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The number of modular extensions of odd degree
of a local field
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Abstract: The number of Galois extensions, up to isomorphism, of a local field whose
Galois groups are isomorphic to the modular group My = (z,y | 2" =y = 1,y oy = 27" +1),

where p is an odd prime, is counted.
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1. For a field k and a finite group G, let
v(k, G) denote the number of Galois extensions, up
to isomorphism, of k with Galois group G. It is well
known that v(k, G) is finite when k is a local field (in
this note, a local field means a finite extension of the
l-adic field Q;, where [ is a prime). In [4] we obtained
a general formula for v(k, G) when k is a local field
and G is a p-group (p a prime), which generalizes
Shafarevitch’s formula [3], and as an application we
calculated v(k,G) for G = Dam,Qon; the dihedral
group and the generalized quaternion group, re-
spectively, of order 2™ (m > 3). In [2], using the
same formula, we calculated v(k,G) for G =
SDom, Mam; the semidihedral group and the modular
group, respectively, of order 2™ (m > 4).

In this note, we shall do the same kind of
calculation for

My = (z,y |27 =y =1Ly oy =2,

the modular group of order p™, where p is an odd
prime and m > 3. We have previously calculated
v(k, M,3) (Theorem 2.2(1) and Remark 3.2(2) of [4],
where we used the notation Ej instead of My). We
generalize this result as follows:

Theorem 1. Letl be the residue character-
istic of k, q the mazimal power of p such that k

contains a primitive qth root of unity, and let
. { 0 (1 #p),
Q)] (I=p)
We have
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’mn—Qn—l(pn _ 1)(pn+1 _ 1)
p—1

p

pmn727171q(pn+1 _ 1)2
p—1

1<g<p?),
pmn+m7271,73 (p2n+2 _ pn+1 _ pn + 1)
p—1

l/(k, Mpm) =

(g=p""?)

(p" =) (p""* 1)
p—1

b
mn+m—2n—3

p

(¢ >pm2).

2.  For the proof of the theorem, we collect
some basic facts on the modular group M. Let Cx
denote the cyclic group of order N.

Lemma 2. Let p be an odd prime and G =
Myn (m > 3).

(1) An automorphism of G is described as

L= xaybv Yz,
where a € (Z/p"'Z)", b€ Z/pZ and c¢€
p"2Z/p"Z.  In  particular, |Aut(G)| =

P(p—1).

(2) The subgroups of G containing GP[G, G] = ()
are as follows:

G itself,

<1‘p,y> = Cpm,—Z X Op,

(@, 2'y) = Cpor (a € (Z/pZ)°),

<$> = Cpm*‘;

<1’p> = Cpm—Z,

(3) There are p™3(p? +p — 1) conjugacy classes of
G; they are
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o {2} (acpZ/p"'Z),

° {xayb a+p™? Y ’xa-‘er’”’z yb7 o ’xa+(p—1)p’”’2 yb}
(a € Z/p"*Z, b € Z/pZ such that
ged(a, b,p) = 1).

(4) [G,G] = (a"""), G/[G,G) = CpuzxCp. In
particular, the number of 1-dimensional com-
plex characters of G is p™ !

(5) The other p™3(p—1) irreducible complex
characters of G are the traces of the p-
dimensional representations p; of G (jé€

(Z/p™2Z)") defined by

(Cw)’
i) = (¢’ 7
(¢ 'w)
0 1
1 0
pi(y) = Lo ;

21y —1
n—1

where w = exp and ( = exp

2my/—1
PR

Proof. (1) Let f be an automorphism of G.
Since = and f(x) have the same order p !, we see
that f(z) = 2%’ for some a € (Z/p"'Z)* and
b € Z/pZ, noting that (2%)” = 2™ holds. Similar-
ly, f(y) = xy? for some c € p"2Z/p™~'Z and d €
Z/pZ with (c,d)# (0,0). From the relation
Fo) @) fly) = f(x)p”kzﬂ, it follows that d = 1.
These conditions on a, b, ¢ and d are sufficient.

(2), (3) and (4) are easily verified.

(5) It is straightforward to see that p;(z) and
pi(y) given above define a complex representation of
G for j € Z. Calculating the trace, we see that

e p; is irreducible if and only if j is prime to p,

and
® p; is equivalent to p; if and only if
j=j (mod p™?2).

Thus we obtain p™~3(p — 1) inequivalent irreducible
complex characters of G. There are no more, by (3)
and (4).

O
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3.  We briefly review the result of [4]. For a
finite p-group G, we have

V(k> Z ,UG
where H runs over all subgroups of G, ug( ) denotes
the Mobius function on the partially ordered set
consisting of all subgroups of G, and o(H) =
|Hom(Gy, H)|, Gr being the Galois group of the
maximal pro-p-extension of k.

By a classical result of P. Hall [1], we know
that

|At

(— 1) pit—1/2
if HD GP|G,G] and [G: H] =
0 otherwise.
If g=1, then ayx(H) =
Shafarevitch’s formula [3]

_ 1 |G| n+1d71 n+1 i
vk, G) = | Aut(G)] (F) g(p -,

pe(H) =

|[H|"™ and we obtain

where d is the minimal number of generators of G.
If ¢ > 1, then we have

IZ Zx“

heH

where x runs over all irreducible complex charac-
ters of H. In [4], we stated this in the case [ =p
(i.e. m>1), but this is valid also in the case
n = 0.

4.  We give a proof of the theorem, omitting
the details of the calculation.

In the case ¢=1, the formula follows from
Shafarevitch’s formula.

Suppose g > 1. By the formula for v(k, G) in the
previous section and by Lemma 2, it is enough to
know oy(H) = [Hom(Gy, H)| for H =C,,Cy x C,
and M,». We have

1(7H—1) i
p (<),
ak(cﬂ) - { i(n+2) i
P (¢>p"),
e (g < p),
oK(Cr X Gl =9 i re) i
P (¢>p"),

since we see by local class field theory that
gk/[gk,gk] = ZZJd X Zp/qZp-

Using the formula for oy, (H) in the previous section,
we obtain
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mn+m+1
p q
1< < m—2 ,
Oék(Mpm) = mn+2m—n—3 (, n+2 ( ! g )
p (P +p-1)
(g>p"?),
and the result follows. [l
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