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Abstract. We present stationary and travelling wave solutions for equations
describing Bose-Fermi mixtures in an external potentials which are elliptic
functions of modulus k. There are indications that such waves and localized
objects may be observed in experiments with cold quantum degenerate gases.

1. Introduction

Recently, there has been a strong interest on quantum degenerate mixtures of
bosons and fermions [3,14,16]. In this paper, we study a system of coupled non-
linear Schrodinger equations modelling a quantum degenerate mixture of bosons
and fermions in optical lattice. Here we extend the results of our recent paper [10]
and obtain new exact solutions in elliptic functions for the case when the boson and
fermion ingredients are trapped by potentials with different strengths VO,F = VO,B.

2. Bose-Einstein Mixtures in Optical Lattice: Basic Equations in
Mean Field Approximations

In this section we consider a mixture of BEC consisting of one boson and N f
fermion ingredients. In the one-dimensional approximation it is described by the
following Nf + 1 coupled equations (see [16] and the references therein)

d?b 1 d2?b

i h +2mBm? - VB*b- gBB"i2*» - gBFPf=20 e
d2?f 1 d2?f f b2 f
mif- +2m - VF2f - = » 2
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where p; = S0, |02 and

2aBB 2apF h
gBB = , gBF = , ag = : 3
Qs Asx mpw._l

app and apr are the scattering lengths for s-wave collisions for boson-boson and
boson-fermion interactions, respectively. An appropriate class of periodic poten-
tials to model the quasi-1D confinement produced by a standing light wave is given
by [4]

Ve =Von sn2(aw, k), Ve =Wr sn2(aw, k) (G

where sn(ax, k) denotes the Jacobian elliptic sine function [2] with elliptic modu-
lus0 <k <1,

Experimental realization of two-component Bose-Einstein condensates have stim-
ulated considerable attention in the quasi-1D regime [7] when the Gross-Pitacvskii
equations for two interacting Bose-Einstein condensates reduce to coupled non-
linear Schrédinger (CNLS) equations with an external potential. In specific cases
the two component CNLS equations [1,9, 13] can be reduced to the Manakov sys-
tem [12] with an external potential. Elliptic solutions for the CNLS and Manakov
system were derived in [6, 8, 15].

In the presence of external elliptic potential explicit stationary solutions for NL.S
were derived in [4, 5]. These results were generalized to the n-component CNLS
in [7]. For two component CNLS explicit stationary solutions are derived in [11].

3. Type A Travelling Wave Solutions with Non-Trivial Phases

At first we restrict our attention to stationary solutions of these CNLS

\I/b(LE, t) _ qo(m) e—iw—QtJri@o(z)Jriﬁo 5)
Wl (a,1) = gj(w) 7O IR0, (6)
where j = 1,..., Ny, Ko, Ko, are constant phases, ¢; and ©g, O;(x) are real-
valued functions connected by the relation
= da! = da!
@x:c/—, @.x:c./—~ 7

Co,C4,7 = 1,..., Ny being constants of integration. Substituting the Ansatz (5),
(6) in Equation (1) and separating the real and imaginary part we get

1 3 Ny 5 1 C?
- _ _ _ . __- >0 8
Smn Jore — YBBYH — VBGo — gBF ;:1 q; | o + woqo s ®)
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C2
1 2 L ¢
%qjm — 9Brq0Y; — Vrgq; +w;q; = %f ) ©)
We seek solutions for g2 and q]2., j =1,..., Nyasaquadratic function of sn(ax, k)
g2 = Agsn®(ax, k) + Bo, q? — Ajsn®(ax, k) + B;. (10)

Equating the coefficients of equal powers of sn(auw, k) results in the following
relations among the solution parameters w;, C;, A; and B; and the characteristic
of the optical lattice Vp, v and k

Ny 2.2
1 1

ZAj:ak (__ BB >__<VOB_VOFQBB> (11)

