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122. Korteweg-deVries Equation. 1

Global Existence of Smooth Solutions

By Yoshinori KAMETAKA
(Comm. by Kinjird KUNUGI, M. J. A., Sept. 12, 1969)

In this note we state the result only. The detailed proof will be
published elsewhere. We treat in this note (I) the global existence of
smooth solutions of the Cauchy problem for the KdV equation. In the
following note (II) [6] we show the existence of computable approx-
imate solutions by the method of finite difference schemes.

Consider the Cauchy problem for the KdV equation.

(L) Dyu=uDu+Du+g(x, t) (z, t) e R* X (0, o0)
(2) u(x, 0)=f(x) xe R
0 0
Here D,= e D_55
Main theorem.
If
f(oc) c 82(2k+1)(R1)

g(x, D) e EFTAADNIEHLAHNEFNEL N - - - NEUEE)]
then there exists uniquely the solution u(x, t) of the Cauchy problem
for the KdV equation for 0<t< co such that
w(x, 1) e EXLHNEITHEN - - - NEUER).

Using Sobolev’s lemma we conclude easily following corollaries

Corollary 1.

If

S (@) e EFI(RY)
9@, ) e S IANIEF LN - - - NEUET)]
then for any t, 7 such that i+j<k
DiD%y e PR X[0, T for YT >0.

Remark. In Corollary 1 if we take k=1 we obtain the global
existence theorem of classical solutions of KdV equation.

Corollary 2.

If
J(@) e €5
gz, ) e E(ET
then
u(x, t) S 8?(8?&)
especially

u(x, t) € B>(R*'X[0, TD for YT >0.
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To prove the global existence theorem we need the global a priori
estimate and the local existence theorem. For the a priori estimate
we use the results of Miura-Gardner-Kruskal [2] who showed the ex-
istence of infinite sequence of conserved densities for KdV equation.
We state their results in a slightly modified form

Theorem 1. For any non-negative integer k, KdV equation has
the polynomial conserved density of the form

T, =D*u)*+ cu(D*~'u)* + Q,(u, - - -, D*~*u)
T,=u?
Here ¢, is a constant independent of u, @, is a polynomial of rank
k+2.

Definition 1. T is called polynomial conserved density if and
only if T is a polynomial in finite number of D*u’s (k=0,1,2, .-.) and
there exist X which is also polynomial in D*u’s such that D,T=DX.

Definition 2. A polynomial @ is called rank m if @ is a sum of
finite number of monomials of same rank m. For a monomial we
define

L

rank [ue (D) - - (D)t = 3 %(j+2)aj.

By integrating these polynomial conserved densities on the whole
x-axis we get step by step following infinite number of a priori esti-
mate for the solutions of the KdV equation.

Theorem 2. For any non-negative integer k, the solutions of the
KAV equation satisfy a priori estimate of the form

I D*ul|E<F(1F 1l -5 ID*FID+ G, 11 91les -+ -5 [ DEg 1.
Here
l2]ll;= sup [[w(S) |, [[ul|=[%]|za@y
0<s<t

F,, G, are polynomials of positive coefficients.

Next we show the local existence theorem by constructing the
sequence of approximate solutions. Namely we consider the linearlized
equations of the KdV equation

(3) u(x, t)=f(x)
(4) Dty =Dt + Duy + 9(a, 1)
{un(ﬂc, 0)=f(x) n=1,2,8, ...

By induction in n and k we obtain following uniform local energy
estimates for approximate solutions.

Proposition 1. For any non-negative integer k, if we take
. 1 1
t =m1n{ , —— 1}
’ Cio’ C
then for any 1, § such that i+ j<k there exist uniform energy estimate
for approximate solutions of the form

I DiD¥un |l < sy m=0,1,2, ---.
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Here we use following notations
Ngllle,e= 22 HIDID¥g|l,

i+j<k
u(0) = f(x)
u®(0)= f (@)D f(x) + D° f(x) + g(x, 0)

1w (0) = % ( k;l ) w1-9(0) Du®(0) + D*u®-2(0) + Dt-'g(z, 0)

1=0

Coo=MI||u®O) ||+ - - + 1w ||+ | DEGIle+ 11| 9 [-1,e]
Cror=MIe||[u®(0) ||+ Crof | u* (0| + - - - + || u(0)]|}
+ell| DEg e+ 119 e-n, 4+ Coa 11 9 -,
=12, ..., k.
Here c¢ is a constant independent of f, and g. M is a fixed constant
such that M>1. C,_, is a polynomial of ¢, ; for ¢4+ j<k—1 with posi-
tive coefficients. C,, is a polynomial of ¢, ; for i+j<k—1 and ¢,
with positive coefficients.
From (4) we derive the following equations for the differences

Ups1—Un =P
(5) {Dtgon=uanon+gon-1Dun+Dsson
oz, 0)=0 n=0,1,2, ...

Using uniform estimate for u, in Proposition 1 we obtain following
estimate for ¢,.

Proposition 2. For any non-negative integer k, if we take
Ti.1=p/Cri1 here p is a fixed constant such that 0<p <1 there exists
following estimate

[|”90n“|k,Tk+1+ l|l€0n—1“|k-1,rk+1+ <ot HISDn—kHIo,Tk“]
SP[IHSDn—1H|k,Tk+1+”| T || PR SR Il SDn-k—llllo,TkH]-
From this estimate it follows easily that
DiD¥y,—DiD¥y in £%(L?) as n—oo for i+ 7<k.
Therefore we obtain following local existence theorem.
Theorem 3. If
J@) e &
g(x, t) e EFYIAHNIEHLHNEFYELIN - - - NEUEI]
then Cauchy problem for the KAV equation has unique solution u(x, t)
n 0<t<T,,, such that
w@, ) e EXLHNEFTH(EWN - NEAUCT:
1% |41, 1., < COMSEL
Combining this local existence theorem with the global a priori
estimate (Theorem 2), we can easily conclude the global existence
theorem (Main theorem).
Remark. Uniqueness of the solutions is easily obtained from
L’-energy estimate.
Remark. Our method is also applicable for the Cauchy problem
for the KdV equation with the periodic boundary condition. The
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same results hold in this case (Sjoberg [3] showed the global existence
of the classical solutions in this situation).

Remark. Miura [1] discovered the non-linear transformation
between the solutions v of the generalized KdV equation D,v+v*Dv
+D*»=0 and the solutions u of the KdV equation D,u-+uDu+ D*u=0
such as u=v?+1y/ 6 Dv.
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