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1. Introduction. Let (M,2%,m) be a measure space where M is
a set of elements, 3 a ¢-field of measurable subsets of M, and m a
countably additive measure on Y. An invertible measure-preserving
transformation T of the measure space (M,2,m) is a one-to-one
mapping of M onto itself such that if B € X then TB and T-'B ¢ X with
Mm(TB)=m(T'B)=m(B). Let & be the group of all invertible measure-
preserving transformations of (3,2, m) with I denoting the identity
transformation on M. Associated with T e ® is a sequence C,(T),
n=0,1,2, ..., of subfamilies of ® defined inductively as follows:

C,(M={Se®|S=I a.e.},
C.(M={Se®|STS'T e C,_(T}.
It is clear that C (T)cC,,,(T) for each n. If there exists an integer
N such that Cy(T)=Cy.(T) then C . (T)=Cy(T) for alln=N. R. L.
Adler [1] called C,(T) the nth class of generalized T-commuting trans-
formations and defined the generalized commuting order N(T) of T as
follows :
min {n|C(T)=C,,(T)} if there exists an integer N such
N(T)=1 that Cy(T)=Cy (1),
oo if C,(TV+#C,,.(T) for each n.

Let H be the two-dimensional torus, i.e., H=KX K, where K
={expl27it] | 0<t<1}, equipped with the normalized Haar measure 4
and let T, , denote the invertible measure-preserving transformation
on H which is defined by

T,,: (@y—(y,y x)
where 7 is an element of K such that y»=1 for every n+0 and p a
non-zero integer. In [1], Adler asserted and proved the fact that
N(T, )=2. However I could not follow his proof. In this paper we
shall assert and prove that N(T, ,)=38. The method of the proof de-
pends upon Adler’s idea in [1].

2. DPreliminaries. Let X be a half open unit interval (0,1]
equipped with the usual topology. Since X is homeomorphic to the
circle group K by the mapping p of X onto K which is defined by o(x)
=exp[2rixz], we may consider X as the circle group equipped with the
normalized Haar measure. Let H=XX X be the topological product
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group of X and X equipped with the normalized Haar measure 1. We
shall consider the following skew product measure-preserving trans-
formation defined on H. Let T,, denote the measure-preserving
transformation with a-function which is defined by T, ,: (x, y)—(x+7,
Y+ a(x)) (additions modulo 1) where y is an irrational number and
a(-) a real-valued measurable function on X. Conditions for ergodi-
city of T, , along with the proof that it is measure-preserving can be
found in H. Anzai’s paper [2]. Furthermore, two other results from
[2] upon which the subsequent work depends are the following.

Proper value criterion. The value exp[2ri£] is a proper value of
T, . if and only if there exists an integer p and a real-valued measur-
able function 4(.) on X such that

E—pa(®)=0x+7)—0(x) (modulol) a.e.

Spatial isomorphism criterion. If S is an invertible measure-
preserving transformation such that ST, ,S—'=T, ,; a.e. where T, , and
T, are ergodic skew product transformations with a-function and S-
function, respectively, then S has either the form

S: (@, P—(@+u,y+0()

(additions modulo 1) where % is a real constant and 6(.) a real-valued
measurable function on X such that

B@+uw)—a@)=0(@+y)—06(x) (modulo1) a.e.
or

S: (@, Y—(@+u, —y+6(x))

(additions modulo 1) where  and 6(.) now satisfy

B@+u)+a(@)=0(x+y)—0(x) (molulo1) a.e.

3. Generalized commuting properties. Let y be an irrational
number and «(-) denote a real-valued measurable function on X of the
form a: — px+ 0 where p is a non-zero integer and ¢ a real constant.
We shall restrict ourselves to the skew product transformation T, ,
with the above a-function.

Theorem. The generalized commuting order N(T,,)=3. Fur-
thermore Cy(T,,), C(T, ), C(T, ), and C(T,,) are subgroups of the
group & of all invertible measure-preserving transformations of
(H, M, ) where M is the o-field of all A-measurable subsets of H.

The theorem is established in a sequence of propositions.

Lemma. If T is the invertible measure-preserving transforma-
tion on H which is defined by T:(x,y)—(@+7,y+ px+0) (additions
modulo 1) where y is an irrational number, p a non-zero integer, and
0 a real constant, then T is totally ergodic and has quasi-discrete
spectrum of order 2.

