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1. Let R be a ring with 1 which has the Jacobson radical J(R).
In [8], Koh has proved the following :

Every irreducible right R-module has a projective cover if and
only if R is semiprimary and for any nonzero idempotent z+J(R) in
R/J(R) there exists a nonzero idempotent ¢ in R such that ex—e € J(R).

The purpose of the present paper is, as a generalization of the
result of Koh, to show the following theorem :

Theorem. Let M=Mjy be a projective co-atomic module. Then
the following statements are equivalent :

(1) For every maximal submodule I of M, M|I has a projective
cover.

(2) M/|J(M) is semisimple and for any nonzero idempotent § € S
there exists nonzero idempotent e € S such that é§=¢.

2. Let M=M, be an unital right R-module. We write J(M)
for the radical of M and M for the factor module M/J(M). Let
S=Homz(M, M) and let S=Hom(}, I1). As usual, we write these
endomorphisms on the left of their arguments. We note that every
se S induces an §¢ S, since sJ(M)CJ(M). For any submodule U of
M, we denote by v, the natural epimorphism M—M/U.

A submodule A of M is called small if A+ B=M for any submodule
B of M implies B=M. A projective cover of M is an epimorphism
of a projective module P onto M with small kernel.

We call M is co-atomic if every proper submodule of M is contained
in a maximal submodule of M. As is easily seen, if M is co-atomic,
then J(M) is small in M (cf. [5]). It is well known that M has a
maximal submodule if M is projective (cf. [1]), and we can show that
semi-perfect modules defined in [4] are co-atomic as follows: Let T be
any proper submodule of a semi-perfect module M, and let P—>M/T—0
be a projective cover of M/T with kernel K. Then P/K=M/T and,
since any maximal submodule of P contains K, T is contained in a
maximal submodule of M as desired.

Lemma 1. Let M be a projective module and I o maximal

* Dedicated to Professor K. Asano for the celebration of his sixtieth birth-
day.
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submodule of M. Then M|I has a projective cover if and only if
there exists a nonzero idempotent e ¢ S such that el is small in M.

Proof. Let P5SM /I—0 be a projective cover of M/I. Since M
is projective, there exists a homomorphism MSP such that TA=VY;:
<M

o 7
s
// Ul

P M /I—0
Then P=Im o+ Ker #. Since Ker r is small in P, P=Im «. Since P
is projective, the exact sequence MEP—0 splits, so there exists a
homomorphism PiM such that M=Kera®Im 3. If al=0, then

I=Ker a. Let MLI be the projection and let e=1—f e S. Then we
have eI=(1— f)fM=0, ane hence el is small in M. If al+0, then al
CXKerr since ral=y,]=0. Now al is small in P, therefore Bal is
small in M. Put e=faeS. Then e’=pafa=pBa=e and hence e is
a desired idempotent.

Conversely, suppose that there is a nonzero idempotent ¢ € S such
that el is small in M. Put (I:e)={xe M|exclI}. Since eICJ(M), the

maximality of I implies (/:e)=I. Now define a mapping eM LN /1
by glex)=x+1. The mapping ¢ is well defined and is an epimorphism
with kernel eI. Since eM is a direct summand of M, eM is projective.
Thus g is a projective cover of M/I.

Lemma 2. Let I be a large maxitmal submodule of M and let L
={seS|s[=0}. Then L*=0.

Proof. Ifs,+#0, s,#0 are elements in L, then INs,M+0. There-
fore for some xe M, 0+£s,xel and s;s,x=0. Assume that s;s,#0.
Then by the maximality of I, {y € M|s;s,y=0}=I. Thus xcI. This
is impossible since s, e L and s,20. Thus L*=0.

Lemma 3 (cf. [2]). Let M be a co-atomic module such that each
maximal submodule of M is not large. Then M is semisimple.

Proof. Let F be the socle of M. If F+M, then F is contained
in a maximal submodule I of M. Since I is not large in M, there is a
nonzero submodule K of M such that /N K=0. By the maximality of
I, M=I®K. Since K=M/I, K is irreducible which is not contained
in F. This is impossible. Thus F=M.

Theorem. Let My be a projective co-atomic module. Then the
following statements are equivalent :

(1) For every maximal submodule I of M, M/I has a projective
cover.

(2) M|J(M) is semisimple and for any nonzero idempotent § e S
there exists a nonzero idempotent e ¢ S such that é§=E¢.
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Proof. (1)=>(2). Since M is co-atomic, M=M/J(M) is also co-
atomic. Let ] be a maximal submodule of /7. Then, for some maximal
submodule I of M, I=1I /J(M). By Lemma 1, there exists a nonzero
idempotent e ¢ S such that el is small in M. Thus eICJ(M). By the

following commutative diagram

M— M

Yyan l le(M)
m—2° M
éI=0. If éM=0, then eMCJ(M). But, since M is projective, J(M)
can not contain any nonzero direct summand of M (cf. [4], p. 350),
and hence é is a nonzero idempotent in S. Let L={3¢ N 0}.
Then L?+0, and thus, by Lemma 2, I is not large in /. By Lemma 3,
M is semisimple.

Now let §¢ S be any nonzero idempotent. Since M is co-atomic,
(1—3)M is contained in a maximal submodule I of M. Then, for some
maximal submodule I of M, I=1 /J(M), and by Lemma 1, there exists
a nonzero idempotent e ¢ S such that el is smallin M. Since eICJ(M),
éI=0. Operating ¢ to the relation (1—8§)MC I, we obtain é(1—§)M=0.
Thus é(1—8)=0.

(2)=>(@1). Let I be a maximal submodule of M. Then J(M)Z I and
I=I/J(M) is a (maximal) submodule of /. Since I is semisimple,
there is a (minimal) submodule K=K/J(M) such that M=I® K. Let
MK be the projection. Then by the assumption, there exists a
nonzero idempotent ec S such that é§=é6. Since §/=0, éI=0, i.e.
eICJ(M). Now since M is co-atomic, J(M) is small in M, and hence
sois el. By Lemma 1, M/I has a projective cover.

Remark. Since any irreducible right R-module can be written
as R/I, where I is a maximal right ideal of R, and since S is naturally
isomorphic to S/J(S) (cf. [5], p. 95), the above Theorem includes, in
the special case where M =R, the result of Koh [3] mentioned in § 1.

Corollary. Let M be a projective co-atomic module. Then the
following statements are equivalent :

(1) M is indecomposable, and for every maximal submodule I
of M, M/I has a projective cover.

(2) J(M) is the uniqve maximal submodule of M.

Proof. (1)=(2). By the Theorem, M is semisimple. Thus for
any proper submodule N of M, N=(N+ J(M)) [J(M) is a direct sum-
mand of M. If N+0, then for the projection />N, there exists a
nonzero idempotent ¢ ¢ S such that é§=é. Now since M is indecom-
posable, e=1. Thus N=3M=6ésM=éM=M. Hence N-+J(M)=M.
Since J(M) is small in M, we obtain N=M.
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@=Q). If M=A+B, and both A, B are proper submodules of
M, then ACJ(M) and BCJ(M). Thus M=J(M) which is impossible

since M is projective. Now since J(M) is small in M, M MM /I (M)—0
is a projective cover.

Added in proof. After submitting this paper, Prof. Y. Kurata
has proved our Corollary, using Lemma 1, without the assumption of
co-atomicness.
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