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Abstract: The number of Galois extensions, up to isomorphism, of a local field whose

Galois groups are isomorphic to the modular group Mpm ¼ hx; y j xpm�1 ¼ yp ¼ 1; y�1xy ¼ xpm�2þ1i,
where p is an odd prime, is counted.
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1. For a field k and a finite group G, let

�ðk;GÞ denote the number of Galois extensions, up

to isomorphism, of k with Galois group G. It is well

known that �ðk;GÞ is finite when k is a local field (in

this note, a local field means a finite extension of the

l-adic fieldQl, where l is a prime). In [4] we obtained

a general formula for �ðk;GÞ when k is a local field

and G is a p-group (p a prime), which generalizes

Shafarevitch’s formula [3], and as an application we

calculated �ðk;GÞ for G ¼ D2m;Q2m ; the dihedral

group and the generalized quaternion group, re-

spectively, of order 2m (m � 3). In [2], using the

same formula, we calculated �ðk;GÞ for G ¼
SD2m;M2m ; the semidihedral group and the modular

group, respectively, of order 2m (m � 4).
In this note, we shall do the same kind of

calculation for

Mpm ¼ hx; y j xpm�1 ¼ yp ¼ 1; y�1xy ¼ xpm�2þ1i;

the modular group of order pm, where p is an odd

prime and m � 3. We have previously calculated

�ðk;Mp3Þ (Theorem 2.2(1) and Remark 3.2(2) of [4],

where we used the notation E2 instead of Mp3). We

generalize this result as follows:

Theorem 1. Let l be the residue character-

istic of k, q the maximal power of p such that k

contains a primitive qth root of unity, and let

n ¼
0 ðl 6¼ pÞ,
½k : Qp� ðl ¼ pÞ.

(

We have

�ðk;MpmÞ ¼

pmn�2n�1ðpn � 1Þðpnþ1 � 1Þ
p� 1

ðq ¼ 1Þ,
pmn�2n�1qðpnþ1 � 1Þ2

p� 1

ð1 < q < pm�2Þ,
pmnþm�2n�3ðp2nþ2 � pnþ1 � pn þ 1Þ

p� 1

ðq ¼ pm�2Þ,
pmnþm�2n�3ðpn � 1Þðpnþ2 � 1Þ

p� 1

ðq > pm�2Þ.

8>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>:

2. For the proof of the theorem, we collect

some basic facts on the modular group Mpm . Let CN

denote the cyclic group of order N.

Lemma 2. Let p be an odd prime and G ¼
Mpm ðm � 3Þ.
(1) An automorphism of G is described as

x 7! xayb; y 7! xcy;

where a 2 ðZ=pm�1ZÞ�; b 2 Z=pZ and c 2
pm�2Z=pm�1Z. In particular, jAutðGÞj ¼
pmðp� 1Þ.

(2) The subgroups of G containing Gp½G;G� ¼ hxpi
are as follows:

. G itself,

. hxp; yi ¼� Cpm�2 � Cp,

. hxp; xayi ¼� Cpm�1 ða 2 ðZ=pZÞ�Þ,

. hxi ¼� Cpm�1 ,

. hxpi ¼� Cpm�2 .

(3) There are pm�3ðp2 þ p� 1Þ conjugacy classes of
G; they are

#2008 The Japan Academy

2000 Mathematics Subject Classification. Primary 11S20.

No. 8] Proc. Japan Acad., 84, Ser. A (2008) 151

http://dx.doi.org/10.2183/pjaa/84.151


. fxag ða 2 pZ=pm�1ZÞ,

. fxayb; xaþpm�2
yb; xaþ2pm�2

yb; . . . ; xaþðp�1Þpm�2
ybg

ða 2 Z=pm�2Z; b 2 Z=pZ such that

gcdða; b; pÞ ¼ 1Þ.
(4) ½G;G� ¼ hxpm�2i, G=½G;G� ¼� Cpm�2 � Cp. In

particular, the number of 1-dimensional com-

plex characters of G is pm�1,

(5) The other pm�3ðp� 1Þ irreducible complex

characters of G are the traces of the p-

dimensional representations �j of G ( j 2
ðZ=pm�2ZÞ�) defined by

�jðxÞ ¼

!j

ð�!Þj

ð�2!Þj

. .
.

