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84. Continuity in Mixed Norms

By Mitsuru NAKAI
Mathematical Institute, Nagoya University

(Comm. by Kinjiré KUNUGI, M. J. A., May 12, 1969)

1. Consider a normed vector lattice X over the real number field
R with XDR. The norm ||o|y on X is supposed to satisfy
(1) min (a, [z < [[(@V2)A Bl x

<min (B, ||z|x) (Vze X, va,vBe R, 0<a< ).

Take a seminorm py on X satisfying the following:
(2) px(@)=0(vae R);
(3) pix(@)=pi(@Na)+pi@Va) (vre X, vaec R);
(4) limg,, . 2@ VE)AB)=px((aVa)N\P) (yz e X, va, VB e R).

With the aid of py we can define a new norm in X :
(5) 2]|lx=ll2]l £+ Px(x).

Let Y, ||o|ly, Dy, and |||o|]|y be as above. Then we can show the
following

Theorem. Suppose that T is an isomorphism of (X, ||| x) onto
(Y, |lo|ly) as normed vector lattices with T(a)=a(va € R). Then

(6) 3K : K 'px(2) <py(T(x)) < Kpx(x) (V& € X)
if and only if
(7) 1K : K7Y||z||lx<[||T@) |||y < K|||z]||x (¥vx € X).

Proof. Since |T(®)||y=|«|x, (6) clearly implies (7). To show
the reversed implication let A={x e X >0, |x||y<1}. Then from (7)
it follows that
(8) 31K : pr(T (@) <K+ px(x) (vx € A).
Fix an arbitrary x« ¢ A and define

x;n(( i—1 \/x)/\i_ "—1> (=12, .-, ).
n n n

By U, 2, A (i=1,2, -.-,n). Since T is an isomorphism of vector
lattices with T(a)=a(a ¢ R),
TKm)zn((z“l‘VTW@)AVL—-%_1)@=1,2,~-,n)
n n n
In view of (2), we see that

px(x¢)=npx(( ’;l Vx) A%) py(T(xi))=moy((

Repeated use of (3) yields
- n ,i_l _ n
P@=310% (Lo va) ALY, pT@n=3 0 ((

¢
n

i—1
n

VTmﬂA%)

i—1
n

VTwﬂA%)
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and therefore
(9) wpk(a) = ; pi(@,), npy(T(@))= ; PH(T(2y)).

Since z, € A, (8) implies that
p¥(T(x) <K+ 2px(x,) + k(%)) (=1, 2, - - -, n).
On summing up these n inequalities and using (9), we obtain

np%(T(2)) < K? (n+ 2 ; Pr(@) + an}(w) .
1—1
n

Setting 27 = ( \/w) N % (t=1,2, ..., n), we deduce

(10) Pay(T(w))Ssz?r(x)+%+2K2‘ %gpx(z;').

Let 27, be such that
(27 )=max pz(27).
1<i<n
we claim that
11 lim px(27,)=0.

N—+0

Contrary to the agsertion assume the existence of a subsequence {n(k)};_,
of positive integers such that e=lim,..p5(27%,)>0. By choosing a
suitable subsequence of {n(k)}, if necessary, we may assume that
{tna /7(k)} converges to a number ¢. By (4),

lim px(((c—%‘z—) \/x) AN (c + %)) =px((cVX)Nc)=px(c)=0.

m—o

Therefore we can find an m such that
pxll@VINP<e, a=c—1/m, B=c+1/m.
For all sufficiently large k, a <(i, 4 — 1) /n(k) <i,q/nk)<B. Againby
(3) we see that
pxpE )< px((aV )N\ B)<e,
which is a contradiction, and therefore (11) is valid. Hence

0< -}@— ﬁlpx(zz‘) <px()—0

as n—oco. On making n—oo in (10), we now conclude that p,(T(x))
<Kpx(x). The same argument applied for T-! gives K 'py(x)
<py(T(@)).

Thus (6) is valid at least for x ¢ A. For general x, write x as

2= ||V O+ YD), y=—- z.

fl ]l
Observe that (3) implies
Py (@)= |2[*(p%(y V 0) +p:(y A\ 0)),
P (T (@)= 2| *@¥(TW) V 0) + p3(T(y) A\ 0)).
Since ¥VV0 and —(y/A\0) are in A, (6) for ¥ V0 and —(y/A\0) with the
above conclude (6) for x.
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2. We state an application of Theorem 1. Let 2 and 2’ be open
sets in the m-dimensional Euclidean space E™. We denote by W(£2)
the class of functions f in the local Sobolev space Wii(2) with finite
Dirichlet integrals over 2:

_[ &(of )” L dgm
Don=[ 5 (2L ) an'. - dam <o,

Theorem. Suppose that y=1t(x) ts a homeomorphism of 2 onto
£’ with the property

12) 9 W@QHYNL=(Q)2got € W(2)NL2(2).
Then g € W(2') if and only if got e W(Q) and
(13) 3K <oo: K2Do(f)K Do (fot KK Do(f) (f € W(D).

Proof. Let X=W(@Q) NL=(Q), Y=W@Q)NL(2), |lellx=]°lz=ca>
lolly=1lollz=can, Px(N)=(Dy(f))", and py(9)=(D,.(9))"*. Then condi-
tions (1)-(4) are met by these. Define T(f)=fot"!. Then T satisfies
the condition of Theorem 1. Moreover (X, |||o|||x) and (Y, |||o]|ly) are
Banach spaces and T is a closed map. Hence by the closed graph
theorem, T is bicontinuous, i.e. (7) is valid. Therefore we obtain (13)
for f e X=W(Q)NL=>(2), and then for fe W(£Q).

Remark. It can be seen that a homeomorphism t with (13) is a
quasiconformal mapping if m=2 and a quastisometry if m>38, and
vice versa. Thus (12) may be considered as a new definition of
quasiconformal mappings for m=2 and quasiisometry for m>3. A
homeomorphism ¢ with (12) induces a ring isomorphism of M(2)=W(Q2)
NL=>(2)NCQ) onto M(Q)=WQ)NL=(Q)IYNC(2). The converse is
also true: Any ring isomorphism of M(2) onto M(R2") is induced by a
homeomorphism t with (12). The ring M(£2) is called the Royden
algebra. These results are also valid if 2 and £’ are replaced by
Riemannian manifolds. Details of results mentioned in this remark
will be published elsewhere.



