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Introduction. During the last few years the theory of graded
algebras and graded triples were developed both in mathematics and
physics. In our previous paper [5], from a two dimensional associative
triple system W and any generalized Jordan triple system  of second
order we made a generalized Jordan triple system W®S of second
order which induced the Lie triple system, and we had a Lie algebra
as a standard embedding of the Lie triple system. In this paper we
generalize the construction of Lie algebras in [5] to Z- or Z,-graded
case. That is, from the same associative triple system W as in [5] and
any graded generalized Jordan triple § of second order, we make a
graded generalized Jordan triple W®S of second order which induces
the Lie-graded triple, and we have a Lie-graded algebra as a standard
embedding of the induced Lie-graded triple (Theorem 1).

1. Let 4 be Zor Z,andlet B=®,., B, be a 4-graded vector space.
Throughout the paper we assume that each vector subspace 8B, of
degree 7 is finite dimensional and x, is an element in B,. And we also
assume that the characteristic of the base field @ is different from 2 or
3. An endomorphism E; of 8 is called a graded endomorphism of
degree ¢ if E,8,C%,,, for all j € 4 and the vector space of such endo-
morphisms is denoted by End, 8.

Let &=®,., ®, be a d-graded vector space with graded bilinear
product [x,, ¥,]. satisfying the following conditions:

(1) [z, yj]::"l_(_]—)ij[yj’ x].=0,

( 2 ) (_ 1)‘Lk[[x“ yj]:: zk]:r- + (_1)“[[?/], zk];:r xi]q: + ('_ 1)kj[[zk’ xz’]x, yj]:F =O’
then ® is called a 4-Lie-graded algebra (4-LGA) or a 4-Lie superal-
gebra (cf. [3], [4], [8D).

2. A d-graded vector space B=D,., B, with a graded trilinear
product {x,y,2,} € B,,,,, is called a 4-graded triple (4-GT). An endo-
morphism D € End, 8 is called a graded derivation of degree ¢ of L if

Dix,y,2,}={Dx Y2} + (—D¥{x,Dy,2;} + (— D *{x,y,Dz}.

Let Der, 8 be the vector space spanned by these graded derivations
of degree ¢ and Der B=@,., Der,B. For any two graded derivations
D,eDer,®B, D,cDer;8 their graded commutator [D,, D,].=D,D,
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—(=1)¥D,D, is a graded derivation of degree i+j. Hence Der 8 is a
4-Lie-graded algebra ([10]).

Let £=®,, X, be a 4-GT with a product [x,y,2,]1=D(x,, ¥,)z, satis-
fying the conditions:

(3) [xtyjzk] +(— 1)1j[ijizk] =0,
4 (- l)ik[xiyjzk] +(—1)”[yjzkxi] +(— l)kj[zkxiyj] =0,
(5) [D(, ?/j), D(u,, v)1- =D([xiyjuk]y )+ (=1 P D(w,, [xiijl])°

Then ¥ is called a 4-Lie-graded triple (4-LGT) which is a graded
generalization of Lie triple system ([10]). Any 4-LGA becomes a
4-LGT with respect to a triple product [z,y,2,]1=1[x,;, ¥, 2.]=. For a
4-LGT T=P,., T, the condition (5) shows that an endomorphism
D(x,,y,) is a graded derivation of degree ¢+j of ¥ which is called an
inner derivation. Let Inder,¥ be a vector space spanned by inner
derivations of degree ¢ in 4-LGT &, then D(X,X)=P,., Inder, T be-
comes a 4-Lie-graded subalgebra of Der €. This D(Z, <) is called a
4-LGA of graded inner derivations in ¥. And the vector space direct
sum D(T, T)PT becomes a 4-LGA relative to the following graded
product :

[D,+z, D4y, :=[D,;, D;1. 4+ D(,, ¥y )+ Dy, — (—1)"D,x,
for D,eInder, ¥, D,cInder; ¥, x,€ ¥, y,€<¥,. This 4-LGA D(T,T)
@ is called the standard embedding 4-LGA of 4-LGT < ([10]).

3. Let W be a two dimensional triple system with product {abc}
=1(a, b)c which has a basis {e,, e,} such that {e,e,e,} =ae,, {¢,¢,6,} ={e,e,e,}
={e.6,e} =ae, {e6.6}=1{e.6,6,}={¢0.6,} = Pe,, {€,6,¢,} = Be,, where a, f e D.
Then W is a commutative agsociative triple system (ATS) (ef. [7]) and
is also a Jordan triple system. In the ATS W, we have
(6) Ua, D)l(e, d)=1Uec, Dl(a, D),

(7) l(a, B)l(c, d)=I1(a, b)c, d)=1(c, I(b, a)d).

Let 3=®,c, 3, be a 4-GT with a product {ry,z,}. But {2y}

=L(x;, ¥,)%:, and

K(x, y 2= (—D™z2.y,} — (=D P {y,z,2.}.
Then we have
(8) [L(x, y,), Llwg, v)]:

=L({x{yjuk}, vz)_(_l)(i”)huL(uk, {iji'vt}),
(9) K(K(x,, yj)uk’ V)

=K@, Y )L(ty, v,) + (= 1) D0 Ly, w )K (24, Y ).
Then, J is called a 4-graded generalized Jordan triple of second order
(4-GGJT of 2 order) which is a graded generalization of a generalized
Jordan triple system of 2% order due to I. L. Kantor ([2], [6], [11]).

