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Abstract, The Conte-Musette method has been modified for the search of 
only elliptic solutions to systems of differential equations. A key idea of 
this a priory restriction is to simplify calculations by means of die use of a 
few Laurent series solutions instead of one and die use of the residue theo
rem. The application of our approach to the quintie complex one-dimensional 
Ginzburg-Landau equation (CGLE5) allows us to find elliptic solutions in 
die wave form. We also find restrictions on coefficients, which are necessary 
conditions for die existence of elliptic solutions to die CGLE5.

1. Introduction

At preseal lime ihe methods for coasiruclioa of special solulioas of aoaiaiegrable 
systems ia terms of elemealary (more precisely, degeaeraied elliptic) aad elliptic 
fuaclioas are still actively developed (see [12, 23] aad refereaces thereia).
Elliptic aad degeaerale elliptic fuaclioas are single-valued fuaclioas, therefore, the 
necessary condition for the existence of such solulioas of a aoaiaiegrable system 
is the existence of the Laureal series solulioas of il. Such local solulioas can be 
constructed by means of the Ablowilz-Ramani-Segur algorithm of the Painlevé 
lest [1] (see also [11, 12, 17]). Moreover for a wide class of dynamical systems 
using this method one can find all possible Laurent series expansions of solulioas. 
Ia this way one obtains solulioas only as formal series, lhal is sufficient, because 
really only a finite number of coefficients of these series are used. Examples of 
coasiruclioa of such solulioas are given in [13] and [18], The Laureal series so
lulioas give the information about the global behavior of differential systems and 
assist to look for exact solulioas [14], The Laureal series solulioas can be used lo 
prove the nonexistence of elliptic solutions [10, 22] as well.
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Construction of Elliptic Solutions to the CGLE5 323

In [14] a new method for construction of single-valued special solutions of nonin- 
tegrable differential equations has been proposed. A key idea of this method is the 
use of the Laurent series solutions to transform the initial differential equation into 
a nonlinear system of algebraic equations. Using this method one can in principle 
find all elliptic and degenerate elliptic solutions. Unfortunately, if the initial differ
ential equation includes a large number of numerical parameters, then it is difficult 
to solve the obtained nonlinear system of algebraic equations.
The goal of this paper is to propose a modification of the Conte-Musette method, 
which allows to seek elliptic solutions only. We show that in this case it is possible 
to fix some parameters of the initial differential system and therefore simplify the 
resulting system of algebraic equations. To do this we use the Hone method, which 
has been proposed to prove the non-existence of elliptic solutions [10]. Note that 
using our approach one can find in principle all elliptic solutions.
In [14] the authors have transformed the initial system of two coupled ordinary 
differential equations into the equivalent single differential equation and only after 
that have constructed the Laurent series solutions. In our paper we demonstrate 
that the analysis of the system of differential equations may be more useful than 
the consideration of the equivalent differential equation. Moreover in this paper 
we show that if the system of differential equations includes a few functions it is 
possible to find the analytic form of a function, which satisfies this system, even 
without knowledge of other functions in the analytic form.

2. The Conte-Musette Method for the System of Differential 
Equations

In [14] Conte and Musette have proposed a method to search for elliptic and de
generate elliptic solutions to a polynomial autonomous differential equation. In 
this section we reformulate their method for a system of such equations

(̂ySr),ySr1),...,y^y)=o, z = i, . . . ,N eu

where ÿ  =  {yi(t), y2( t ) , yL(t)} and y $  = dky3/d tk.
It is known (see details in [14]) that the elliptic functions (including any degenerate 
ones) are solutions of the following first order polynomial autonomous differential 
equations (the summation runs over nonnegative integers j  that are less than or 
equal to (p +  l)(m  — k)/p)

m  ( p + l ) ( m - k ) / p

h],ky3ytk = o, hQ.m = i
k = 0 j = 0

(2)
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where p is an order of poles of the elliptic solutions, m  is a positive integer and 
hj k are constants to be determined. It should be noted that the Conte-Musette 
algorithm is the following [14] (see also [5]):

1. Choose a positive integer m, define the form of equation (2) and calculate 
the number of unknown coefficients hj^-

2. Construct some solutions of the system (1) in the form of Laurent series. 
If such solutions do not exist or they correspond to known exact solutions, 
then no unknown single-valued solutions exist. Note that, since system (1) 
is autonomous, the coefficients of the Laurent series do not depend on the 
position of the singular point. They may depend on values of the numerical 
parameters of (1). In addition, some of these coefficients (the number of 
which is less than the order of system (1) may take arbitrary values and have 
to be considered as new numerical parameters. One should compute more 
coefficients of the Laurent series than the number of numerical parameters 
in the Laurent series plus the number of hj^-

3. Choose a Laurent series expansion for some function yu and substitute the 
obtained Laurent series coefficients into equation (2). This substitution 
transforms (2) into a linear and overdetermined system in h j^  with coef
ficients depending on numerical parameters.

