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Abstract:

N-extended affine Weyl groups are Weyl groups associated to n-extended affine

root systems introduced by K. Saito [1]. We calculate the growth series of the n-extended affine
Weyl group of type A; with a generator system of an n-toroidal sense.

Key words:

Extended affine root sys-
tems and the associated Weyl groups were intro-
duced and studied by K. Saito [1]. Especially 2-
extended affine root systems are also called elliptic
root systems from the point of view of the elliptic
singularities. The defining relations of generators of

1. Introduction.

the elliptic Weyl groups associated to the elliptic root
systems were determined by K. Saito and the author
[2]. The growth series W(t) of the Weyl group W
with respect to a fixed generator system is defined
by W(t) = 3, ew t'*), where I(w) is the minimal
length of w, and ¢ is an indeterminate. Here, we
note that “growth series” is also called “Poincaré se-
ries”, if it has geometric or representation theoretical
meanings. In the case of the elliptic Weyl group W
of type A§1’1)7 the growth series (Poincaré series) was
calculated by Wakimoto [4], and in the case of type
A§1’1)7 by the author [5]. In this paper, we calculate
the growth series of the Weyl group associated to the
n-extended affine root system of type A; with respect
to a generator system of an n-toroidal sense, and the
result is interesting in a combinatorial meaning.

2. The n-extended affine Weyl group of
type A;. The n-extended affine root system of
type A; is defined by the set [1];

O = {£(e1 — €2) + k1by + kaba + - -
oot kpbn (K1, .. ke € Z)
with the inner product (e;,€;) = d;;, (€;,b;) = 0,

(bi,bj) =0, so that b; (1 < i < n) are generators of
its radical. We choose a basis of ® as follows:

ap=¢z —€; +by, a1 =¢€ — e,

a; =€ — €1+ b; (2§2§n)
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Let w; := w,, be the reflection with respect to the
root a; (0 <4 < n). Let W be the finite Weyl group
of type Ay, then the n-extended affine Weyl group
of type Aj is realized by W = W x (Q¥ x --- x QV),
~—_———
n-times
where Q¥ = Zay (in this case oy := <a21‘7"01[1> =),
and the action of each af € Q¥ on V :=R(e; —€3) D
., Rb; is given by

Ty =Ti(a)): A — X — (A, a))b;

for XeV.

By using wy and T; (1 < i < n), each w; (1 # 2) is
expressed by wo = Thws, w; = Tywy (2 <1i < n).
Proposition 2.1. The n-extended affine Weyl
group (% of type A1 is presented as follows:
generators: w; (0 <i<mn),
relations: wl2 =1(0<i<mn),
(wiwrw;)* =1 (4,j #1, 0 <i#j <n).
Proof. If we choose, wy, T; (1 < i < n) as
generators of W, then their relations are given by
w% = 17 TiwlTiwl =1 (1 S ) S 77/)7
TiTj = TjTi (1 S i, ] S n)
The relation T;w1T;w, = 1 is rewritten as wl2 =1,
and T;T; = TyT; is rewritten as (w;wiw;)? = 1, so
the proof is completed. |
Theorem 2.2.  The growth series of the n-

extended affine Weyl group W of type Ay with the
above generator system is given by

Z flw) _ 1 Zn: { [ﬁ]ztzi
(1—t)"(1+t)~ i

weW i=0

n_l n+1 21‘_;’_1}
[
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(1_t)"(11+tn {Z[ ] 2

n—1]|n—-1 2i+1}
]y

where

1 if m=0 or m=N,

[N]: 0 if m<0 or m>N,
m
ME s 0<m < N,
Examples.
1+t
=1 plw) — — T~
" 2 1t
weW
1+t+1t2
=2 ) =
" ’ Z (1-— t)
weWw
1+ 2t + 482 + 23 + 4
=3 ) =
n=3 3, 1—03(1+0)
weWw
n =4, Z tHw)
wEW

143t 49t + 9% + 91 4 3t° + 16
(I—=t)*(141¢t)?
In the sequel, we prove Theorem 2.2. For the
purpose, we prepare the following.