The proof is not difficult, whence we omit it here (refer to [3]).

Proposition 1. Se C(T,.), i.e., ST, .=T,.S a.e. if and only if S
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almost everywhere is of the form
S: (, y)—»(w+—w, y+mx+0)
7

(additions modulo 1) where m is an integer, ¢=0,1,2, .-+, or |u|—1,
and ¢ a real constant.

The proof is analogous to that of [1, Proposition 1, p. 9], whence
we omit the details.

Let S be an invertible measure-preserving transformation on H
such that S*=T, , a.e. Then S commutes with T,, and so it almost
everywhere must have the form

S: (x, y)—>(x+m—7tl, y+mx+c)
],l
(additions modulo 1), whence S* almost everywhere is of the form
St (z, y)— (x +my, y+ pme+ pe+ -;—[pz —1lm[my + q]) (additions mo-

dulo 1). This together with S*=T, , implies my =y (modulo 1), whence
m=1. Thus

et %(ﬂ —1)(y+¢)=3 (modulo 1)

i.e.
c=[20+1—pm(r+ 0 +2¢'1/2p (modulo 1) (1)
where ¢'=0,1,2, ---, or || —1. Conversely if S almost everywhere

is of the form S: (x,y)— <x+Lﬂ, y+x+c> (additions modulo 1)
2

where c is defined by (1), then S*=T, , a.e.
Now it is easy to see that if S is a uth root of T, , then the family
of the transformations almost everywhere equal to one of the forms

S*R where n is an integer and R: (x, y)— (x-l-i, y+c) in which ¢=0,
2

1,2, ..., 0r || —1 and c a real constant coincides with Cy(T,,.).

Proposition 2. Se C(T,,) if and only if S almost everywhere is
of the form

S:(x,)—(ex+u,y+kr+c)

(additions modulo 1) where e=1 or —1, k is an integer, and ¢ a real
constant.

Proof. Let SeCy«(T,,. Then ST, ST ;e C(T,.,), whence

ST, ST :=U"R a.e.

where U is a pth root of T, , and R: (x, y)— (x+g,y+d> (additions
7

modulo 1). Therefore
ST, S'=U"**R a.e.
The transformation on the right is the ergodic skew product trans-
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formation Tw, B with B-function which has the form §: 2
7

—[n+4 ple +d’ in which all the constants involved are lumped together
in d’. Here we note that n+ p+0. This follows from the ergodicity

of T(n—'*_w, B. By the proper value criterion exp[27i£] is a prop-
7

er value of T,, if and only if there exists an integer p and a real-
valued measurable function #(.) on X such that
§—p(ux+0)=0@@+7)—0(x) (modulol) a.e.

This implies that exp[27if(.)] is a generalized proper function of
T,: x—x+7 (modulo 1) on X, whence the same argument as in the
proof of [1, Proposition 1, p. 9] demonstrates that exp [27i6(x)]
=expl2ri(mx 4+ ¢)] a.e. for some integer m and real constant ¢. Thus
§—p(px+0)=my (modulo 1) a.e. and so p=0. It follows that
{exp[2zimy]|m is an integer} is the proper values of 7, ,. The same

argument as the above implies that {exp[Znim~w] lm is an
y7;
integer} is the proper values of Tw,ﬁ. Since T,, and
7

7+ 7 +q , B are spatially isomorphic the proper values of T,,
7

coincide with the proper values of T(—niﬁ‘ﬁ_q-, B from which it fol-
2

lows that
q=0, and (n+ )/ =1 or —1.

Let (n+ )/ p=1, i.e., n=0. Then ST, S~! almost everywhere is

of the form

ST, S (@, Y—(x+7,y+ pr+d)
(additions modulo 1). By the spatially isomorphism criterion S almost
everywhere is of the form

(i) S:(@,y—(@+u,y+0x)

(additions modulo 1) where
p@+u)+d —(pr+0)=0@+y)—60(x) (modulo 1) a.e.
or

(i) S:(x,»—@+u, —y+6(2)

(additions modulo 1) where
p@+u)+d +(px+0)=0@+y)—0@) (modulo1) a.e.