=1 gBr \Mmp  MpgBr 9BF 9BF

(k% + 1) Ny a’k? By

- B B; —

wWo omp + gBB D0 +gBF; + ome Ag
(12)

a?(k? +1) a?k? B; a?k? — mpVop
i Sh s B A AL
Wy e + gBr Do + omp Aj’ 0 p——
a’B a’B;
C5 = AOO(AoJrBO)(AoJrBok’Q)a Ci = A—,](Aj+Bj)(Aj+Bjk2) (13)
J
where j = 1, ..., Ny. Next for convenience we introduce
By = — [ Ao, Bj = —B; 4y, j=1..., Ny (14)
then
2 2.2 2

Cy = a®AgBo(Bo — 1)(1 — Bok?) (15)
Ci = a®AB:(8; — 1)(1 = B;k?). (16)

In order that our results (10) are consistent with the parametrization (5), (6), (7) we
must ensure that both go(x) and ©¢(x) are real-valued, and also ¢;(x) and ©;(x)
are real-valued; this means that C§ > 0 and ¢§(«) > 0 and also C? > 0 and
q]2. (x) > 0. An elementary analysis shows that one of the following conditions

1
a A >0, 5<0 b) A <0, 1§ﬁz§ﬁ (17)
for! = 0,..., Ny must hold. Using the well known transformation x — x — ¢;t,
J =0,..., Nyitis easy to obtain travelling wave solutions with different velocities

Cj
\I/b(LE t) _ qo(m _ Cot) e—iw—hot—iﬁ mB(%c%thcom)qLi@o(m)Jriﬁo
>

\Ij;(mv 1) = gqj(x — c4t) e_i%t_mmB(%C?tJrcﬂ)Jri@j(m)Jrino,j
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where j = 1,..., Ny, Ko, Ko,j, are constant phases, ¢; and ©g, O;(x) are real-
valued functions connected by the relation
r—cot dLEI r—cyt
@o(x,t):CO/ o, t) c/ j—1... Ny
0 g (a’) q] :v’ d

We display also mixed type solutions for which the boson part has trivial phase
while the fermions have nontrivial phases and vice versa. These are obtained with
1. generic Cj and By = —Ag, By =0 or By = —Ap/k>.
2. Cp genericand B; = —Aj, By =0 or B; = —A;/k%
Under certain conditions @;(x, t) become periodic functions of , see [10, 11]. If
the periods Tp, T} satisfy

Oo(x + Tp) — Op(x) = 27po, O;(x + 1) — ©j(x) = 2mp; (18)

forj = 1,..., Ny then we, \I!f will be periodic in x with periods Ty = 2mow/a,
T; = 2mjw/a. This holds true provided there exist pairs of integers mog, po, and
m;, Pj, such that

m _ m; _

me - lavo((w) +wTo/ ] 17 —L = —x law;((w) + wTj/al !

Po pj
where w (and w') are the half-periods of the Weierstrass functions .
When Vo r = Vo = Vo and inserting (10) in (8) and equating the coefficients of
equal powers of sn{aux, k) results in the following relations among the parameters
wj, C;, Aj and B; and the characteristic of the optical lattice Vo, o and k

Ny 27.2
>4,k (i— — )— Yo (1—@) (19)
7j=1

gBF \MB  MFYBF 9YBF 9YBF
2(1.2 2k2
« (k] + ) k“ Bo
- B B;
wo oM + gBB DO +gBF; + — o Ao
20
A 7Oé2k2—mF‘/0 w,ia2(k2+1)+ Bo 4 2]€2 ( )
T mpger T 2mp IBEE0 T o A
a’B a’B;
Co = A — (Ao +Bo)(Ao+ Bok?), 2= A,J(AJJFBJ)(AJJFBJW) 2D
J
where j = 1,..., Ny. Next for convenience we introduce
then

Co = P A3Bo(fo — V)(1 — Bok®),  CF = P AZB3;(B; — (1 — Bik?).
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Table 1. Constraints ensuring the existence of type A solutions. Here
W = ngmpWB/(mBWp).

