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135. The Subordination of Lvy System for
Markov Processes

By Akihiko MIYAKE
(Comm. by Kunihiko KODAIRA, M. J. A., Sept. 12, 1969)

1. Preliminary notions and the result. For each process x(t)
belonging to a certain class of Markov processes, the L4vy measure
n(x, dy) is defined as follows [1]:

( 1 ) lim Ttf(x) t-- lim[ f(y)P(t, x, dy) t
t-+o t--,+odS-- f(y)n(x, dy) for every x e D

Js
where S and , are respectively, a locally compact Hausdorff space
satisfying the 2nd axiom of countability and its one-point compactifi-

cation, D is a bounded open set in S, and f is a unction in C() whose
support does not intersect D. (T} and (P(t, x, dy)} respectively, are
the semigroup and the transition unctions of the process x(t), and
the convergence in (1) is a bounded convergence in D.

We know that, when the time of such a Markov process is changed
by a temporally homogeneous non-decreasing L4vy process h(t) which
is independent of x(t) and has the Lvy measure/t(t)

(2) Eer(t)--expl-- t [cr + (1--e-r)t(du)t ]
u i(du)c>_0, I+U

then the L4vy measure t(x, dy) of the new Markov process is as ol-
lows [1]:

( 3 ) t(x, dy)- cn(x, dy) +.IP(t, x, dy)it(dt).

Furthermore, or each process x(t) belonging to a wider class of
Markov processes, that is, the class o Hunt processes with reference
measures on S, the Lvy system (n(x, dy), A), the pair o a kernel
n(x, dy) and an additive functional A(t) of x(t), is defined as a general-
ization of the Lvy measure defined above as ollows [2]:

(4) Ex f(x(s--), x(s))-Ex f(x(s), y) n(x(s) dy) dA(s)
st

where f is an F(S)-measurable non-negative unction such that
f(x, x)-O for any x e S, and F(S) is the completion of the topo-
logical Borel field on S with respect to the amily o all bounded
measures. If A(t) is the minimum of t and the life time of x(t), then
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the kernel n(x, dy) of the Lvy system coincides with the Lvy measure
in (1).

The purpose of the present paper is to prove the ollowing

Theorem. Let y(t) be the new process x(h(t)) obtained by sub-
ordinating x(t) by h(t), B(t) the minimum of t and the life time of y(t),
and let A(t) be the continuous part of A(h(t)).

Then the Ldvy system (n(x, dy), A) is changed as follows"
( 5 ) E , f(y(s-), y(s))

sKt

and B(t) and A(t) are addivive functionals of y(t).

2. Proof of Theorem. Let the event spaces o x(t), h(t) and
y(t) be W, IiV and l-W IiV respectively.

In the case c-0 and n((0, c)) c in (2), paths o h(t) being step
unctions, we have

E--, f(y(s-- ), y(s))

--,E f(x(h(s--, b), w), x(h(s, b), w))
sI(t,o)

where I(t, v)- {s h(s, b)- h(s--, b) > 0, s e [0, t]}. Since I(t, b) is
countable,

E- Ef(x(h(s--, v), w), x(h(s, b), w)).
sKt

As the unction g(s, t)-Ef(x(s, w), x(t, w)) satisys g(s, s)-O for any
s, we can apply the property (4) o the Lvy measure i(s, dr)
--i(d(t-s)) of h(t), and obtain

(6) E--[: {:[Ef(x(h(s, v), w)x(r, w))]i(h(s, v), dr)} ds].
From the Markov property of x(t),

E--/i I0 t:Ex[,),)f(x(O, ib), x(r--h(s, b), )))]/(h(s, b), dr)}
[S: t:Ex[(’’))f(x(O’ ii;), x(q, 0)))]/(dq)} ds]
Iot:E[ f(x(h(s, v), w), y)P(q, x(h(s, v), w), dy)1/(dq)} ds]
I:E[ f(x(h(s, v), w), y)t:P(q, x(h(s, b), w), dy)i(dq)l]ds]

=/iIE t:[ f(x(h(s, b), w), y)f:P(q, x(h(s, b), w), dy)i(dq)} ]
d(s, (w,

where/ is the integral with respect to the measure P(dib), (t,
=/(t, (w, b)) min(t, ()) and () inf(t $(w) <_ h(t, b)} here
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denotes the life time of x(t), accordingly () is the life time of y(t)
--x(h(t)).

In the case c:/:0 or n((0, c))-c in (2), the discontinuous points
of y(t, )-x(h(t, iv), w) are determined by the discontinuous points of
h(t, iv) and those of x(t, w). Hence

E f(y(s--), y(s))- E+E
sKt

E--E . f(x(h(s--, )-, w), x(h(s, ), w))
sI(t,w)

E--E f(x(h(s, )--, w), x(h(s, ), w)).
s [O,t]-I(t,w)

Since I(t, ) is countable and x(t) has no fixed discontinuous points,

E-- Ef(x(h(s--, ), w), x(h(s, ), w)).
sKt

In the same way as in the first case, we obtain

Next, we notice that E can be written as

E f(x(r--, w), x(r, w))
rF(t,w)

where F(t, )-(h(s, ); s e [0, t]--I(t, )}. Then rom the property
(4) of the Lvy system of x(t), we have

E2--[Ex[;r(t,) [I f(x(r, w), y)n(x(r, w), dy)} dA(r, w)]
o,-. f(z(h(, ), w), g)(z(h(, ), ), )

Put A(t, )-A(h(t, ), ). Then it is an additive functional of
(t, w). In fact, since the shift in W is defined by

+- + )andh(,)-h(t+,)-h(t,)(w w) (w.;,
the additivity of A(t, ) is derived as follows;

A(t + s)--A(h(t + s, ), w)
-A(h(t,-- ), w)+ A(h(t+ s, ) h(t, ), w+

=A(t, )+ A(s,
Furthermore the continuous part A(t, ) of A(t, ) defined by

n(t, )--A(t, )-- {n(s, )--n(s--, )}
is also an additive unctional of y(t, ); it vanishes when c--0 in (2).
Therefore

aking account of the fact that A is identically ero in the ease e-O,
we may conclude that N+N equals the right side of (g). Thus the
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proof is completed.
In particular, if A(t, w)-min(t, $(w)), then we have

A(t, )-- cB(t, )
and

Ex f(y(8-- ), y(8))

The last equality implies (3).
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