190 [Vol. 81,

44. Probabilities on Inheritance in Consanguineous
Families. XIII

By Yusaku KOMATU and Han NISHIMIYA
Department of Mathematics, Tokyo Institute of Technology
(Comm. by T. FURUHATA, M.J.A., March 12, 1955)

X. Combinations through extreme consanguineous marriages, 2

1. Definitions of quantities
In the present chapter we shall supplement the results on special
combinations previously postponed as an intermediate extreme case.

We first attempt to determine the probability of mother-descendants
combination of the form

(oB; 51"71, 52’72)(11;; 0>t|1vE(a;8; 517]1, 82772)1\:1;01...[1v,;011v,,+p
the generation-numbers »,(1=<r=<t¢+1) being supposed greater than
unity.

We shall colleet previously in the present section the definition
of several quantities which will become necessary for establishing
general formulas.

We first define a quantity R by

RNE 11y Egma) =20*(Expys 52772)_A§1n1Q(51771? Eams)-
We next introduce two quantities & and ©“ by means of
16 > &*(aB; ab, cd)e(ab, ed; &my)E (ab, cd; Ems)
=14S*(aB; Emy Eam2) —38S(aB; Emy, Eama) —SY(B; €1y Eam2)
=128*(aB; &1,y Eame)—28(aB; &y Ema) +&(aB; Emyy &)
and further two quantities 2> and T by means of
16 ) T*(aB; ab, cd)e(ab, cd; &my)E (ab, cd; E,)
=14T*(aB; Emyy Eme) — 8T (0B; Errs Eena) — T(aBs s €xm2)
=12%*(aB; &1, 52’)2)'—211(0‘/3; €1y Ez’?z)"‘ ERCICHISU Ez"]z)-
There then hold evidently the relations
S*(a8; 51"]1, Sz’]z)zé‘{s@llg; 51"]1, 52"]2)'*‘@\(0‘,8; £, 52772)
+&(aB; Emis Ema}s
T*(aB; Emys 52772):%{1’(0:,8; Em1s Ema) + T(aB; Emry Exme)
+INaB; €y Eama) ) -
We finally introduce two quantities V* and W* by

V*(aB; Emu, Eme)=V(aB; Emy, Szﬂz)“ZEmQ(alg; Em2)—S(aB; Emys Eama)s

W*(a; Emis 52772)2 W (aB; Emis Ems) _2115,;1142(0‘:8; Ema) — T(aB; Ems 52772)'
However, though we have not yet explicitly noticed, there holds a
remarkable identity

2V (aB; Emyy Eama) — W (a8; Emy Eme) =2S(a8; s eznz)_T(aﬁ; §m1s €m2)
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so that we may forsake the symbol V*, since there holds a corre-
sponding identity
V*(aB; &y Eaz) =3 W*(aB; i1y Emps)-
For our later purpose, rather than W* itself, direct use will be
made of a related quantity W* defined by a relation
W*(aB; Emis Eme) =3 { W (a3; &1y Exm) + 88N (aB; vy, Eama)} -

The values of every quantity thus defined can be obtained by
actual computation based on the respective definition while they will
be omitted here for economy reason of space.”

2. Mother-descendants combination

We now deal with the probability ay;oe,(a8; Emy Ems) With
v,>1 for 1<r=<t+1. It satisfies evidently a recurrence equation
Koy 185 Em1s Emme) = 21 Ky, oyt(aﬁi ab, cd)e(ab, cd; &my)e,(ab, ed; Ems)
which may be regarded as o system of linear difference equations,
unknowns being the x,; o, nv'$ and an independent variable being ¢,
i. e. the number of interjacent consanguineous marriages. Initial
condition for the system is given by a previously derived relation

’Clvl(aB; €1, ezﬂz)ZA_zznz"(aB; Emr) + 270 W (a8; €1y, Exme)