1|5 <0 B; <0 Ap>0]A; >0 |ger 20| gees W
215 <0 1<pB;<1/k*|Ag>0|A;<0|gpr=0]|ggg =W
3[1<Bo<1/K?|j3; <0 Ao <0]A;>0|gsr20|gg2W
411<B<1/K*|[1<B;<1/k* | A <0]|A; <0|ggr 20| ges W

In order for our results (10) to be consistent with the parametrization (5)—(7) we
must ensure that both ¢o(x) and ©¢(x) are real-valued, and also ¢;(x) and ©;(x)
are real-valued; this means that C§ > 0 and ¢§(x) > 0 and also C? > 0 and
qJQ(:E) > 0 (see Table 1, Wi = (o?k? — mpWo), Wi = (a?k? — mpVo)). An
elementary analysis shows that with [ = 0, ..., N one of the following conditions
must hold

1
a) A >0, /<0 b A<0 13@5@’

4. Type B Nontrivial Phase Solutions

For the first time solutions of this type were derived in [4,5] for the case of nonlin-
car Schrédinger equation and in [7] for the n-component CNLSE. For Bose—Fermi
mixtures solutions of this type are possible

e when we have two lattices Vg and V.
e when mp — mp.

We seck the solutions in one of the following forms:
g2 = Aosn(ax, k) + Bo, ¢; = Ajsn(ax, k) + Bj, j=1,...,Ny (22)
g2 = Agen(ax, k) + B, q]2. = Ajcen(ax, k) + By (23)
¢ = Aodn(am, k) + Bo, ¢ = Ajdn(aw, k) + Bj. (24)

In the first case (22) we have

3a’k? " 3a’k?

VB - SmB ’ B SmF
Ay K B B By
dmpgpr A;’ Ay An,
ZA ~_a®k* By Aogep
~dmpgpr Ao g
2 21.2 2
wo = L + g Do + gpr B — o7k By

SmB SmB A_g
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a?(k? +1) o?k? B2
- By — —_7
Wi 8myp + gBF Do e A?
2 & o 20 A2 27.2 T 2\ A2 2.2
Co = By — Ag)(Ag — Bok?), Cj = = (Bj — Aj)(Aj — Bjk").
1Az 1Az
B
We remark that due to relations % == A—Zf we have that all ¢; of the fermion
f

fields are proportional to ¢;.

5. Examples of Elliptic Solutions

Using the general solution equations (11)—(13) we have the following special cases
(these solutions are possible only when we have some restrictions on gpp, gpr, and
Vo, see Table 1):

Example 1. Suppose that By = B; = 0. Therefore we have
qo(x) = v Agsn(ax, k), q; = +/Ajsn(ax, k) (25)

Aoz—a2k2_mF% S 4= a’k? (L_ BB >_ﬁ (1_9';3> :
MEgRF . 7 ggr \mp  mMpgrs JBF JBF

(26)

For the frequencies wp and w; we have
o1+ k) b a?(1+ k?)
a 2mp 7

2mp
aswellasCyp = C; = 0.

Example 2. Let By = —Ag and B; = —A; hold true. Then we have
qo(x) = v —Agen(ax, k), gj(x) = y/—A;cen(ax, k). 27

The coefficients Ag and A; have the same form as (26). The frequencies wg and
w; now look as follows
a?(1 — 2k?) Co2(1 -2k

wo = 4V, wy=

Vo.
omn + Vo

2mp
The constants Cy and C; are equal to zero again.

Example 3. By = —Ay/k? and B; = —A;/k?. In this case we obtain

— —A.
@) = Y dn(ow k), gpte) — Y dnom b
28
B T O (I W TS
wo = 2m]3 k’27 7 2mF k’2
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As before Cp = C; = 0.
Example 4. 5y = 0 and B; = —A;. The result reads

qo(x) = V Ay sn(ax, k), gi(x) = /—Ajcn(ax, k)
a?(1 — k?) o2 (29)
WO*W‘F%‘FAOQB]% Wj*m’

By analogy with the previous examples the constants Ag, A;, Cy and C; are given
by formulae (26) and Co, C; are all zero.

