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Abstract:

We seek a sufficient condition on initial data in order that the solution of

Schrédinger equation has both analytically smoothing effect and exponential decay in time.

Key words:

We shall construct the so-
lutions to the Cauchy problem for Schrédinger equa-
tion which have the properties both of the analyti-
cally smoothing effect and of the exponential time de-
cay, if the initial data belong to the image of Sobolev
spaces by a Fourier integral operator.

1. Introduction.

We consider the following Cauchy problem,
(1.1)
{ dwu(t, x) = iAu(t,x) for te€ (0,00), z € R",

u(0,2) = up(x) for z € R™,

where ¢ = /=1, 0; = (0/0t) and A is Laplacian in
R”™ which is defined by

In this paper we investigate the sufficient con-
ditions of wg in order that the solutions w of (1.1)
are real analytic with respect to the space variable
z and decay exponentially with respect to the time
variable ¢, that is, for any compact set K in R™ there
are positive constants € and C such that the solution
w of (1.1) satisfies

sup | DY u(t, z)| < C(plt]) ™1 a|le™"

zeK
for any compact set K in R" and a € Z =
(NU{0})™. As we can see in Rauch [2] the solu-
tion of (1.1) does not necessarily decay exponentially,
even if its initial datum ug(z) decays exponentially.
For example, for ug(z) = e~171” we have the solution
of (1.1)

_ =2
e 4(1+m),

u(t,x) =

1
VIitit'
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which has no exponential decay. It is well known
that if ug € L'(R™), then u is given by the integral

n iz—y|?
u(t, x) zct_f/e T ug(y)dy

and it follows that u decays as

|u(t, x)| § Ct_% HUQHLl(Rn).

However the solution u(t, ) decays exponentially in
t, if up belongs to the image of Sobolev spaces by a
Fourier integral operator below. For u € C, denote

p(,) =1 (6 - %)

and define
1

o [ e

where @ stands for the Fourier transform of u. We

Lﬂ(xa D)“(x) =

can prove the following result.

Theorem. Let ¢ € HIW/2HYR™) and
p(a,€) = x( — (in&/IeD). If uo = Io(x, D) and
Rep > 0, Imp > 0, then for any § > O there are
C > 0 such that the solution u of (1.1) satisfies

(1.2)
[D3u(t, z)| =

1
¢ ('M I+ 2Re ut
fort >0,z € R" and a € Z7 = (NJ{0})".

We remark that in [1] it is showed there is a
solution of (1.1) having the analytically smoothing
effect, if the initial value uy decays exponential with
respect to space variables. The above Theorem says
that the analytically smoothing effect of solutions of
Schrodinger equations occurs, even if the initial data

)|a||a||||w||56_2 Re;tlm;tt-i-(Re;t-‘r(S)(l‘),

do not decay exponentially. As an example we can
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give a function ¢(x) = el Ifn = 1, we can
calculate ug(x) = I, (x, D)(z) as follows:

—z2 . T 2
€ 21 {e;¢x+e—;¢x+lf0 62 dr (e;w_e—;u‘)},
\ aT

ug(x) =

which increases exponentially.

2. Notation. For z = (x1,...,2,) € R"
and £ = (&,...,&,) € R", an inner product and
a norm of vectors denote by

z-§ =218+ + Tnbn,
|z =V - x

respectively and we also use (z) =
Throughout this paper,

VIt 22

;£
§i=
€l

We define the Fourier transform of u € L?(R™)
as follows:

for £€#0.

a©) = [ et o

where dr = (27)~"/2dx. Under this notation, the
inverse Fourier transform can be wrriten as:

u(z) = / ) e (€) de.

For a set Q in R™ L?(Q) denotes a set of func-
tions u satisfying

/Q|u(30)|2 dx < oo

and ||u|| £2(q) denotes the norm of L?(Q) which is de-
fined the above quantity. We also use L? = L?(R")
and ||u| = |lu||L2(rn) for simplicity.

For a real number s define |lu|s = ||[{§)*a(&)||
and H? is the set of functions whose Sobolev norms
[I||s are finite.

LetmeR,1>p>dandd # 1. S;’?a means the
symbol class of pseudo-differential operators which is
defined by

T ={p(z,€) € C*(R" x R");

P52, )] < Ca ()™ 7101V, § € 7.}

where pgg))(x, §) = angp(x, &) and
O¢ = 0g -0,
D = (/0% -0,

yap) and 8 = (B1,...,0n) €
It is well known that for p €

for both a = (a, ...

z) = (NU{o})".
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5'27 s the pseudo differential operator p(z, D) of which
symbol is p(z, £) operates continuously in L?(R™).

3. Fourier integral operators.
tion, we shall define Fourier integral operators which
are a modification of Fourier integral operators intro-
duced in Kajitani [1] and investigate the properties
of these tools, so that we prove the main theorem.
To begin with, we give the definition of the function
space on which Fourier integral operators act.

Definition 1.
negative number s, we define weighted Sobolev space
as follows:

In this sec-

For a real number § and a non

H; ={ue L}

loc

R"); *@lu(z) € H*.

At the next stage, we define a Fourier integral
operator I,, which is applied to transform the orig-
inal equation (1.1) to another equation with respect
to a new unknown function.