4. Eliminate the coefficients hj k and get a nonlinear system in the parameters.
5. Solve the so obtained nonlinear system.

Conte and Musette note that a computer algebra package is highly recommended 
for using their method [5], Some steps of this algorithm can be implemented in 
computer algebra systems separately.
For a given system it is easy to calculate the Laurent series solutions to any accu
racy. These computations are based on the Pain levé test, which has been imple
mented in the most popular computer algebra systems. Note that when a sufficient 
number of the Laurent series coefficients has been computed one can forget about 
the system of differential equations and work only with coefficients of the obtained 
series. The first package of computer algebra procedures, which realize the third 
and the fourth steps of the algorithm, has been written in AMP by Conte. One can 
also use our M a p l e  and REDUCE packages of procedures, which are accessible 
via the internet [19] and are described in [20] and [21], So, one passes the first four 
steps of algorithm without any difficulties.
At the fifth (and last) step one should solve an overdetermined system of nonlinear 
algebraic equations. The complexity of algorithm, which allows to solve such 
systems, in particular, the required computer memory, depends, in the general case, 
exponentially on the number of the unknowns. Therefore, this number should 
be made as small as possible. The purpose of this paper is to show that we can
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essentially simplify the algebraic system of equations, which we have to solve in 
the last step of the Conte-Musette method, if we search the elliptic solutions only. 
In [14] Conte and Musette have used their method to find wave solutions of the 
complex cubic Ginzburg-Landau equation (CGLE3). The nonexistence of el
liptic travelling and standing wave solutions of the CGLE3 has been proved in [10] 
and [22] respectively. In Section 4 we seek the elliptic solutions of the quin
tic complex Ginzburg-Landau equation (CGLE5) using our modification of the 
Conte-Musette method. Note that both the CGLE3 and the CGLE5 have only one- 
parameter Laurent-series solutions in the wave form and there exist only a finite 
number of such solutions.
Our approach can be effectively used in investigation of any system (1) or a single 
differential equation, for which only a finite number of different Laurent-series 
solutions exist. Note that for a wide class of such differential equations it has 
been proven that all their meromorphic solutions are elliptic (maybe degenerated) 
functions [8].

3. Properties of the Elliptic Functions

Let us recall some definitions and theorems. The function q(z ) of the complex 
variable z  is a doubly-periodic function if there exist two numbers uji and uj2 with 
uj\fuj2 ^ R, such that for all z e  C

q(z) = q(z +  LUi) =  q(z +  UJ2).

By definition a double-periodic meromorphic function is called an elliptic func
tion [9]. These periods define parallelograms with vertices zq, zq +  N \uj\, zq +  
N 2uj2 and zq +  N \uji +  N 2uj2, where N \ and N 2 are arbitrary natural numbers and 
zq is an arbitrary complex number. The fundamental parallelogram of periods does 
not include other parallelogram of periods and corresponds to N \ =  N 2 =  1. 
From the classical theorems for elliptic functions [9] we know that:

• If an elliptic function has no poles then it is a constant
• The number of the poles of any elliptic function within any finite period 

parallelogram is finite
• The sum of residues within any finite period parallelogram is equal to zero 

(the residue theorem)
• If q(z ) is an elliptic function then any rational function of q(z ) and its 

derivatives is an elliptic function as well
• For each elliptic function q(z ) there exist a natural number m  (m  > 2) and 

coefficients h ij  such that q(z ) is a solution of equation (2).
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Lemma 1. An elliptic function can not have Mo poles with the same Laurent series 
expansions in its fundamental parallelogram o f periods.