Example 5. By — 0 and B; = —A;/k?. Thus, one gets

—A;
o) = v Agsnaz, ), () = Y= dnfaa, )
30
) 7a2(k2—1)+E+AOQBB '7042]{;2’ (30)
0~ 2m]3 k’2 k’2 ’ 7 2mF

Example 6. Let By = —A and B; = 0. Hence we have

qo(x) = v —Ap en{ax, k), gi(x) = /Ajsn(ax, k)
o? a?(1—k?)
WO*%_QBBAm ijwﬁ“vo-

Example 7. Let By = —Ag and B; = —A;/k?. We obtain

/ZA;
wo(x) = V=Agen(az, k), 4j(@) = Y dnaw, k)
Vi : 1—k? a’k?
wo 0 « + ——Ao9BB, wj = Vo — :

TR 2mp K2

Example 8. Suppose By = —Ag/k? and B; = 0. Then

2mF

v —=A
qo(x) = ’ 0 dn{ax, k), gj(x) = y/Ajsn(az, k)
o’k?  gppAg a?(k?—1) W
YO e k2 YT T ome 2
Example 9. Let By = —Ao/k? and B; = —A;. Thus
Ny
qo(x) = 2 dn{ax, k), gj(x) = y/—A;cen(ax, k)
a?k? k2 -1 Vo a?
o —_ _— A s e —— = —
Wo ‘/O omp + k2 9gBB A0, Wi k2 omp

All these cases when 1y = 0 and § = 2 are derived for the first time in [3].
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Table 2. Constraints ensuring the existence of generic type B trivial
phase solutions. Here W = ggpmpWg/(mpWg).

1| q = VAosn(ax, k) ger 20 | ggg S W | Vo < k% /mp
45 — \/A_jSD(OéLE,k])

2| go=+v—Aoen(ox, k) | gsr 20| g S W | Vo 2k /mp
5 — T enlom )

3| g0 = vV—Agdn(ax, k) /k | ggr =0 | g S W | Vo = o?k?/myp
g = /= A;jdn(az, k)/k

4| qo = VAgsn(ax, k) gr 20| g 2 W | Vo < o?k?/mp
5 = v —Ajen(az, k)

5| qo = VAosn(ax, k) gr 20| ggg 2 W | Vo < o?k?/mp
5 = /7 dnlo, K) &

6| q =+v—Aoen(ax, k) | gsr 20| g 2 W | Vo 2 o®k?/mp
45 — \/A_jSD(OéLE,k])

7| g =v—Aoen(ax,k) | gsr20|geg S W | Vo 2 a®k*/mp
45 — \/_—Ajdn(amv k)/k

8| qo = v—Aodn(ax,k)/k | gsr =0 | geg = W | Vo = &?k?/mp
45 — \/Zzsn(amvk)

91 g0 =v—Agdn(ax,k)/k | ggr 20 | ggg S W | Vo = o?k?/mp
45 — \/——AjCIl(OJLE,k])

5.1. Mixed Trivial Phase Solution

Example 10. When
By =0, By =0, By = —A,, By = —A;/k* j=3,...,Ny.
the solutions obtain the form
go = v/ Agsn(ax, k), q1 = /Ay sn(ax, k)
2 = V—Ayen(ax, k), ¢; =/ —Ajdn(ax, k)/k.
Using equations (1 1)—(13) we have

A — K2 = Vo ZA ak;2< L o >_VO<L_9;;B>

mrgdBF mpgBr MFpYpp 9BF 9IBRF
~a®(k*—1) | gBr 2 geBAo Vo
WO*WJFW(AlJF(l_k)/b)JF 12 +F
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a?(1+ k?) o, a?k?
Wi =, wp = o, Wy
2mp 2mp

o ’:3...7N.
2mF7 J ) F

Example 11. Let By = By = 0and B; = —A; where j = 2,..., Ny. Therefore,
the solutions read

go(x) = v/ Ag sn(ax, k)
qi1(z) = VA sn(ox, k)

gj(x) = y/—A;cen(ax, k).