ð�p�1!Þj

0
BBBBBBBBBB@

1
CCCCCCCCCCA
;

�jðyÞ ¼

0 1

1 0

1 0

. .
. . .

.

1 0

0
BBBBBBBBB@

1
CCCCCCCCCA
;

where ! ¼ exp
2�

ffiffiffiffiffiffiffi
�1

p

pm�1
and � ¼ exp

2�
ffiffiffiffiffiffiffi
�1

p

p
.

Proof. (1) Let f be an automorphism of G.

Since x and fðxÞ have the same order pm�1, we see

that fðxÞ ¼ xayb for some a 2 ðZ=pm�1ZÞ� and

b 2 Z=pZ, noting that ðxaybÞp ¼ xap holds. Similar-

ly, fðyÞ ¼ xcyd for some c 2 pm�2Z=pm�1Z and d 2
Z=pZ with ðc; dÞ 6¼ ð0; 0Þ. From the relation

fðyÞ�1fðxÞfðyÞ ¼ fðxÞp
m�2þ1, it follows that d ¼ 1.

These conditions on a; b; c and d are sufficient.

(2), (3) and (4) are easily verified.

(5) It is straightforward to see that �jðxÞ and

�jðyÞ given above define a complex representation of

G for j 2 Z. Calculating the trace, we see that

. �j is irreducible if and only if j is prime to p,

and

. �j is equivalent to �j0 if and only if

j � j0 (mod pm�2Þ.
Thus we obtain pm�3ðp� 1Þ inequivalent irreducible
complex characters of G. There are no more, by (3)

and (4).

�

3. We briefly review the result of [4]. For a

finite p-group G, we have

�ðk;GÞ ¼
1

jAutðGÞj
X
H

�GðHÞ�kðHÞ;

where H runs over all subgroups of G, �Gð Þ denotes
the Möbius function on the partially ordered set

consisting of all subgroups of G, and �kðHÞ ¼
jHomðGk;HÞj, Gk being the Galois group of the

maximal pro-p-extension of k.

By a classical result of P. Hall [1], we know

that

�GðHÞ ¼
ð�1Þipiði�1Þ=2

if H � Gp½G;G� and ½G : H� ¼ pi,

0 otherwise.

8><
>:

If q ¼ 1, then �kðHÞ ¼ jHjnþ1 and we obtain

Shafarevitch’s formula [3]

�ðk;GÞ ¼ 1

jAutðGÞj

�jGj
pd

�nþ1 Yd�1

i¼0

ðpnþ1 � piÞ;

where d is the minimal number of generators of G.

If q > 1, then we have

�kðHÞ ¼ jHjn
X
�

1

�ð1Þn
X
h2H

�ðhq�1Þ�ðhÞ;

where � runs over all irreducible complex charac-

ters of H. In [4], we stated this in the case l ¼ p

(i.e. n � 1), but this is valid also in the case

n ¼ 0.
4. We give a proof of the theorem, omitting

the details of the calculation.

In the case q ¼ 1, the formula follows from

Shafarevitch’s formula.

Suppose q > 1. By the formula for �ðk;GÞ in the

previous section and by Lemma 2, it is enough to

know �kðHÞ ¼ jHomðGk;HÞj for H ¼ Cpi ; Cpi � Cp

and Mpm . We have

�kðCpiÞ ¼
piðnþ1Þq ðq � piÞ,
piðnþ2Þ ðq � piÞ,

(

�kðCpi � CpÞ ¼
pðiþ1Þðnþ1Þþ1q ðq � piÞ,
pðiþ1Þðnþ2Þ ðq � piÞ,

(

since we see by local class field theory that

Gk=½Gk;Gk� ¼� Znþ1
p � Zp=qZp:

Using the formula for �kðHÞ in the previous section,

we obtain
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�kðMpmÞ ¼

pmnþmþ1q

ð1 < q < pm�2Þ,
pmnþ2m�n�3ðpnþ2 þ p� 1Þ

ðq � pm�2Þ,

8>>><
>>>:

and the result follows. �
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