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1. Introduction. Let G be a semisimple Lie group and let L*(G)
denote the space of square integrable functions on G with respect to
the Haar measure. The Fourier transform & can be regarded as an
isometry of L¥G) onto a Hilbert space L¥G), which is defined with the
help of some types irreducible unitary representations of G.

In his paper [5], Harish-Chandra introduces the Schwartz space
C(®), of functions on G. It is analogous to the Schwartz space S(R™)
([6]), of rapidly decreasing functions on a euclidean space R", and is
contained densely in L*(G).

It is an interesting problem to characterize the image C(B) of C(G)
in L*(G) by the Fourier transform ¢. In the case that the real rank
of G equals one, J. G. Arthur [1] solves this problem. Moreover, these
problems for certain subspaces of ((G) are studied in the papers [3],
[4] and [2].

~ The purpose of this paper is to give a characterization of the
Fourier image C(G) for non-compact real semisimple Lie groups G with
only one conjugacy class of Cartan subgroups.

The difficult part of this theorem is to prove surjectivity. For
this, we must study in detail the asymptotic behaviour of the Eisenstein
integrals, in particular, not only the constant terms but the asymptotic
behaviour of them along the walls of Weyl chambers.

Detailed proofs will appear elsewhere.

2. Notation and preliminaries. Let G be a connected non-com-
pact real semisimple Lie group with finite center. Let g be the Lie
algebra of G. Throughout this paper, we assume that G has only one
conjugacy class of Cartan subgroups and g does not have any complex
structure. Let g=¥+p be a fixed Cartan decomposition with Cartan
involution 6, a, a maximal abelian subspace of p and a its dual space
respectively. Let a be a Cartan subalgebra of g which contains a, and
put a,=aN¥. Let g° and a® be the complexifications of g and a respec-
tively, and 4 denote the set of non-zero roots of g° with respect to a°.
We introduce a linear order in 4 which is compatible with respect to
a,. Let 4, and P, denote the set of positive roots and those which do
not vanish on a,. Let P_ denote the complement of P, in 4,. Define
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>, aona,and p=0o0na,. Weput n:( N g"‘) Ng, where

1

EaeP,L aEP 4
g'={Xeg|[H, X]=a(H)X for all H € a°}.

For each a ¢ 4, define an element H, in a° by B(H,, H)=a(H), for all

H co°, where B is the Killing form of g° restricted to a°. Put @

= [] H,and @,= [] H,, which can be polynomial functions on a°.
aEdy aEP .

Let K, A, and N be the analytic subgroups of G corresponding to f, a,
and n respectively. Let M and M’ be the centralizer and normalizer
of a, in K respectively. The finite group W=M’/M is called the Weyl
group. Let A be the centralizer of a in G and put A_=ANK. Then
A and A_ are Cartan subgroups of G and the compact reductive group
M respectively. Put P=MA N, which is a minimal parabolic sub-
group. Let II be the lattice of linear functionals
g (—Dia,—R

for which ¢,(exp H)=exp {¢(H)} (H € a,) gives a character £,0f A_. We
put II'={pec H|pu(H,)#0 for every a € P_}. Let &y be the set of equiv-
alence classes of irreducible unitary representations of M. Then &,
can be indexed by II’. If e &y and o=0(y) for pell’, we write |af
=B(y, 1.

Let & denote the set of unitary equivalence classes of irreducible
unitary representations of K. It is known that the representations in
Ex can be also indexed by real linear functionals in [I’. If r ¢ £ and
t=1(v) for v € I, put |cf=B(,v).

If 0 € &y acts on the finite dimensional Hilbert space V, and 2 € a¥,

To 2= Ind al,
PiG

p by p=

where o1 is given by

(e)(man)=ag(m) exp {—id(og a)}, meM, acA,, meN,
are the induced representations. =, , is a unitary representation of G
on a Hilbert space 4/, ;, which is the set of functions @ from G into
V, which satisfy the following conditions: (i) @(x& Y)=(c)(&)D(x),

rzeG, e P, (il) (k) is a Borel function on K, (iii) j [0k} dk <+ oo.
K
The inner product on .4, , is given by
@, )= j @), TRy, K, O, eI,

where (, )y, is the inner product in V,. For @ e I, , n, 9 is defined by

(=, () P) @) =D(y~'x) exp {—p(H(y~'x)) + p(H(2))}, %,y eG.

For any 2eqaf and any @ € 4, ; put 9=0|K, the restriction of @
to K. This identifies 4,, with a Hilbert space .9(,, of square-inte-
grable functions from K into V,.

Each se W induces an automorphism of M, modulo the group of
inner automorphisms. Hence s defines the bijection s:o—ss of Ey
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onto itself. It is known that the representation =, , is equivalent to
Te, if 2€ af is regular. We write o as the set of regular elements
ina¥. Foreacheoe &y andical, let Ni(2) be a fixed unitary intertwin-
ing operator between the representations =, ; and x,, ;. Then
NiQ) 7, (N (D =rx,, o(®), 2€G.
3. The Plancherel formula. For any g€ II’ and 1€ af, we put
a(y, D=a(p+12).
If € &4 and 2€ af let O, , be the character of the representation r, ;.
Lemma. We can select a non-negative function p(a, ) on Ey Xaf
and a constant ¢ such that
Bla, )=c-a(p, ), o=a(p) eEy, Acaf,
and
SW= 5 | B0 06,(0dk [ eCi@),
u V%
where af* is the positive Weyl chamber and d is a normalized measure
on af.
For h_eA_,h,eA, and h=h_h, a regular element in 4, put
A(h)=¢&,(h) a5+(1—$a(h)‘1),
where &, and £, are the characters on A such that &, (exp H)=exp {o(H)},

&.(exp H)=exp {«(H)}, Heca*. Put m=%(dim g—rank g). Let G* de-

note the homogeneous space G/A and dx* the G-invariant measure on
G*. For feCy(@), put

F,()=4(h) f @ har e, hed,

where A’ denotes the set of regular elements in A.
Theorem 1. There is a positive constant ¢, such that for any
S eC(G),

0, () =c,(—D™(sign a™(y))
j  Fh b g, (b )exp {—iiog h,))dh_dh.,

where dh_ and dh, denote normalized Haar measures on A_and A,
respectively.