Proof: Let some elliptic function p(C) has two poles Co and Ci, which belong to 
the fundamental parallelogram of periods. The corresponding Laurent series are 
the same and have the convergence radius R.  In this case the function w(C) =  
p(C — Co) — f?(C — Ci) is an elliptic function as a difference between two elliptic 
functions with the same periods. At the same time for all C such that |C| < R  we 
have w(C) =  0, therefore, v(f )  = 0 and p(C — Co) =  £>(C — Ci) and Ci — Co is a 
period of p(C). It contradicts however to our initial assumption that both points Co 
and Ci belong to the fundamental parallelogram of periods. □

4. Construction of Elliptic Solutions

4.1. The Quintic Complex Ginzburg-Landau Equation

The one-dimensional CGLE5 is a generalization of the one-dimensional CGLE3, 
which is one of the most studied nonlinear equations (see [3, 4] and references 
therein). Moreover, the CGLE5 is a generic equation which describes many phys
ical phenomena, for example, the behaviour of travelling patterns in binary fluid 
convection [16] and the large scale behavior of many nonequilibrium pattern-form
ing systems [6], The CGLE5 is as follows

iA t -I- pAxx -I- ç|*4 |2*4 -I- r|*4|4*4 — i7*4 =  0 (3)

where subscribes denote partial derivatives: A t = d A /d t, A xx = d2A /d x 2, 
p, q, r E C and 7 e  R.
One of the most important directions in the study of the CGLE5 is the consideration 
of its travelling wave reduction [2, 5,7, 13, 15, 16]

A (x , t) = y/M {  Oe1̂ ® - ^ ) ,  £ = x - c t ,  c e l ,  w e l .  (4)

Substituting (4) in (3) and multiplying both sides of this equation by 4 M 2/A  we 
obtain

2p M " M  — p M ?2 -I- 4ip é M M '  -)- 2{2uj — ic — 2i7 +  2afi — 2p é 2 +  2ip i p ') M 2

+  4 qM z +  4 r  M 4 =  0 (5)

where ib = p ' = dy>/dC, M ' = dM/dC- Equation (5) is a system of two equa
tions: both real and imaginary parts of its left-hand side have to be equal to zero. 
Dividing (5) by p and separating real and imaginary terms, we obtain

2M I "  -  M ?2 -  4M 24)2 -  2cM M ' +  4gtM 2 +  4drM 3 +  4«rM 4 =  0 

M L ' + i ( M '  -  cM) -  grM  +  dtM 2 +  utM 3 = 0
(6)
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where the new real variables are defined as follows
r , , , q , 1ur +  iUj =  —, ar +  iOj =  —, sr — iSj =  —, c =  csi
p  p  p

, . • - * /  , x 1  a l o o  7  / C S rgr +  m  =  (7 +  iLu)(sr -  lSj) +  - c  +  - c  sr , ip = ip ---- —•

Our new system (6) includes seven numerical parameters: gr, gif dr , di, ur, u% and 
c. Note that in order to obtain (6) from (5) we have assumed that the functions 
M(£) and #(£) are real.
The standard way to construct exact solutions to the system (6) is to transform it 
into the equivalent third order differential equation for M . We rewrite the first 
equation of (6) as

é 1
G

J P (7)

where

G = ^ M M "  -  ^ M '2 -  |ik fM ? +  gtM 2 +  drM z +  urM 4.

Using (7) we express ip in terms of M  and its derivatives

J, _  G' ~  2ëG
' ~  2M 2(gr -  dtM  -  utM 2)

and obtain the third order equation for M

(G' -  2 c G f  +  4G M 2(gr -  dtM  -  utM 2)2 = 0.

(8)

(9)

Below we consider the case p /r  ^ R., which corresponds to the condition Ui /  0. 
In this case the equation (9) is not integrable [13] and its general solution (which 
should depend on three arbitrary integration constants) is not known. Using the 
Painlevé analysis [13] it has been shown that single-valued solutions of (6) can de
pend on only one arbitrary parameter. System (6) is autonomous, so this parameter 
is £o and if M  =  /(£ ) is a solution, then M  =  /(£  — £o), where £o G C has to 
be also a solution. Special solutions in terms of elementary functions have been 
found in [2, 5, 13, 15]. All known exact solutions of (6) are elementary (rational 
or hyperbolic) functions. The full list of these solutions is presented in [5], The 
purpose of this section is to find at least one elliptic solution of (6).
Let us note that (6) is invariant under the transformation

ib —» —ib, 9 r 9ri ~di - U i

and therefore we can assume without loss of generality that Ui > 0. Moreover, 
using the scale transformations

M  AM, dr —» -r-, di -» ^
A A

U r
U r

Ui
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we can always put Ui =  1 .

4.2. The Laurent Series Solutions

Let us construct Laurent series solutions to the system (6). We assume that in a 
sufficiently small neighborhood of the singularity point Co the functions é  and M  
tend to infinity as some powers of C — Co, i-e.,

é  = A (Ç -  Co)“ and M  = B ( £ -  Co f  (10)

where a  and ß  are negative integer numbers and, of course, A ^  0 and B  /  0. 
Substituting (10) into (6) we obtain that two or more terms in the equations of 
system (6) balance if and only if a  =  ß  =  —1. In other words these terms have 
equal powers and the other terms can be ignored as C — ► Co- We obtain the values 
of A  and B  from the following algebraic system

B 2 ( 3 -  4A2 + 4urB 2) = 0 ,  2 A -  B 2 = 0.