Lemma 2.3 ([3]). (1) The number of com-
positions of n with exactly k parts is called k-

composition of n and equal to [Z : H , (see [3]) i.e.
n—1
ﬁ{yl7~wykez>0|n:yl+"'+yk}=[k_l].
(2) From (1), we have #{y1,...,yx € Z>o | n >
o [i-1] _[n
=2 [0 = 3]
j=k
Lemma 2.4.

(wiwy)* (wyw;) = (wiwn)*(wiwy)' (k= 1)
' ! (wiw;)F(wyw;)' =% (k<)
Proof. 1If k > 1, then
(wiw1)* (wiw;)' = (wiwr)*~ wiw; (wiw;)' !
= (wiwl)k_zw-ij-wl(wlw»)l_l

(by wiwiw; = wjww)
2

?(wiw;)? (wyw; )~

l

= (wiw)"~
= (wiw1)" (wiw,)

(by iterated the same procedure).
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If k& < [, similarly, we have (w;w1)*(wiw;)! =
(wiw;)* (wiw;)' =", 0

To calculate the growth series, we regard W as
the following set.

W= {TP Ty - TF, TF Ty - Thewy,
T{“---Tk LTk lel"'Tiki TR,
(1§Z§7’L>7 lel...Tik'i...Tjkj...Trlfn7

k'i---Tjkj---T,’f“m (1<i<j<n),

Tik'iwl (1<i<n),---
,wi, 1d for all k; £0 € Z},

Tk 7
11 ... Z

ks
...... T,

where Ti means that T; is omitted. For 1 < m < n,
at first we consider the elements TF - .- Thm (Vk; #
0 € Z). In which, we assume that the number of
indices j for the positive elements k; > 0 equals to
i, i.e. we consider the following elements.

() T TET Tk (Fh € Zoo).
Then we have the expression;
T .. .Tik'iTi:r’;Hl N
= (wow1)™ -+ - (wiw1)* (wiwi1) "+ - - (wrw,)

Further, we divide (I) into the following two cases.
() fhi+-+k >kipa+-+kn(l<
i < m), then by using Lemma 2.4, the length

of the elements (T), (T} - -Tik’iTi;l?+1 c Tk =

2(k1 + -+ -+ k;), and the number of those elements
isequal to #{y1,...,4s €Zso | p=y1 + -+ yi} X
ﬁ{xh sy Tm—i € Z>0 | p >x1+-- +xm—i}7 where

p=ki+---+k;, from Lemma 2.3, which is equal to

Ei )
1 —1 m—1
(b) Ifki+-+k <kipr+-+kn (0<
i < m — 1), then the length of the elements
(), UTF - TRTEN - Tgke) = (ki + - +
km), the number of those elements is equal to
ﬁ{ylw"?ym—i S Z>0 | P =Uu ++ym—z} X
ﬁ{xh'"?xi S Z>0 | p_l Z T + "'+$i}7
where p = kiy1 + -+ + km, from Lemma 2.3,

p—1 p—1
m—i—l]x[ ; ].From(a),
(b), the growth series of the part {T/'Ty2...Tkn

lel" Tk . Tkn lel---Tiki---Tjkj---TJf“(l <

n

i< j <), JTH (1 <i<n) (Vk #0 ¢

which is equal to [



No. 3]

BEIPIL
LIS
REE

Next we consider the elements, 75" - - -Tik" coThmayy
(Vk; # 0 € Z). In which, we assume that the number
of indices j for the positive elements k; > 0 equals

to i, i.e. we consider the following elements.
(D) TF - TFT A Tkmwy (Vi€ Zso).
We have the expression;

lel ! Tzk Tz—i—l

)kl..

i+l _T—kmwl _
m

(wowy . (wiwl)ki (wlwi+1)ki+1 . (wlwm)kmﬂh.

Further, we divide (II) into the following two cases.