For each ¢ € &y, Y(,(0) denotes the space of Hilbert-Schmidt opera-
tors on 4, with the Hilbert-Schmidt norm || - ||,.

Let LXG) be the set of functions

a: EyXaFr— e(—% (o)

satisfying the following conditions (i), (ii), (iii) and (iv):

(i) alo, ) € H,(0) for each g € &y, 1€ af,

(i) a(se, sD)=N:Da(o, )N}, 6€Ey, Aeaf,se W,

(iii) For any ¢ € &y, alo, 4) is a Borel function of 2,
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() Jar=2 5 [ Jat, 212 o, Dd2< 00,

@D ey
where o denotes the order of W.
Then L*(G) is a Hilbert space. If fe C3(Q), define f e LXAG) by

f(a, 2)=IG S@)r, (x)dx, ey, Aeak.

We call the map &: f—f of C=(G) into L*G) the Fourier transform.
Theorem 2 (Plancherel formula). The Fourier transform
F:f—f, [eCo®,
extends uniquely to an isometry of L(G) onto L¥(G).
4, The Schwartz space. For x ¢ G, define

5(2) _—_L exp {— p(H(xk))}dk.

Since G=KA K there exists a unique function on G such that
(i) o(klxkz)zo(x)’ kl’ kzeK’ xeG}
(i) o (exp H)=B(H,H)}, Heq,.
For every g,, g, in B and s in R, we define a semi-norm on C*(G)
by
| Flossas=8UD (915 @5 )| E@) A +o@),  fe CAG).

Let C(@)={f € C™(@D || f lys,s,s <0, for any g,, g, in B and sin R}. These
semi-norms make ((G) into a Fréchet space. (@) is called the
Schwartz space of G. It is known that the inclusions

Cy(Hc @ LAG)
are continuous with respect to the usual topologies.

5. The main theorems. Fix e and oe &y acting on the
Hilbert spaces V., and V, of dimension ¢ and s respectively. Let R(z,¢)
be the set of intertwining operators from V, to V, for z|M and o,
where ¢|M is the restriction of ¢ to M. The Hilbert-Schmidt norm
makes R(r,0) into a Hilbert space of dimension [z: ¢], where [r: ¢] de-
notes the multiplicity of ¢ in | M.

Let {&,, - - -, &} be a fixed orthonormal base of V.. We write ¢*(k)
for (k™) if ke K. Fix an orthonormal base {T}, ---,T,} of R(z,0) of
elements of norm equal to (dimz):. For 1<I<7, 1<j<t, and ke K,
define

djr, (l—l)t+j(k) = TL(T*(k)*Ej)-

Then {@. ;|7 € &k, 1<i<[r: ¢]-dim ¢} is an orthonormal base for .9(,.

Let C(G) denote the set of functions a(o, 2) of &y xaf into J,(e)
which satisfy the following conditions (i),(ii) and (iii):

(1) For each g€ &y, alo, 2) is a matrix valued C~ function on a,

(i)  a(so, sSH=N:Da(o, )DN5(D) ™}, 0 € Ey, A€ a¥ ,se W,

(iif) For every set of polynomials (p,, p,, ,, ¢,) and each d e D(a}),
where D(a}) is the algebra of differential operators on a with constant,
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coefficients,

la'(pnpzdl:,qz:d)
=|0,(@.,,1,, 10, DD, )| D oD D2 Dellr) < +o0.

Then the above semi-norms define a topology on C(G) so that C(G)
is a Fréchet space. (C(G) is contained densely in L¥G).

Theorem 3. The Fourier transform

F:fof
18 a topological isomorphism of C(G) onto C(G).

If we consider the strong duals /(@) and /(G), of the Fréchet
spaces C(@) and C(G) respectively, and the transposed inverse (F-1)* of
the Fourier transform &, as a corollary of the theorem, we obtain the
following

Theorem 4. The map (F~1)* is a topological isomorphism of C'(G)
onto C'(G).

References

[1] J.G. Arthur: Harmonic Analysis of Tempered Distributions on Semi-simple
Lie Groups of Real Rank One. Ph.D. Thesis, Yale University (1970).

[2] M. Eguchi and K. Okamoto: The Fourier transform of the Schwartz space
on a symmetric space (to appear).

[83] Harish-Chandra: Spherical functions on a semi-simple Lie group. I. Amer.
J. Math., 80, 241-310 (1958).

[41] ——: Spherical functions on a semi-simple Lie group. II. Amer. J. Math.,
80, 553-613 (1958).

[6] ——: Discrete series for semi-simple Lie groups. II. Acta Math., 116, 1-111
(1966).

[6] L. Schwartz: Théorie des distributions. I, II. Hermann, Paris (1957).