Definition 2. Let p(z,§) =2 - & —iux - £ for
a complex number p € C. For v € H?, we denote by
1, as follows:

B L) = [ 9 e,
where d¢ = (27)~"/2d¢ and © stands for the Fourier
transform of v.

Then, we obtain the following result.

Lemma 1. Let s be a non-negative integer and
oz, ) =x-§—ipx-§ for p € C. Then, I, operates
continuously from H® to Hi(lReu|+6) for all 6§ >0
and satisfies that there is C > 0 such that
[ Lov]| 2 < Clvlls,

(3.2) ~(IRe u|+8) =
for any v e H".
Proof. Tt suffices to show that (3.2) holds. In

the first place, we have from the definition of I,

(3.3) e (Reul+O@ [ y(z)

— ¢~ (IRep|+8)(z) / em~§+;w'€~{)(§) dg

:/ eil"&ewf—(lReu|+6)<1‘>@(g) e

- / e p(a, €)0(€) de,

where we put p(x,§) := eha-€=(IRe ul+8)(z) e may
denote the last integral by Puw(x) using the cor-
responding capital letter P = p(z, D) as pseudo-
differential operators. Remember in mind for the
further discussion that p(x, &) decays exponentially
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with respect to the space variable x € R™, that is,
p(z, €)| = eBema-E=(IReul+9)(z)

< e 0@

)

because the estimate - < || £ (z) holds for every
¢ € R" ~ {0}. For the purpose of avoiding effects of
the singularity at the origin £ = 0, we should divide
integral region R"™ into two parts, namely the unit
ball in R™ and the other. Let take xo € C§°(R™)
such that supp xo C {£ € R™; |£] £ 1}, 0 < xo(§) =
1forall¢ € R™, and xo(£) = 1 in some neighborhood
of £ = 0. Then, we can divide p as follows:

p(x,8) = p(z,§)xo0(§) + p(z, §)(1 — x0(£))
= po(z,§) +pi(z,8).

First, we shall examine pg(z, ) which is supported
in a compact set in the neighborhood of £ = 0. Here,
we have

Pov(z) = / ey, )0(6) de

- /|5|<1 ¢ Ep(z, €)x0(£)i (€) dE.

Hence,

| D3 Pov ()|

S Da ix-& ~ d
_/|€|<1| [ p(a, €)] 9(6)| de

> () /ml&“‘“'Ds;' (,€)0(6)] de.

a’'Za

A

Since

D3 pla )| = D [ermE-(Rentsder]

§ C(X'e_6<x>a
we obtain
D2 Pyo@)] £ Coe™*® [ 110()] de
1<
< Coe™ @ ||

for |a| £ s. Thus, it is proved that

(3.4) [ Povl|s < Collvl|

for some positive constant Cy. Next, we shall exam-
ine p;. Recall that we discuss the integral (3.3) on
the region except for the neighborhood of £ = 0, then
we have

[Vol. 78(A),

A

13 (@,6)| £ Caple)™ 1 aplele=5
C

oz,B(g)_lal'

Thus, p; belongs to the symbol class S%O. There-
fore the boundedness theorem for pseudo-differential
operators implies

A

(3.5) | Pro]|s = Cyllv][s-

Summing up (3.4) and (3.5), we obtain after all that

Mpollas .,ve = 1PVl < Clloll,

for some positive constant C, which implies (3.2).

This completes the proof of Lemma 1. |
4. Proof of the main theorem. Let
o(x, &) = x - & —iux - . Transform the unknown

function v to a new one v by u = I,v in the original
equation (1.1), then

(4.1) iAu=ilI,v

—i [ NemEOp(g) de
RW,

—i/ ) JRIICRI) Z — le/é-_] 0(§) d€

_Z,/ @O (|¢| —ip)?0(€) de
R
U(t, x).

Hence we obtain the following equation.

= il (|D| ~ i)’

—i(|D| = in)*v,
— ().
We can solve the above equation as follows:
ofta) = [ e .

Hence if Rep > 0 and Im p > 0, we get

0
av(t x) =

v(0, )

(4.2)
. N} ~
1Dt @)||s = ||le "I g (€)]|
< |||§||a|6_2Re“|€|t_2Re“Im“tlﬁHs

< |a|!e—Re;¢Im;¢t||w||s

- (2Re put)lel ’
On the other hand we have

for any o € Z7}.
Diulta) = [ e~ iu)i(e,6) de

= I,(D — iuD)“v(t, z).
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Therefore it follows from Lemma 1 and Sobolev’s References
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£ . national Conference on Dynamical Systems and
< CsHe_(Re“"—é)(l)Dgu(t,x)Hs Differential Equations, Vol. I (Springfield, Mis-
. o souri, May 29-June 1, 1996), An added volume
= Cs[| DEult, x)HHi(Re 1+6) to Discrete and Continuous Dynamical Systems,

— CNIAD — D)0t )| e pp- 350-352 (1998).

s[4 ( pD)*o(t, )HH,(Re +8) [2] Rauch, J.: Local decay of scattering solutions to
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which yields (1.2) together with (4.2). Thus we have
completed the proof of Theorem.





