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52. The Theory of Nuclear Spaces Treated
by the Method of Ranked Space. VI

By Yasujiro NAGAKURA
Science University of Tokyo

(Comm. by Kinjiré6 KUNUGI, M. J. A., April 12, 1972)

In the paper [8], we have studied the dual space of the extended

nuclear space. In this paper we shall continue to do it.
§ 7. The dual space. (2).

Lemma 39. (1) V*(O0, h, %) is circled.

2 V*O0,h,)+V*O0,k, H)=V*O, [hk/h+ k], min (2, /) for h, k>1.

Proof. (1) Itis clear.

(2) Suppose 1<<j. Then we have

V*(0, h, )+ V*0, k, DS V*(0, h, N+ V*(0, k, 7)
by Lemma 37 in [8]. Now, let F, and F, belong to V*(0,h,7) and
V*(, k, 7), respectively. Then we have |F(9)|<e;/h and |Fy(9)|<e;/k
to every ge V,(0,1,7), hence we obtain |F\(9)+ Fy(9)|<|F.(9)|+|F9)|
<ej(h+k)/hk <e;/l, where l=[hk/h+Fk]. This proof is complete.
The sequence of neighbourhoods, {V*(0, y(h), i{(h))}, where

VH0, 1), i) 2V, 1+ 1), ith+ 1)), (D) <y +1)

andA y(h)—oo as h—oo, is a fundamental sequence of neighbourhoods
in @'.

Lemma 40. If {V*(0,y(h),i(R)} is « fundamental sequence of
neighbourhoods in &', them F e V*(O, r(h), (k) for every integer h
implies F'=0, that is, F(g)=0 for every g c @.

Proof. By Lemma 38 in [8], we have min, {i{(R)}=1. We write
briefly min, {i{(h)}=j. Hence there exists some integer N such that the
relation A= N implies ¥(h)=j. The fact that F belongs to V*(0, y(h), 7)
for h=N follows F'e M} and |F(g)|<e;/y(h) for ge 17](0, 1,7). And
since g/2P ,(g) belongs to V 0,1, 7) for any element g € @ with P,(g) %0,
we see [F(g)/ Zﬁj(g)|<ej [7(R). Consequently we obtain

|F(9)|<2¢,P(9) [7().
That shows F'(g) =0 for every g € ®. This proof is complete.

Now, we can prove that the linear space @ is a linear ranked
space, by M. Washihara, [3].

Theorem 7. The linear ranked space &' is complete with respect
to the R-convergence.

Proof. Let{F,}be an R-cauchy sequence of elements in @. Then
there exists some fundamental sequence of neighbourhoods

{V*0, r(h), i(h))}
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such that the relations =% and m=h imply F,—F, € V*(, y(h), i(h)).
When we write briefly min, {i(h)}=j, there exists some integer N such
that the relations A=N implies i(h)=j. Hence we have
F,—F,cV*QO,rh),7
to m, m=h=N, that is, |F,(9)—F,(9)|<e,;/7(h) to every ge V,0,1,7),
and F',—F,, € M. Thus the sequence of numbers {F,(¢)} has a limit
number depending on ge V,0,1,7). For all ge @, with P,(g)+0 we
have g/ 2p (@) e 14 40,1, 7), so that we obtain a linear functional
F(g/2P(g)=lim F.(g/2P (9)), i.e., F(g)=lim F(g).

n—00

Hence we have F(g)=lim,_. F,(g9) forall g € @. Then there exists some
integer I such that F', ¢ M? for all n=N and F ¢ MS.

Next, we shall prove that F'(g) is R-continuous, that is, F'(9.)—F(g)
R
as g.——>¢g. We have

l
F@—F@I=| 2 A nsld— o @0 1.0,

l 172 [ 1
=g (kZ=:1 QArynym gy [ €D*1 (G —Ge» ?k,nz)nzlz) (kzllF(Sakmz—l)lz)
] ! 12
=aPig—90 (3 1F @i

=1

Theorem 8. A linear functional F belongs to V*(0, h, 1) if and only
if Fe M and (Shey |F(pr,n, )PV =1/h.