Using the identities (6) and (7), we have

Lemma 1. For the ATS W and any 4-GGIT F=P,c,J; of 2™
order, define a graded trilinear product in WRI=®,(WRS,) by
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{0@2,bQy,cR2,} : ={abc}®{xy,2,}
fora, b,ce W and x, €5, ¥,€3;, 2. €. Then WRI becomes a 4-
GGJT of 2™ order.
It is known that a 4-GGIT J=D,., I, of 2" order with a product
{xy,2,} becomes a 4-LGT relative to a new product ([1]):

[y 2] i = {2y 2} — (= D {y,@ 2} + (= D w20, — (= DY Oy 22}
We denote this 4-LGT by J* and call an induced 4-LGT (from ).
For the 4-GGJT WS of 2° order in Lemma 1, the 4-LGT product in
RY* is as follows: [a®x,bRy,cQz,]={abc}®[xy,2,] or D(adDx,,
bRy )(c®z,)=Ua, D)e®D(x,, ¥,)z,, Where a, b, ce W and z, €, ¥, € 3;»
2,€%,. Let © be the 4-LGA of graded inner derivations D(a®x,,
b®y,) in the 4-LGT (WRY)*. Then (W, J)=DB(WRI)* is the stand-
ard embedding 4-LGA of the 4-LGT (W®J)*. By the property of
the product in (WQSI)* we have

Inder, WRJ)* =W, W)QInder, ¥*,
where (W, W) is the vector space spanned by {l(a,d): a,bec W}. If
a+0 or B0 in W, then {id, l(e, ¢,)} is a basis of I(W, W), where id,,
is the identity endomorphism in W. Hence, we have
D=1d,R®D(J, J) D l(e,, ¢,)RD(S, ),
where D(J, J) is a 4-LGA of graded inner derivations in J*.
Then we obtain
Theorem 1. If a0 or 80 in the ATS W, then
W, J)=1d»QD(3, J) D U(e,, €)DD(J, F) ® (WRI)*
is the standard embedding 4-LGA of the 4-LGT (WQJ)*, and
1dw®D(S, J) D Ue,, e)QD(S, )
18 a 4-Lie-graded subalgebra of &(W, ) satisfying the following graded
commutator relations :
[g,8l.Cy, [M,M.CR, [LM.C]|,
where =1d,QD(3, J), M=1e,, €)OD(S, ).
4, Let I=®ycs I be a 4-GGIT of 2° order. Now we consider
the vector space direct sum IOI=D;c, (J:DJ), which is spanned by
{2, B, : ©,, T, €y, 1 € 4).  Then we denote an element 2,0z, in JOI by

<‘£‘) and define a triple product in I®J by
[

ar {(3)G)G)):

- (“{xi%zk} + Bl Y 2+ ep{T Y 2} + B{T.Y 20} )
o{x,Y 2} e @Y 2} + 0By 2} + B{T Y2} ’
where «, 8 are the elements of the base field @ and e=+1. Then the
product defined above is a graded triple product in I®J. By straight-
forward calculations, we have
Theorem 2. Let  be a 4-GGJIT of 22 order, then IDI becomes
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a 4-GGJT of 2 order with respect to the product defined above.
The 4-GGJT of 2 order obtained in Theorem 2 is denoted by
(IDPY).. For e=+1, if we define a linear mapping f of WS into

(FDY) ., by fe,Qx,+e,%,) = (%) for all ¢ e 4, we have the following

Theorem 3. WQ®S is isomorphic to (3BF),, as 4-GGIT of 2=
order.

By direct calculations, we see that the product in the induced
4-LGT (JPX)¥ is given as follows
11 [( X4 )(yj )(zk )] _ <0([xz?/jzk] + Bl 7,2, ) +<plZ.Y 2]+ ,B[Q_Qyjzk]>,

T,/ \Y;/\%, a[xiyjzlc] + E(X[xt?—/jzk] +0([@tyjzk] +,B[9—Ui'yjzk]

where [x,y,2,] is the product in J*.

Remark 1. If we put e=—1 in (10), (IDJ)., is isomorphic to
J(a, 8,0)in[1]. Hence 4-LGA can be constructed by (J®J)_, as in [1].

For an induced 4-LGT J*, we consider the vector space direct sum
JI*DI*, which is spanned by {#,®%,: x,, T, € JF, t € 4}. Then, we denote
an element z,®7, in F*OI* by (
by
12 [(xz )( ?/j)( zk)] _ (a[wz'yﬂk] +,3[xz'!7;2k] +ﬁ[f’—czyjzk] + ﬁ[mt:l_/jzk]>.

T, /\NY,/\Z, a[xtyjzk] +a[xiyjzk] + a[a_;lyjzk] + ,8[73117121;]

Then, using the expression (11) we have

Theorem 4. JF*DOI* becomes a 4-LGT and is isomorphic to
(DI, as 4-LGT.

Remark 2. If we put a=1 and =0, +1 in the graded triple
product (12), we get a graded generalization of the Lie triple product
defined by Y. Taniguchi (cf. [9]).

i_ﬁi) and define a triple product I*®JI*
1,
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