= Ay As, + Ao AaB; Emy) +271 A, QaB; Egpo) + 27T (a; Epy, Eme)
+2—v1+1 W‘(aﬁ; 51"71’ 52")2)“'2-”1” “(aB; 51”’71’ 52"72)~
It can be shown that the system is solved by the formula
"(lv;0)$|1v(a/3; €my Empa)= [Zlgzjanzzlnlgsgnz'l‘ [ZzQ(O? 1)]v+1zign2Q(a,8; €m1)
+ [A—IQ(O; 2)]t+1A-Elle(a/8; 52’72)
+ [ZlQ(I? 2)]t+14z§1'q1Q(5 115 §amz) + [EzT(o; 1)]»+1£zmT(aﬁ; €m1)
+ [EZS (0; 1)]t+IZ§2n2‘S (aB; )
+ [AZR(I)]HxAEzngR(El’h) + DR\(I, 2)]:+1§R\(51771, 52’172)
+[T(0; 1, 2) ], T(afs; Em1s 52772)
+[8(0; 1, 2) ;.48 (aB; Emp, Eame) +[T(0; 1, 2) 1,412 (aB; &m1, Eams)
+[TN0; 1, 2) ],.,TNaB; 51771; 62772)
+[W0; 1, 2)]@4-1 W (aB; Em1y o) +[SY0; 1, 2)1,+1SY(@B; s 52772)
+[&0; 1, 2)],.:S(aB; &y Exme)s
where all the coefficients [ ,., depend only on the generation-numbers
concerned and are really expressed in the following form:

[Zlgzjt+1=1,
[4,Q0; D]ews=4,,
[A—IQ (0; 2)]t+l=At2—V5+r]+l’

1) Full tables for these values will be listed in a forthcoming paper in Bull. Tokyo
Inst. Tech. (1955).
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[AlQ(l 2)]1=2" ”"'1 2 2’”’”’1 2 24 S ﬁ2”sr,
q=1 B(%)_zp r=1

=0 Bspf—zp-l =
[A,S(0; 1)Jyuy =2~ z: 2 SV 2% 3 112w,
=t B 9pa "
—_ /9~ —%p—
[ARA) ] =27% S 270 3] 2% S 1 2,
p=0 =1 gy el
o, Dz § 2 Fonf1a Y] 3 o),
q=1 U=1 B(u) r=

—p-1

[T(0;1,2)],0=2"%+ 37272 51 11 2%,

=0 (10) r=1
B, i~2p

[5(0; 1, 2)],,, =2 st 2 2-rnt 2 2% S 1T 2,

B(p) r=1
s

— [p/2] u
[20; 1, 2)Tom=2""41 S z—p{1+ S| z}

=0 u=1 Bg’wt)_p_l'r-l
t-2 [(t—v—1)/2] LI
[TN0; 1, 2)],+1=2-Ma+1{(—4)-t+1+ z<~4)-v< ST g 3 12
R e
[(t-v—l)/ﬁ] p-1 t—v-3 (p/2}
+2va—v—1 2 —-2p 2 sz"r-l- 2 2—p+1<1+ 2 2 II 2v,,,>>},
[W¥0; 1, 2)],_,_1_2“"“1—‘*1 2 A2t

a=0

(€01, D=z S 2 g 2f148 51 i 2],

q=1 u=1 (’M)

4yt~ p—1
[S%(0; 1, 2)],,, =21 2 (—4) (2‘“"*24- 4 i A,,ZM"

t—v—8 p—v— -2 i y (Ct+»)/2)-2 —ap? 1—v- ” "
+22 2A2q+2t—v—122 2/]2112 H2sr
E(t v=1)/2)-1 t—v-2p— t-v~4 t—v—p—3 %

+ S e S 42" Y 11 2%+ 23, OSEDS nzvs,-).
p= gq=1 E(pt;)—v—z J:zl p=2 u=1 B‘gut)_” __7‘;_13