The last system has four nonzero solutions

A i =  ur +  +  3, B \  =  \ j  2 ur +  \J 4 +  3

.42 », — \ J +  3, B-> y^2ur +  \J4u2r +  3

A$ = ur — ̂  \ lit; — 3. Bs =  \ j 2ur — \J4vß +  3

and

A 4 = ur — -  +  3, B 4 =  — 2ur — \J  4«2 +  3

( 11)

( 12)

(13)

(14)

(15)

Correspondingly the system (6) has four types of Laurent series solutions. Let us 
denote them as follows

Ah Bh
ßk  =  —z~+ afe,o+afe,iC+-• • > Mh = ——+bhß+bh,i£+.. •, k = (16)c c

4.3. Elliptic Solutions

Let M(C) is a nontrivial elliptic function. Note that if é  is a constant, then from 
the second equation of system (6) it follows that M  can not be a nontrivial elliptic 
function. Therefore, using (8), we conclude that #(C) has to be a nontrivial elliptic 
function as well.
Let us consider the fundamental parallelogram of periods for the function M(C) 
and define a number of its poles in this domain. Let M  has a pole of type M i,
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hence, according to the residue theorem, it should have a pole of type M 2 (it can 
not have a pole of type M4 because ur is a real parameter). So -tp has poles with 
the Laurent series #1 and # 2. As an elliptic function it should have a pole of type 
#3 or é 4 as well. This means that the function M(£) should have a pole of type 
M3 and, hence, a pole of type M j. So M(£) should have at least four different 
poles in its fundamental parallelogram of periods. Using Lemma 1, we obtain that 
the function M (£) cannot have the same poles in the fundamental parallelogram of 
periods. Therefore, M(£) has exactly four poles in its fundamental parallelogram 
of periods. In this case by means of the residue theorem for é  we obtain

ur = 0. (17)

Actually we have obtained that the CGLE5 with ur /  0 has no elliptic solution in 
the wave form. In the case ur =  0 all possible elliptic solutions should have four 
simple poles in the fundamental parallelogram of periods, and, therefore, have the 
following form [9]

4

M (C -C o) = C + Y ,B k C ( Â - Ù )  (18)
k= 1

where the function £(£) is an integral of the Weierstrass elliptic function multiplied 
by - 1

C?(C) =  ~ p ( 0
and where C  and £* are constants to be defined. We should also define periods of 
the Weierstrass elliptic function.
To obtain restrictions on other parameters, we use the Hone method [10] and apply 
the residue theorem to the functions iP , é 3, and so on. The residue theorem for 
the function w2 gives the equation

4

T .  P-kak,0 =  0. (19)
k= 1

Substituting and a ,̂0 in (19), we obtain

4 3
y  P-kak,0 =  jC  = 0 => C = 0.
k= 1

For the function S 3 the residue theorem gives
4

' y  Afc i =  0. (20)
k= 1

Equation (20) is equivalent to

dt2 +  27 dr2 =  0 ^  dt = ± i\/27dr .
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The parameters dr and dj should be real, therefore, dr =  0 and dj =  0. So, 
consideration of w1 and # 3 gives three restrictions

c =  0, dr =  0 and dt =  0. (21)

The residue theorem for é 4 gives the restriction

9i9r =  o. (22)
Taking into account (17) and (21) we obtain that the system (6) has the following
form

2M M " -  M '2 -  4M 2é 2 +  4gtM 2 =  0 

k 'M  +  é M 1 -  grM  +  M 3 =  0.
(23)

In order to find the corresponding elliptic solutions to the system (23) we use the 
Conte-Musette method. The function M(£) in the parallelogram of periods has 
four different Laurent series expansions, so we should choose the parameter m  
such that solutions of equation (2) have four poles in its fundamental parallelogram 
of periods. The minimal possible value of m  is equal to four. The general form 
of (2) for m  =  4 and p = 1 is the following

M '4 + (h2.:iM 2 + hi'ßM  + h0.ß)M ri

+  (h4,2M 4 +  /i3,2M 3 +  /i2)2M 2 +  hlj2M  +  hoi2) M '2

+  +  ha^M 5 +  h-i^M 4 +  hz,iM z +  h2i\M 2 +  h\^\M  +  (24)

+  +  tiQßM® +

+  h iß M 4 +  h:ißM3 +  h2ß M 2 +  h \ß M  +  hoß =  0.