Proof. Suppose F'e M} and (3%, |[F(pi,n;_) D) <1/h.
To any g € V,(0, 1, 7) we have

IF(g)IZ’kZ;‘I 2Ic,m;_l,n,;(g’ @k,n,;)n,;F(SDk,ni_l)

172

172

3 1/2 4
é (ch—l (zk,ni__l,ni/si)z |(g9 SDk,nl)m, lZ) &; (kZ=;1 lF(SDk,ni_l) |Z) <€i/h,
then F' belongs to V*(0, h, 7).
Next, suppose F' belongs to V*(0,h,7). This means F' e M} and
|F(g)|<ei/ I for all g € V(0,1,1), that is, |[F(9)|<ePi(9)/h.
On the other hand, since we have

PO =| 35, Qoo 00 Dt

1 1/2
= (kzl (lk,ni_l,ni/ei)zl (g: Sok,n,;)ni I2>

Ni—1

and .
F@) =3 Znimsi0: Pundad @n, ),

we obtain
h g:_.l Zk,n,;_l,ni(g, ¢k,n¢)n¢F(¢k,ni_l)

In particular, we set

i 1/2
= (3 Guimicand’l(@ 2F) (1)

9=37 Qi) F@om oen  in the equation (1),

k=1
then we have
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(5 1F G F) S 1R

§8. The second dual space.
Definition 12. We say that a linear functional ¥ defined on the
linear ranked space @’ is R-continuous, if we have lim,,_,., F(F',) =F(F") to

any R-convergence sequence {F,} such that FnLF in ¢’. Further-
more let @ be the set of all R-continuous linear functionals on @’. We
call it the second dual space.

Definition 13. We define

VO, r,)={F e @ |F(EF) | <er for all F e V*(0,1,9)},
where 7 is a positive number, as a neighbourhood of the origin in @”.
We denote briefly Vi*(0)=V#*(0,1/4,¢) and call it a neighbourhood of
the origin with rank <.

Furthermore we define that the neighbourhood with rank 0, V¥* is
always the space @”.

Lemma 41. We have VF*(0,1, ) 2VF*(0,1,9) if j<i.

Proof. If j=<t, we have V*(0,1,7)CV*(0,1,%) by Lemma 37, and
e;=¢;,. Hence if § belongs to Vi#*(0, 1, 7), we obtain |F(F)|<e;<e; to all
FcV*0,1, 7.

Lemma 42. We have V*(0)2VF*(0) of j<1.

Proof. It is clear from

VE0)=VF*0,1/1,) S VF*0,1/3, DS VF*(0,1/7, D=VF*(0).

Lemma 43. (1) V#*(0) is circled.

@ Toi,j>1, VFH0)+ VE+(0)S Vi*(0) with k= [_ml_nz(LQ]

Proof. (1) Itis evident.

(2) Suppose j<i. Then we have

VEx(0)+ VO S VF*0)+ VE*0)=VF*(0, 1/7, N+ VF*(0,1/4, )

CVF*0,2/7, DS VERN0,1/[7/21, [7/2D =V (0).
Hence we obtain (2). Q.E.D.

Thus we see by M. Washihara, [3] that the linear space &” is the
linear ranked space, and the sequence of neighbourhoods, {V#5(0)} with
1@ =7@+1) and y(9)— oo, is the fundamental sequence.

Lemma 44. If {V¥}(0)} is a fundamental sequence of neighbour-
hoods in @, then § ¢ V#%(0) to every integer i implies F=0, that s,
FF)=0 to every F e d'.

Proof. Let F be any element in (ﬁ’, then there exists some integer
7 such that F'e Mj. Theorem 8 leads

[P (517 e, 0F) ] V30,1,

Hence we have

F [ (5 1FGen,0r) | eV, 100)  tor 2.
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Thus we obtain |FF)|<(Chos |F(pen, )PV &0 /7G) for every r()=j.
Since y(i)— oo as i—o0, we assert F(F)=0.

Theorem 9. Let g and F belong to & and & respectively, then
F(g)A s a linear functional on @. Furthermore F(g) is R-continuous
on @'

Proof. It is clear that F'(g) is a linear functional on é', then we
shall prove that F(g) is R-continuous on @, that is, F,(9)—F(g) if

F, EsFind,

Now, suppose F,,LF in @, then there exists some fundamental
sequence of neighbourhoods, {V*(0, y(k),%(h))} such that the relation
nz=h implies F,—F ¢ V*(0, y(h), (k). If we write briefly min, {i(h)}
=7, there exists some integer N such that the relation =N implies
“(h)=j. Hence we have F,—F ¢ V¥, y(h), j) for n=h=N.

Consequently for any element g € @ such that P,(¢)=:0, the relation
n=h=N implies |(F,—F)(g/2P(¢))|<e;/r(h) and F,—F e M".

Since we have F(g9)=F,(g) for an element g ¢ & such that ﬁj(g)
=0, we assert F',(9)—F(g) as n—oo.

Theorem 10. By Theorem 9, the correspondence between g e @
and F e @ defines a linear operator J on @ into &”. Then we have
R(J)=®", where R(J) is the range of J.

Proof. Itisclear thatJ is a linear operator. Then we shall prove
R(J)=®". Let § be an R-continuous linear functional defined on @
=J, M? and ¥; be the restriction of § to M.