Here we put, for the sake of brevity,

=@ '+2% and M=,

8=1 s=1

Further the symbol [+] standing over >) denotes the Gauss’ one
which represents the largest integer not exceeding ~. On the other
hand, the symbol B3 standing below >} denotes a wu-dimensional
range in (s;,...,8,)-space which consists of all the lattice-points
satisfying the inequalities:
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S, t2=s < w+2r (r=1,...,u; 8,=q).
According to custom, an empty sum and an empty product should be
understood to represent zero and unity, respectively. On the other
hand, 0-dimensional range must be understood to consist of a single
improper point; for instance,

0
I =1,
V) r=1
a,w

3. Mother-descendant combination
We now congider a mother-descendant combination, of which, the
reduced probability is given by a defining equation
Kaavioy (85 €)= 2] tecrvior,_ 11, (@85 ab, cd)e,(ab, cd; &n).
Restricting ourselves to the case ».>1 for 1<r=<t, we distin-

guish two systems according to »=1 and n>1. It can then be
shown that the desired formula is givin by

Kaavsor,11(B; En)=Ar,+[A4,Q(0; 1)],.,Q(aB; &n)
+ [AR() 1oanR(En) + [ AT (03 1) 1,1 T(0B; En) + [ A:S(0; 1) ],408(a; En),
[RUCNICTSH En)=Ap,+ [A,Q(0; 1)];11-27"'Q(a8; £n)
= A, + 427" Q(aB; &n) for n>1.

4. Descendants combination

A descendants combination is obtained, in general, by eliminat-
ing mother’s type in the corresponding mother-descendants combina-
tion. It can be shown that the probability of the descendants com-
bination (§my, Eme)avin,y With v,>1 for 1<r<t+1 s represented by

T a0y 1v(5 171 § 2")2) = AslnlAszng
+ {[A4,Q(; 2) ], +2[T(0; 1, 2)]z+1}A21n1Q(517]1; &am2)
+ {[A.T(0; 1) ]sa+ [A2R(1)]t+1}A§2'n2R(51771)
+ {[ZR\(I, 2)]t+1+2[‘i\(0; 1’ 2)]t+l}m\(el’7]17 E2772>°

5. Distribution of ginotypes in a generation of descendant
By eliminating, for instance, mother’s type from the probability
of a mother-descendant combination, we get the distribution of geno-

types in a corresponding descendant’s generation. In case under
consideration, we get the formula

Eavw)tu(f?])::gsq'l' {[ZzT(O; 1)]t+1+ [Z2R(1)]t+l}R(5°7))
A(lv:O)dn(eﬂ):A’én for n>1.
A deviation of the same nature as frequently noticed appears

here again in the generation immediate after the last consanguineous
marriage.
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6. Asymptotic behaviors of the probabilities

Asymptotic behaviors of every probability derived in the present
chapter as anyone among the generation-numbers {v.}!*! tends to
infinity can be deduced from respective expression. For instance,
we obtain the following limit equations

lim K avs0y,11(aB; Em1s €m2) =A52n2"7<1v;o);|1(a13; §m1)s

00

yT Kavioy 185 §m1s 527]2)=lcav;o>w_2[1vw_1;11(11;';0)5_,,,11\,((1/3; Eimiy )
w 00

where v/=y,., for 1<r<t—w. Similar limit-relations can be readily
written down for other combinations.

Asymptotic behaviors as t—>c are, however, rather complicated
in dealing. They depend on a sequence of generation-numbers {v,};;.
We get, for instance,

A_u+ XR(’M:) = 11}!1_ 1‘I(1v;o>t|1v('i7;) = Itﬁ j(lv;O)sllv(ii) = Zu + QR(%),
- t>oc0 >0

A,+xR@) < lt—@ Agyirn(8) = E@ A1) < Ayy+ xR(ig),
where we put
x=lim {{A,T(0; D)]oss+ [ARD) 11},

t>o0

x=lm {[AT0; 1)]ers+ [ABD) v}

for which, in view of our assumption v.=>2 for any 7, there hold the
estimating inequalities

4P —B)=x =X =4/(2"**~5)
with

v= lim y,, y= lim y,.

0 >0