Substituting the Laurent series Mu from (16), we transform the left hand side 
of (24) into the Laurent series, which has to be equal to zero. Therefore, we obtain 
the algebraic system in h ij  and gr. The first algebraic equation, which corresponds
to 1 /C8 is

B kihsß — hßßB l +  h,4ßBl — h2ßBk  +  1) =  0 (25)
where Bk are defined by (12)—(15). Using the standard Conte-Musette method, 
which allows to find all elliptic and degenerate elliptic solutions, we can use only 
one of the Laurent series solutions (only one Bk) and can express, for example, 
hSß via /j-6,1, hiß  and h2ß. As we seek only elliptic solutions, all Bk have to 
satisfy the system (25) which can be rewritten in the following form

h$ßB4 — h sß B f +  h iß B 2 — h2ß B \  +  1 =  0
h^ßBi, — hQßB'2 +  h iß B § — h2ß B 2 +  1 =  0
h $ ß B %  — h (jß B %  +  h i ß B I  — h 2ß B %  +  1 =  0
h s ß B i  — h ( j ß B |  + h i ß B f — h 2ß B i  + 1 = 0.

(26)
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From (26) and other equations of the algebraic system we obtain ft =  0 and that 
the equation for M  has the form

1 3
M '4 = —  M 2 (3M 2 -  4ft. Y . (27)

If gr /  0 then the solution of (27) is an elliptic function. On the other side, the 
equation (9) with Ui =  1, ur =  0, c =  0, dr =  0, di =  0 and ft =  0 has the form

1 2 
-  (M '”f  -  (2M M " -  M '2) (M 2 -  gr) =  0. (28)

We multiply the equation (28) by M '2 and use equation (27) to express all deriva
tives ofM(C) in terms of the function M(£). A straightforward calculation shows 
that any solution of (27) satisfies (28). So, we obtain elliptic wave solutions of the 
CGLE5. If Si /  0 these solutions are standing wave solutions, in the opposite case 
(si =  0) the solutions can have an arbitrary speed c.
Note that we have obtained (9) from (5) using the condition that M(£) is a real 
function. For gr < 0 and any initial value of M  we obtain real solutions. In 
the case gr > 0 there exists a minimal possible initial value of M  for which real 
solutions exist and only particular solutions of (27) are suitable elliptic solutions to 
the CGLE5. The function M(£) has the form (18) and the values of constants can 
be determined from (27).
Summing up we can conclude that our modification of the Conte-Musette method 
alows us to get two results: we have obtained new elliptic wave solutions of the 
CGLE5, and we have proved that these solutions are the unique elliptic solutions 
for the CGLE5 with gr #  0.
From (22) it follows that elliptic solutions can exist if either gr or ft is equal to 
zero. For all nonzero values of gr and zero ft we have found elliptic solutions. In 
the case gr =  ft =  0 there is no elliptic solution. In the case of zero gr and nonzero 
ft we substitute the so obtained Laurent series solutions M* into equation (2) with 
m  =  1 , . . . ,  4 and obtain neither elliptic functions nor degenerate elliptic solutions. 
We hope that the more detailed analysis of this case will allows us to find all elliptic 
solutions for the CGLE5.

5. Conclusion

In this paper we have proposed a new approach for the search of elliptic solutions to 
some systems of differential equations. The proposed algorithm is a modification 
of the Conte-Musette method [14], We restrict ourselves to the search of elliptic 
solutions only. A key idea of this restriction is to simplify the calculations by 
means of the use of a few Laurent series solutions instead of one and the use of the 
residue theorem.
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The application of our approach to the quintic complex one-dimensional Ginz
burg-Landau equation allows to find elliptic solutions in the wave form. Note that 
these solutions are the first elliptic solutions for the CGLE5. Using the investiga
tion of CGLE5 as an example, we demonstrate that to find elliptic solutions the 
analysis of a system of differential equations is more preferable than the analysis 
of the equivalent single differential equation.
We also find restrictions on the coefficients, which are necessary conditions for 
the existence of elliptic solutions of CGLE5. To do this we improve the Hone 
method [10]. We show that this method is useful not only to prove the nonexis
tence of elliptic solutions, but also to find new elliptic solutions. Note that the Hone 
method and, therefore, our approach, are so effective in the case of the CGLE5, be
cause the coefficients of the Laurent series solutions depend only on the parameters 
of the equations, i.e., they do not include additional arbitrary parameters (have no 
resonances). It is an important problem to generalize the Hone method for the 
Laurent series solutions with resonances.
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