(a) If ki + -+ ki > ki + oo+
km +1 (1 < 4 < m), then its length
l(lel .. .TikiTi:_/;Hl .. 'Tyzkmwl) =2(ky +- -+ ki) —

1, and the number of those elements is equal to

Hy,-o v € Zso | p = y1 + - + yi} X
ﬁ{xlw--,xm—i S Z>0 |P_1 Z T+t T z}
where p = k1 +- - -+ k;, which is [P_l]x[ _1]
1—1 m—1
(b) If kv + -+ + ki < kip1 + -+ +
km +1 (0 < 4 < m — 1), then its length
l(Tfl...TikiTi:r’;Hl...Trzkmwl) = 2kis1 + - +
km) + 1, and the number of those elements is equal
to #{y1, - Ym—i € Zoo | P = Y1+ + Ym—i} X
{z1,...,2; € Zso | p > x1 + - -+ x;}, where
_ S p—1
p = kiy1 + + ky,, which is [m—i—l] X

[];] From (a), (b), the growth series of the part

{lengkz"'Tff“wh Tfl---Tiki---T,’f“wl (1<i<
n), lel --Tiki---Tjkj --T,’f“wl (1 < 1 < ] <
n), e TRy (1<i<n), (Vki #0€Z)} is

S SR e
Lt e
S
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m—1
+ [mH p—1 HP]}#P*Wm
— |1 m—1—1 )

SSRGS

p=1m=1

BB e

From (I), (II), and considering the cases of w,
id, we obtain the following.

(2.1)
PIERES 3ol M por( [ Pha
B
+ [ifl]t%“}ﬂ F)E+1

In the sequel, we prove that the infinite series (2.1)
turns out to be the expansion of the rational function
given in Theorem 2.2. At first we show the following.

Proposition 2.5.

1] 2P+ (n41)t

o 1 n n_l n+1 t2i+1
D R e i+1 '

1
For the proof, we prepare the following lemmas.
Lemma 2.6.

For a positive integer k,
oo n+2k
S

>3 [ ) XA [
: [/11] T
— n+2an{ Z [2:] [n—i—s]
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n+2k—s| 4p_o_2s 2t2 2%k 1] [n—14s
g e 1
2k —1 TL+I€ 2t2k_2 ) n+2k—s t4k,25_
k—1 7 1+2k+1-—2s
k
n||n+2k| 4n_9).2 B 2k +1]| [n—1+s||n+2k—s| ap_2s
+[i][i+2k]t }t’ ; s i—1 | li+ok—2s]’
co n+2k—1 n m m » +zk:[2k+2] [n—l—i—s] [71—1—21@—1—1—3]75416725
s i—1 1+2k+1—2s
DO N P D ol 4 | A B
p m=2k—1 1= +-2k+1 n+k 2t2k+ n 1 n + 2k t4k
+[me—1]}[p—l]t2p |k i k| lit+2k+1
i—1]|m—i i1—1 [(n—17[n+2k]
ntk— _ “lict| itk ]!
= 11 — 2 \nt2k—1 n-— n 4k 42
(1—12) par S e ) +_i—1][i+2k+1]t b
n+s] [n+2k—1-5] 40 4 9 212 T2k 41 [n—1+s
[ i ][i+2k—1—2s]t + :(1_t2)w+2k+12{2|: s ][ i ]
=0 s=1
n||n+2k-1 4k—4}2i n+2k—s ak—2s
+[i][i+2k—l]t = [i+2k+1—2s]t -
k
. . 2k+ 1| [(n—1+s n+2k —s | ak_os
Proof. We prove by induction on n and k. We _221[ s ][ i1 ][i+2k—2s]t

assume the cases of less than or equal to n and

kin (1), (2) and set P = i{[m] [mp ] + +§:([2k:1] +[2sk_+11]) ["2_11“]