In either case the argument of generalized proper functions as-
sures that 6(x)=kxz+c¢ (modulo 1) a.e. for some integer k£ and real
constant ¢, from which it follows that case (ii) is impossible.

Next let (n+p)/p=-—1, ie.,, n=—2y. Then ST, ,S°' almost
everywhere is of the form

ST, .S7': (@, P—(@—7,y—px+d)
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(additions modulo 1). If Q denote the transformation on H which is
defined by (x, ¥)—(—x, —y) then QST, ,S~'Q' almost everywhere is of
the form

QST, . .S7'Q™": (@, y)—(@+7,y—pxr—d)
(additions modulo 1). Therefore the spatial isomorphism criterion
can be applied to QS and we see that @S almost everywhere is of the
form

(i) QS: (@, y—(@+u,y+0(®)

(additions modulo 1) where —p(x+u)—d —(px+0)=0@+y)—0(x)
(modulo 1) a.e. or

(iv) QS:(x,y)—(@+u, —y+06(x)

(additions modulo 1) where — pu(x+u)—d +(px+0)=0@x+7)—0(x)
(modulo 1) a.e.

The same argument used in the case (n+ p)/p=1 demonstrates
that case (iii) is impossible and that in case (iv) QS almost everywhere
is of the form @QS: (x,y)—(x+u, —y+kx+c) (additions modulo 1),
whence S almost everywhere is of the form S: (z, y)—(—x—u, y—kz
—¢) (additions modulo 1).

Conversely if S almost everywhere is of the form

S: (x,—(ex+u,y+kx+c)
(additions modulo 1) then ST, ,S-'T;. almost everywhere is of the
form
ST, ST 2: (@, y)—@+[e—1ly, y+[e—1]px+c)
(additions modulo 1). Proposition 1 implies now Se Cy(T,,. This
completes the proof.

Proposition 3. Se C(T,,) if and only if S almost everywhere is

of the form
S: (x, Y- x+u,ey+kx+c)
(additions modulo 1) where ¢, and ¢, equal 1 or —1, respectively, k is
an integer, u and ¢ are real constants.

It is easily seen that the same argument used in the proof of
Proposition 2 can be applied in order to prove Proposition 3. Thus
we omit the proof here.

Proposition 4. C(T,,)=C4(T, ), i.e., N(T, )=38.

Proof. Let SeC(T,,). Then S,=8T, S'T;! almost everywhere
is of the form S,: (x, ¥)—(e,x+u,y+kx+d) (additions modulo 1),
whence ST, ,S™'=8,T, , almost everywhere is of the form

ST, .S™': (x, y)—(e.x+u, ey + kix+d)
(additions modulo 1) where %, is some integer and u,, d, real constants.
Thus ST, 2S-* almost everywhere is of the form
ST, 2S*: (x, y)—(@+[e,+ 11uy, ¥+ [e,+ ]k + dy)
(additions modulo 1) where d, is some real constant. Since T,, is to-
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tally ergodic and has quasi-discrete spectrum of order 2, it follows
that ¢, +1=0 and ¢,+¢,#0, in other words, ¢,=¢,=1. This together
with Proposition 2 implies now that S,=ST, ,S~'T} belongs to C«(T, ).
Therefore S belongs to Cy(T,,). This completes the proof.

Remark. Let (M,2,m) be a non-atomic Lebesgue space (see [4])
with m(M)=1. Then it is known that if T ¢ ® is totally ergodic and
has quasi-discrete spectrum of order 1 then N(T)=2 (see [1]). How-
ever I do not know whether if T ¢ & is totally ergodic and has quasi-
discrete spectrum of order 2 then N(T)=3.

Acknowledgement. I wish to express my deep appreciation to

Professor S. Tsurumi for variable discussions concerning this prob-
lem.

References

[1] R.L. Adler: Generalized commuting properties of measure-preserving trans-
formations. Trans. Amer. Math. Soc., 115, 1-13 (1965).

[2] H. Anzai: Ergodic skew product transformations on the torus. Osaka Math.
J., 3, 83-99 (1951).

[3]1 N. Dinculeanu and C. Foias: Algebraic models for measure preserving
transformations. Trans. Amer. Math. Soc., 134, 215-237 (1968).

[4] V. A. Rohlin: On the fundamental ideas of measure theory. Amer. Math.
Soc. Translations, Series 1, 10, 1-54 (1962).



