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Abstract:

We construct examples of finite complexes without odd cells which have non-

trivial E,.-term of the Atiyah-Hirzebruch spectral sequence of KO-theory for r > 3.
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1. Introduction. KO-theory of various fi-
nite complexes without odd cells are computed, such
as the Hermitian symmetric spaces, the flag man-
ifolds and so on, by making use of the Atiyah-
Hirzebruch spectral sequence [2-5]. In each case
it is shown that the spectral sequence collapses for

FEs-term by use of the following lemma.

Lemma 1.1. Let X be a finite complex with-
out odd cells and let (E.(X),d,) denote the Atiyah-
Hirzebruch spectral sequence of KO*(X). Then we
have:

(a) EL ™' = HP(H*(X;Z/2); S¢?).
(b) Ifd, is the first non trivial differential forr > 3,
then we have:
(i) r=2 (8)
(ii) There exists v € E9(X) such that nx #
0 and nd,x # 0, where n is a generator of
KO~ (pt).

Lemma 1.1 is so strong that one might think
that for any finite complex without odd cells the
Atiyah-Hirzebruch spectral sequence of KO-theory
collapses for E3-term. The purpose of this paper is
to construct counter examples of for this account and
we obtain:

Theorem 1.1. For each r > 3 there exists a
finite complex without odd cells, denoted by X, such
that d,.: E.(X) — E.(X) is non-trivial.

2. Various K-theories. In this section we
recall various K-theories which are required in the
following section.

We denote the complex, the real and the
self conjugate K-theory of a space X by K*(X),
KO*(X) and KSC*(X) respectively. KSC-theory
is defined by the exact sequence
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(1) - — KSC*(X) — K*(X)
ZEKH(X) = KSCHY(X) — -

where t: K*(X) — K*(X) is the conjugation map.
Consider the Bott sequence

o= K*(X) - KO*™(X)
L KON X) S K Y(X) — -

where ¢: KO*(X) — K*(X) is the complexification
map. Since ¢: KO*(X) — K*(X) factors through
KSC*(X), we have

~

(2) c: KO*(pt) = KSC*(pt) for x=0,—1 (8).

3. Proof of Theorem. We denote the n-th
stable homotopy group of the sphere by 77 and the
complex Adams e-invariant of € 75, _, by e(x). By
Adams [1] it is shown that:

Lemma 3.1. For each n there exists ugn+1 €
T§ns1 Such that e(pgni1) = 1/2.

Let X, be the complex S*™+2 U,
for m large enough. Then, by definition of the
e-invariant, there exists & € K°(X,,) such that

S4m+8n+4

ch(§) = zamq2 + §x4m+8n+47

where ch denotes the Chern character and x; is a

generator of H*(X,,;Z). Therefore we have the fol-

lowing by Bott periodicity of the complex K-theory.
Corollary 3.1.

K72(X0) 2 Z(u'€) & Z(u' (€ + £(€)))
[N(721+1(Xn) — O,
where u € K~2(pt) is the Bott element.
Since t = —1 on K ~2(pt), we have:

Corollary 3.2. With the basis of K~ (X,
in Corollary 3.1, the map 1 —t : K~2(X,) —
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K- 2(X,,) is represented by (_1 0) for | even and
(98) forl odd.

By Corollary 3.2 and the exact sequence (1), we
have:

Proposition 3.1.
group.

Let ('E.(X),’d,) denote the Atiyah-Hirzebruch
spectral sequence of K SC*(X) for a space X. Then
we have:

Lemma 3.2.

[?EE’*(XW) is a free abelian

/d8n+21 IE8n+2(Xn) -

'Esnt2(Xy) is non-trivial.

Proof. Suppose that ‘dgpio: 'Er(Xy) —
'Er(X,) is trivial. Since 'Eo(X,) = 'Ex(X,) is a
free KSC(pt)-module, the extension of 'Foo(Xp) to
KSC*(X,) is trivial. By (2), KSC™*(pt) = Z/2,
then I/(TS”E’*(X,L) has a 2-torsion. This contradicts to
Proposition 3.1. ]

Finally we prove Theorem 1.1. Since

dy: E.(X,) — E.(X,) and "d,: 'E.(X,) — 'E.(X,)
are trivial for r < 8n + 2, we have

"Egn+2(Xn) = H*(X,; KSC*(pt)).

Consider the homomorphism c¢: Fg,i2(X,) —

[Vol. 81(A),

'Fsnt2(Xy), then by (2) and Lemma 3.2 we obtain
that d8n+2: E8n+2(Xn) — E8n+2(Xn) is non-trivial.

Remark 3.1. At K,-local, the suspension
spectrum of X, is shown to be the Wood spectrum
by Yosimura [6].
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