—1

1 s=1
i=1
m | [p—1 p—17 5 n+2k+1—s] an s, [2k+1] [n+k]" o0
£2p . t + . t
i—1 m—i i—1 ’ i+ 2k+1—2s k 7
n n + 2k 4k} 2i
then +[i][i+2k+1]t t
m—2k—1 T (1 — g2)nt2ktt s
p=1m=2k+1 =0 s=1
oo n—142k+1 1 n—1+s n+2k—s 4k—2s
_ n-— P . . t _
> > [nrw] | FE ey
p=1 m=2k+1 k- -
0o n—1+42k+2 1 _Z 2k+1 n—1+8][n+2k—8]t4k725
n- s i—1 1+ 2k — 2s
2 [m—2k—2]P =1t ot
Pl meke T2k +1][n—1+ To% 41
n— s||n — S| ,ak—2s
n+k—1 k
_ 2t2 3 {Z 2k+1)|n—1+s +2 s i—1 ][i+2k+1—2s]
_(1_t2)n+2k —~ — s i 5:1- 4t
B B [2k+1] [n+s n+2k—s | ar_2s
n+2k—s 4k—2s +Z . ][ _ ]t
[i+2k+1—2s]t + b ko dL e Jliw2k—2s
n—1 n 4+ 2k i i n n+ 2k | ak n n + 2k 4k} 2
+[ ; ][i+2k+1]t4}t2 +[i itoe |t L] Livorsn)t st

n+k

v il | I P G

— $+2\n+2k+1
(1 t) =0 s=1

2k —
n+2k+1—s k225 | 2k+11 fn+k 2752’“ [i—:b;l;—i-l—s%]—’_
i+2k+2—2s k ?
2k+1][n—1+s n+2k—s
n—1 n+2k+1 4k+2} 2i +[ ][ i — ][ — ]
+[ i ][i+2k+2]t n s 7—1 i+2k+1—2s
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2k+1] |n+s n+2k—s 4k—2s
+[ s ][ ) ][i+2k—2s]}t

n||[n+2k+1| 4x|,2
+[i][i+2k+1]t ]t

R (I

=0 s=1

i+ 2k+1—2s 7 i+ 2k+1
Nextly,
oo n+2k+2 n
ORI N P

p=1 m=2k-+2
oo n—14+2k+2 [

=2 2

p=1 m=2k+2
oo n—14+2k+3 [

IDIEDY

p=1 m=2k+3

B 22 2%k +2] [n—1+s
- (1 — ¢2)n+2h+1 Z;{ —~ s i

n+2k+1—s k225 4
i+ 2k +2—2s

N [2k+1] |:n-|.-k:|2t2k

n—1
m—2k—2]P

n—1
m—2k—3]P

k i

n—1 n—+2k+1 4k+2} 2i
+[ i ][i+2k+2]t t

212 U Tk 43T [n—1+s
+ (1 _ t2)n+2k+2 Z; {Z:l s 7

[n+2k+2—8]t4k+4725+

i+ 2k +3—2s
n—1|[n+2k+2 4k+4} 2i
+[ i ][i+2k+3]t t

B 212 *z":“{z": 2% +2] [n—1+s
- (1 — t2)n+2k+2 - — s i

n+2k+1-s pAkt2-2s _
1+ 2k+2—2s

+"§([2k:2] N [2Sk_+12])

