nd a function f whose

Fourier expansion is
X


02X0ðNÞ
c
0

0;

with

c
0
¼

1ffiffiffiffiffiffiffi
’ðN

d
Þ

p Lð1; 
Þ; if 
ð�1Þ ¼ �1;

0; if 
ð�1Þ ¼ 1;

8
<

:ð3:1Þ

where 
modN=d corresponds to 
0 as in (2.4).
For any a 6� 0 (mod N ), one has

fðaÞ ¼
X


0

c
0

0ðaÞ

¼
X

djN

1ffiffiffiffiffiffiffiffiffiffi
’ðN

d
Þ

q
X


 odd

Lð1; 
Þ 1ffiffiffiffiffiffiffiffiffiffi
’ðN

d
Þ

q 
ðdÞðaÞ

¼
X1

d jN
d ja

1

’ðN
d
Þ
X


 odd

Lð1; 
Þ
 a

d

� �
:

But noting that 
 is a Dirichlet character modN=d,

we see that 
ða
d
Þ 6¼ 0 only if ða

d
; N
d
Þ ¼ 1, i.e.

ða;NÞ ¼ d. Hence only one value ða;NÞ of d is possi-

ble, and

fðaÞ ¼ 1

’ð N
ða;NÞÞ

X


 odd
mod N

ða;NÞ

Lð1; 
Þ
 a

ða;NÞ


 �
:ð3:2Þ

We appeal to the following form of the Dirichlet class

number formula [Vista, (8.30), p. 174]

Lð1; 
Þ ¼ �

2N

X

0 6�b mod N


ðbÞ cot
b

N
�ð3:3Þ

which is valid for all 
 not necessarily primitive, to
rewrite (3.2) as

fðaÞ ¼ �

2N

1

’ð N
ða;NÞÞ

X

b 6�0 mod N

cot
b

N
�

�
X


 odd
mod N

ða;NÞ


ðbÞ
 a

ða;NÞ


 �
:

By the orthogonality of odd characters, this becomes

fðaÞ ¼ �

2N
cot

a
ða;NÞ
N

�:ð3:4Þ

Next, the Parseval identity for f as

fj jj j2 ¼
X


0

jc
0
j2 ¼

X

djN

1

’ðNd Þ
X


 odd
mod N

ðdÞ

jLð1; 
Þj2:ð3:5Þ

Hence, by (3.4)

fj jj j2 ¼
X

a 6�0 mod N

jfðaÞj2

¼ �

2N

� �2 X

a 6�0 mod N

cot

a
ða;NÞ
N

�

 !2

:

ð3:6Þ

Equating (3.5) and (3.6), we complete the proof of
Theorem 2. r

Corollary 1. For N ¼ p an odd prime, ð2:2Þ
reduces to ð2:1Þ.

Indeed, (2.2) reads

(3.7)

X

djp

1

’ðp
d
Þ
X


 odd
mod p

ðdÞ

jLð1; 
Þj2 ¼ �

2p


 �2Xp�1

a¼1

cot
a

p
�


 �2

:

Applying the inverse Eisenstein formula [Vista,
(8.41), p. 178]

cot
a

p
� ¼ 2i

Xp�1

k¼1

�B1
k

p


 �
e2�i ap k;

where �B1ðxÞ ¼ B1ðx� ½x�Þ with ½x� designating the

integral part of x and B1ðxÞ denotes the 1st Bernoulli
polynomial, we conclude the assertion.

Remark 3. The proof hinges on the pseudo-

group structure of the set of all odd characters and

the form of the class number formula ð3:3Þ valid for

all odd characters, in the spirit of [HKT] (cf. [Vista,

Chapter 8]). The ordinary form of the class number

formula for an odd primitive character mod N is

Lð1; 
Þ ¼ � �i

Gð
Þ
XN

a¼1


ðaÞ �B1
a

N

� �
:ð3:8Þ

Although we cannot apply the above argument to

ð3:8Þ for a general modulus, we can give a structural

proof of Walum’s formula for the prime modulus

case, all the non-principal characters being primitive.
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