Then we obtain for frequencies the following results

a?(1 —k?) a?(1 + k?) o?
= A A = — s =
wo ST + Vo +gBAo + grAa1, w1 oy Wj S

Example 12. Suppose By = —Ag, B1 = 0, By = —As and B; = — A, /k?* where
J = 3,..., N;. The solutions have the form

qo(x) = v —Agen(ax, k), q1(x) = Ay sn{ax, k)
@2(x) = v —Asen(ax, k), gi(x) = y/—A;dn(ax, k) /k.

The frequencies are

Vo o o? 1—k? JBF
- - — + — A A = A
o =12 T oon 0 (98BA0 + gBFA2) + 2 A1
a?(1 — k2 a?(1 — 2k alk?
2mp 2mp 2mp

Example 13. Let By = — Ao, B1 = —Aj and Bj = —A;/k? for j = 2,..., Ny.
Then

qo(x) = v —Apen(ax, k)
q1(x) = v —Aien(ax, k)
gi(x) = y/—A;dn(ax, k) /k

Vo a? 1— k2
Yo @ 1M A
2 o (98B A0 + gBFAL)
02(1 — 2k2) k2
2mp 2my

Wy =

w1 = Vo +

) wj:‘/()_
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Example 14. Let By = —Ao/k? B1 = —A; and B; = —Aj/k? for j
2,...,Ny. Hence
qo(x) = v —Apdn{ax, k) /k
q1(x) = v —Ar en(ax, k)
gi(x) = /—Ajdn(ax, k) /k
o?(k2—-2) Vo  1—k?
Wo = 2 =) + T(QBBAO + gprA1)
B Vo o - Vo 042(k’2 — 2)
DR e YT R T e

Certainly these examples do not exhaust all possible combinations of solutions and
it is easy to it.

6. Vector Soliton Solutions

6.1. Vector Bright-Bright Soliton Solutions

When k — 1, sn(ax, 1) = tanh(ax) and By = —Ag, B; = —A; we obtain that
the solutions read

— 1 1
p— —A _—_— L — —A ——
@ O cosh(az)’ G =V cosh ()

where Ag < 0 as well as A; < 0. Using equations (11)—(13) we have
o = Vomp

Ay = ———, V=V tanh2(aw)
MryBr

Ny 2
Soa -2 (L) Vo () g
=1

gBF \MB  MFYBF JBF JBF
I I
wop =Wy — —a~, wi =Vy— —a".
0 0 2mp J 0 2mp

As a consequence of the restrictions on Ag and A; one can get the following un-
cqualities

2 2
o (a® — mpVo)mp
> 0, Vo > —, <
9BF 0= 9BB (0% — mpVo)ms 9BF
2 2
o (a® — mpVo)mp
<0, Vo < —jp > .
9BF 0= 9BB (0% — mpVo)ms 9BF

Vector bright soliton solution when V = 0 is derived for the first time in [3].
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6.2. Vector Dark-Dark Soliton Solutions
When k£ — 1 and By = B; = 0 are satisfied the solutions read

go(x) = v/Ag tanh(ax), gi(x) = \/Ijtanh(a:v).

The natural restrictions Ag > 0 and A; > 0 lead to

>0, < , Vo < o?
9BF 9BB = (@ — mp Vo) F 0 < /mp an
(042 - mB‘/O)mF 2
<0, > R
gBF 98B Z T Vo mn PF 0 > a/mp

4, = L =meto ZA'O‘—Q(L— 98B )_ﬁ(l_@>.
MFYBF . 7 gr \mp  mrgrp JBF gBF

For the frequencies wo and w; and the constants Cy and C; we have

a? a?