n—1+s n+2k+2—s fAka=2s
i 1+2k+3—2s

L[2E1] [ntk Qt%_ 2k +1] [n+k thk
k 7 k i—1

+ n—1 n+2k—|—1 t4k+2
1 1+ 2k + 2

_z’“: 2k +2] [n—14 5] [n+2k+1-s] aer2-2s
s 1—1 1+ 2k+2—2s

i—1 i+2k+1
n—1||n+2k+2] ars2 ,2i
+[i—1][i+2k+2]t b

212 *z":“{z": %k +21[n—-1+s
(1 _ t2)n+2k+2 — — s 1

[n+2k+1—8]t4k+2725_

i+ 2k+2—2s
_zk:'2k+2' [n—1+s] [n+2k+1 5] aeia-as
s ] i1 i+2k+1—2s

k r R

2k+ 2| [n—14+s| | n+2k+2—5s| akt+2-2s

f;_ s || i-1 ][i+2k+2—2s]t

k r R

2k+ 2| [n+s n+2k+1—s| ant2-2s

f;_ s || i ][i+2k+1—2s]t
e ] e

K 1+ 2k +1 |
+'2k+2 n+k][n+k+1 42k

| k+1][i—1] i
MELER n+k'2t%_ 2%k+11[n+k thk

. i k i—1
_'__n—l_ _n+2k—|—1_ t4k+2

i | lir2k+2]
_[n=1] [+ 2k+ 1] anre

Li—1]) [i+2k+1)

[n— 17 [n+2k+2] apt2Y 2
Tlict] livoe+2]f It

212 *z":“{z": %+2][n—1+s
(1 _ t2)n+2k+2 — — s 1

n+2k+1—s k225
i+ 2k+2—2s

k
2k+ 2| [n—1+s n+2k+1—s| ant2—2s
+Z[ s H i1 ][i+2k+2—2s]t

s=1

k
2k+ 2| [n+s n+2k+1—s| ant2-2s
+Zl[ s H i ][i+2k+1—2s]t

+'2k+1' (n+k] [n+k+1 £k
| k+1 | [i—1] i
(2k+1] [n+k] [n+Ek+1] ok
+ . . t
L k Jle—1] 7
+'2k+1' 'n+k'2t%_ %k +11[n+k thk
Lk ] i ] k i—1
n n @+2k+1_ k42
K 1+ 2k +1 |
(n] [n+2k+1] 4k+2} 2i
+_i][i+2k+2_t t

B 21> *z":“{z": 2% +2] [n+s
- (1 — t2)n+2k+2 ~ —~ s i



56 T. TAKEBAYASHI

[n+2k+2—8]t4k+2725+

i+ 2k +2—2s
%+ 1] [n+k+17° o
+ k i t

n||{n+2k+2| akt+2) ,2
+ [z] [i+2k+2]t pe
And similarly to the above, we can show the follow-
ing.

oo n k—
)OS SN RN
m—2k+1
p=1 m=2k-—1
n+k
2k —1 n—|—1—|—s
1_t2 n+2kZ{Z[ :||: :|
n+2k—s Ah—d—2s
i+2k—1—2s
n+1 n + 2k dk—a) ,2i
+[ i ][i+2k—1]t pett, and
oon%ﬂc n+1 P
m — 2k
p=1 m=2k
212 R T2k [nl4s
(1_t2)n+2k+1 z; { — 1
n+1+2k—s]| 4p—2-2s
[ i+ 2k — 2s ]t +
" 2k — 1| [n+1+Ek 2t2k72
k—1 7
n+1||[n+1+4+2k]| ak—27 2
+[ i H i+ 2k ]t pr
therefore the proof is completed. Ol

Lemma 2.7. For a positive integer k,

25 S

p=1m=k

LD
e ([ (3]
+ [:”] ["jl]}t%“ —t  (k=1),

n+k—1 .
1 k n—1+4+j
T 2 1) Lt 14024

i=0
[n-l—k-i—l—]

] 27+3 >
P ]t (k > 2).

Proof. Tt is similarly proved as Lemma 2.6. [
Proof of Proposition 2.5. (1) We prove by in-
duction on n by using Lemma 2.6.
oo n—+1

zz["“]pﬂ

p=1m=1
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[l B E [0

p=1m=1
n

:mzwt%
e[
= MZ{[ =[]
+2L-1] MG
([ L)

n+1
o 1 n -+ 1 24
- (1 — t2)nt1 Z [ 7 ] L

therefore (1) is proved and (2) is similaly shown by
using Lemma 2.7. Ol

Proof of Theorem 2.2. By using Proposition

2.5,
L.H.S. of (2.1)

STl
S| e
)
[n
1)

n—1 n—2
1 2 n—11 241
(1+1) {Z ] +Z[ ][i-l-l]t }
=R.H.S. of (2.
therefore the proof is completed. |
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