Since § is R-continuous, we have F,(F,)—F (F) if F,,——R—>F with

F,,Fec M On the other hand, FnLF with F',, F ¢ M! is equivalent
to 2k, |(F—F)¢u,n;,_)—0 by Theorem 8. Since (i, |F(pi,n,_) )"
is a norm in the finite dimensional subspace M} by Lemma 35 in [8], F;
is a continuous linear functional with respect to the norm on MJ.

By the paper [8], M¢ is the dual space of N;, which is the finite
dimensional subspace of @.

First, suppose &, is the restriction of § te Mj. Then there exists
some element g, in N, such that F,(F)=F(g, for all F' € M.

Second, suppose §, is the restriction of § to M. Then we find
some element g} in N, such that §,(F)=F(g;) for all F e M. By Lemma
28 in [8], N, is a subspace in N,, so then there exists a subspace L,
generated by ¢, ,, such that N,=N®L,. Thus we have g;=g;+ g, such
that g/e N, and g, ¢ L,. Hence we have §,(F)=F(g,+9,)=F(g)+F(g,)
for all Fe Mj. If Fe M then Fe M) Then we obtain F(g,)=%.,(F)
=F,(F)=F(g) for all Fe M. Hence we have g,=g¢; in N, and then
we obtain ¢,=g¢,+ 9, such that g, ¢ N, and g, ¢ L;,. Inthe same manner,
the restriction §; of § to M? corresponds to some element g; in N, such
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that F,(F)=F(g,) for all F € M}, and ¢, satisfies the following conditions,

Q) gi=g1+--+9s

(2) 9. € Nl and 9 eLJ—l’ .7.:2; ot ',i’

(3) Nile@Ll@' . '@Li—n

(4) L, is a subspace generated by ¢; ., ;-

Thus the sequence {g;} is an R-cauchy sequence of elements.
Because, to any neighbourhood V,(0,r,i) the relation i<j implies
9;—9.eV,0,r,1), since ¢}—gi=g; 1+ +9,€ L@ - -®L, ,CM,.

Consequently there exists the limiting element of the sequence
(37 _19.)sin . We denote it 31z_, 9,. Since to any element F in @
there exists M? such that F ¢ M?, we have

F(F)=F.(F)=F(g)=F (zg) —F (zg) .
This proof is complete.

Theorem 11. The correspondence J(g) = in Theorem 10 is
bijective and we have § € VF*(0,r,1) if and only if g e V0, r,17).
Proof. Let § belong to V¥*(0,r,7) and ¢ in & be such that J(g)
=%. Then we have |F(9)|=|FF)|<er for every FeV*0,1,9).
Now we shall prove g/re V.0,1,7). Suppose it is not true, i.e.,
g/re Vi(O, 1,7). This means
=1.

pi(g/T)ZH kZ=:1 (lk,ni_l,ni/ei)(g/'ra Sﬂk,ni)nisok,ni_l ni—1 =
Put A= %1 Qieyngyyne /€197 0k n )y )% then AZ1.
We define a linear functional F\; € M? such that
{ Fo(gozc,ni_l)=T}1—(2k,ni_hm/si) [(9]7, 0,0 )n;l for k=1, ---,1,

Fo(ow,n;_)=0 for k>1.
Then we have

i P , 1/z:i i \ \ 1/z=1
Z l o(Sak,ni—l)I Z (Zk,ﬂi—bni/ei) l(g/r’ Soknz)"%l .
%=1 A \k=1

Hence we obtain F,c V*(0, 1, 1) by Theorem 8. On the other hand, we
have by Lemma 36 in [8]

lFo(g/T)i:LZ:; 'zk,ni_l,ni(g/f, gok,ni)niFo(@k,n,;_l)

Z(Ez/A) kZ=1 ('Zk,ni_l,ni/ei)zl(g//", gok,n.t)nilZ:eiA ;ei,

that is, |F(g9)|=er for Fye V*(0,1,4). This is a contradiction. Next,
we shall prove that =0 implies g=0 for J(¢)=F. If F=0, there exists
a fundamental sequence of neighbourhoods {V}}5(0)} such that % € V¥}(0)
for all integer i. Hence g belongs to V,,,(0)=V, (0, 1/7(), 1(@) for all
integer 1.

Since {17,@)(0)} is a fundamental sequence of neighbourhoods in @,
we have g=0. Thus the correspondence J is bijective. Finally, if
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g€ V0, r,17), we have [F(g/r)|<e; for every F e V*(0,1,7). And then
we obtain |F(F)|=|F(9)|<er for J(9)=F.
Hence we have & ¢ VF*(0, r, 7).
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