Wy = —, Wy = —, C():Cj:(). (32)

6.3. Vector Bright-Dark Soliton Solutions
When k — 1, By = —Ap and B; = 0, we have

,/_AO
=¥ 0 () = /A, tanh
w©) = oy W) = /Ay tanh(az)
042
wo :%—QBBA(), Wy :Vo, C():Cj =0.

The parameters Ap and A; are given by (31). In this case we have the following
restrictions

gBF > 0, gBB = E

gBr <0, gBB < E

6.4. Vector Dark-Bright Soliton Solutions
When k& — 1 and provided that By = 0 and B; = —A; the result is

—A. o2
I wo= Vot Aogep, wj=—-

go(x) = VAp tanh(ax), gq;(x) e

B cosh(ax)
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By analogy with the previous examples the constants Ag, A;, Co and C; are given
by formulae (31) and (32), respectively. The restrictions now are

(a? — mpVo)mp 5
> 0, > , Vo <
gBF 98B Z (07 e ymp PF 0 < a/mp
(a? — mpVo)mp 5
<0, < S VA .
gBF L e g A L 0> a’/mp

6.5. Vector Dark-Dark-Bright Soliton Solutions

Let By = By = 0and B; = —A; where j = 2,..., Ny. Therefore the solutions
read

qo(x) = v/Ag tanh(ax), qi(z) = v/ Ay tanh(ax), g¢;(x) = \/—A; sech(azx).

Then we obtain for frequencies the following results

a? a?

wo = Vo + gpdo + gprdi, wp = —, Wj = 35—
mrg

These examples are by no means exhaustive.
6.6. Nontrivial Phase, Trigonometric Limit

In this section we consider a trap potential of the form Vi;ap = Vo cos(2ax), as
a model for an optical lattice. Our potential V' is similar and differs only with
additive constant. When k& — 0, sn(aa, 0) = sin(ax)

g¢ = Ag sin?(ax) + B, q]2. — A;sin®*(ax) + By (33)
1
V = Vpsin?(ax) = §(Vo — Vo cos(2ax)). (34)

Using equations (11)—(13) again we obtain the following result when (see Table 3)

Ny
PR U T
9BF '

Table 3. W = ngmpWB/(mBWp).

11B0<0|3;<0[A>0|A4;>0|gr20|gesSgpr|Vos0
2160<0|B3>21|A>20[A;<0|gpr20|g29gpr|V0s0O
31o>21|8<0|4<0|A;>0|9r20|gpg2¢gpr | V020
4150215214 <0]A4;<0|ggr20|gppsygnr| V=0
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Ny

I Ly
- B E B;, Wwj = —« B
Wo 2mBa + DogBB + 9BF 2 i I Zmp + gBrbo

Cg = OZ2B0(A0 -+ Bo), C]2 = a2Bj(Aj -+ B])

[Ay + B
©o(x) = arctan ( % tan(am))
0
[A; + B;
©;(x) = arctan ( % tan(am)) .
J

This solution is the most important from the physical point of view [16].

where

7. Linear Stability, Preliminary Results

To analyze linear stability of our initial system of equations we seck solutions in
the form

n(a, ) = (aofa) + 6oz, ) exp (22t +100(w) + o

wj .
Uylant) = (@) + 0 ) exp (~ 524+ 101(a) + i
and obtain the following linearized equations
Ag U; Uy ... Un,

!

20 Vi Ay 0 ... 0 $O
Rl N 2 Ve 0 A0 !
q)Nf it \fNf 0 0 ... Ay b

!

R R
0> 7
B So L()’_ o 0 0
Ao = <L0+ So ) - Ui (Uo,j 0)

_(Si Lj- (00
A= (Lj,+ S; >’ Vi= (Ul,j 0)

1 ; 1
Sp = — Co O <_> ) Sj - = C] Op <_>
mBgo qo mrdg; 45

where

and
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1 C
Ly_ = ~omn ((’ﬁm O) +V + gBBAG + 9BFGE — wo
m 0]
Loy = 2 ( ) V — 3gBBY5 — gBRG; T+ wo
1 c2?
2
Lj,— e —W <8m — é) + Vv + gBFqO

2
J 2
Ly = mp ( er — _3 -V —gBrgs +wj

Uoj = —29BF43, U1,j = —29BFqY;-

The analysis of the latter matrix system is a difficult problem and only numerical
simulations are possible. Recently a great progress was achieved for analysis of
linear stability of periodic solutions of type (5), (6) (see, ¢.g., [4,5,7,11] and
references therein). Nevertheless the stability analysis is known only for solutions
of type (25)-(30) and solutions with nontrivial phase of type (33) and (34). Linear
analysis of soliton solutions is well developed, but it is out scope of the present

paper.

Finally we discuss three special cases:

Casel.Let By = B; = O then for j = 1,...,Ny and g0 = /Agsn(ax, k),
qj = +/Ajsn(azx, k) we have the following linearized equations

1
h(b(%{,t = — %Eﬁmqﬁé + (Vo + gsBAo + gBF Z Aj) 5n2(am, ]{:)(]55 — woqﬁé

J

1
h 4 = %agz@%{ - (Vo +3gpBAo + gBF D _ A; ) 2o, k)it

J

+ wodtt — 2gpr Ao sn?(ax, k) Z qﬁ?
J

1
hojs = = gpOandy + (Vo + gorAo) sn*(aw, k)9 — w6

1
I, = —(’ﬁxqﬁ? — (Vo + grdo) sn?(ax, k)qﬁ? +wipt

7.t
— 2gppy/ Ao A sn?(ax, k) By
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Case II. Let By = —Ap, B; = —A; then for g9 = —Aocn(ax, k), g5
v/—A;j en(ax, k) we obtain the following linearized equations

1
hop, = — %agm% + (Vo + gBBA0 + gBF Y Aj) sn®(aw, k)

J

- (QBBAO +gpr Y Aj+ wo) 0

J

1
o, = %(’ﬁxqﬁg{ + (3QBBA0 +gsr ) Aj+ wo) do

J

- (Vo + 3g9BBA0 + gBF Z Aj) sn®(a, k) gy

J

+ 2gprAo(1 — sn2(aw, k)) Z qﬁ?
J

hofy = — ﬁfﬁmdﬁ + (Vo + gerdo) sn®(aw, k)¢ — (gsrio + w;) @)
hey; = ﬁ@fﬂ? — (Vo + grdo) sn®(aw, K)o} + (gBrAo + wy)of
—2gBF\/KAj(1—sn2(ax,k:))¢5{, j=1,...,Ny.
Case III. Let By = —Ap/k?, B; = —A;/k? therefore the solutions are
g = vV —Agdn(ax, k) /k, g = \/—7Ajdn(aw, k)/k
and we obtain the following linearized equations

1
hg, = — %(’ﬁmqﬁé + (Vo + gBB A0 + gBF ZAJ) sn?(ou, k) ¢p
j

I
- (QBBAO + gBF Z A+ kQWO) %

J

J

1 (pR
I 2 R 2 0
Iy ¢ = mn OpuPo + (3QBBA0 + gBF E Aj+k wo) 2

- (Vo +3gBBA0 + gBF Z Aj) sn®(au, k) gy

J
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20prAp(1 — k2 k))
n gprAo( sn?(«a,

X

1
holy = — mang% + (Vo + grrAo) sn(az, k)¢j

_ gBrAg + k’2w]'

I
)2 (bj
1 Ao + kw;
B} = o D2a0l) = (Vo1 gmp o) snP(aa, K)ol + S0 == gt
2g5ry/ A5 (1 — K 50’ (o, k) o
— = , =1,...,Ny.

These cases are by no means exhaustive.

8. Conclusions

In conclusion, we have considered the mean field model for boson-fermion mix-
tures in two optical lattices. Classes of quasi-periodic, periodic, elliptic solutions
have been analyzed. These solutions can be used as initial states which can gener-
ate localized matter waves (solitons) through the modulational instability mecha-
nism. This important problem is under consideration.
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