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Abstract, Elsewhere we gave a parametrization of the Mylar balloon in 
terms of elliptic functions. Here, we parametrize other linear Weingarten 
surfaces using the incomplete Beta function and the hypergeometrie func
tion. We also provide a corresponding variational characterization and Maple 
procedures which plot die linear Weingarten surfaces.

1. Introduction

Since the publication of [10], various authors (e.g., [2] and [5]) have studied bal
loon shapes from different perspectives. In this paper, we want to do two things: 
first, we want to derive the Mylar balloon from physical principles (based on [2] 
and [5]); secondly, we waul to view the Mylar balloon as a specific example of 
a linear Weingarten surface and show how a specific parametrization may be de
rived, both from the defining geometric condition and from a variational problem 
generalizing the one characterizing the balloon.
The principal curvatures, Aq, ko, at a point on a surface tire the maximum and 
minimum curvatures of curves through the point obtained by slicing the surface 
with planes spanned by a chosen langent vector and the unit normal of the surface 
at the point. There are certain situations where imposing a condition on principal 
curvatures characterizes a surface M.  For instance, if we require lhal Aq =  ko al 
every point of a compact surface M , then M  is a sphere (see [11, Theorem 3.5.1]). 
If we insist thaï M  be a surface of revolution for which Aq =  —ko, then the mean 
(or average) curvature vanishes: H = (Aq +  ko)/2 =  0. Hence, M  is a minimal 
surface of revolution. The only non-planar surfaces of this kind are catenoids.
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The Mylar Balloon: New Viewpoints and Generalizations 247

surfaces obtained by revolving y =  a cosh(a:/ a) (for a constant a) about the x- 
axis (see [12, Theorem 3.2.5]). More generally, if we require M  to be a surface of 
revolution and k\ =  — +  c, where c is a nonzero constant, then M  is a surface
of Delaunay (see [3] and [12]): that is, a surface of revolution with constant mean 
curvature. In this work, we consider surfaces with k\ =  cfo: the linear Weingarten 
surfaces. As stated above, we will give explicit parametrizations for these surfaces 
in terms of certain special functions as well as giving a variational characterization 
of these surfaces analogous to the one given for the Mylar balloon in [10].

2. Some Differential Geometry

Before we can explore the Mylar balloon and its generalization, we need to review 
some topics in differential geometry. (Modem expositions of the subject can be 
found in, for instance, [7] and [11].) A parameterized surface S  in R3 is given by 
a smooth vector-valued mapping x  : D —> R3,

x(u, v) = (x(u, v) ,y(u,  v), z(u, v))

where D  is some domain in R2. The surface <S is determined (locally) by its first 
and second fundamental forms

I  = E  du2 +  2F  dudv  + G du2, I I  =  £ du2 +  2m  du du +  n du2

whose coefficients are given by

E  = E (u ,v )  = x u ■ x u, F  = F (u ,v)  = x u ■ x v , G = G(u, v) = x v ■ x v 
£ =  £(u, v) =  x uu • n, m  =  m(u, v) =  x uv • n, n =  n(u, v) =  x vv ■ n.

Here n  is the unit normal vector to S:

n  =  n(u, u)
x u x x„
x u x x v

(We assume that x u x x„ never vanishes in D.) Intuitively, the metric coefficients 
E, F, and G describe the stretching necessary to map a piece of the plane smoothly 
up to the surface under the parametrization. As can be seen from the definition, 
the coefficients £, m, and n of I I  have more to do with acceleration and, hence, 
curvature. Indeed, there are classical formulas that describe two types of curvatures 
at every point of the surface. These are the Gauss and mean curvatures, denoted 
by K  and H,  respectively. The formulas are:

in  — m 2 E n  +  G£ — 2 F m
= E G  -  F 2 ’ =  2(EG -  F 2) ' ( }

For a unit tangent vector u  to <S in R3 (at a point p of <S), the normal curvature 
k(u) of <S in the u-direction is computed by slicing the surface with the plane
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determined by u  and the unit normal n  and taking the curvature (at p) of the in
tersection curve. (In some sense, this is the most fundamental type of curvature 
associated with a surface.) This process defines a continuous real-valued function 
on the circle, k : S 1 —> M. (where we identify unit vectors in R2 with the circle S'1). 
Because S 1 is compact, k  attains both a maximum value k\ and a minimum value 
k2. These are called principal curvatures of S  at p. It is known that K  =  k±k2 
and H  =  (k± +  k2)/2  (see [11]). From these equations, it is easy to derive the 
relations

Jbi = H +  \ H- K  and k2 = H  -  \ H- -  K .  (2)

We deal only with surfaces of revolution that admit parametrizations of the general 
form (up to permutation of coordinates)

x(u ,v) =  (r(u) cos v, r(u) sin v, z(u)). (3)

It is easy to verify that for such a surface we always have F  =  0 =  M ,  so the for
mulas for Gauss and mean curvatures reduce accordingly. The principal curvatures 
for a surface of revolution are given by

kfl =
(z?2 +  r ?2) 3/2 ’

fejr —
h \J  z '2 +  r ?2

(4)

The subscripts p  and w stand for the tangent directions along a meridian and a 
parallel circle, respectively. In fact, the profile curve (r(u),z(u))  will have the 
property that r(u) has an inverse function. With this in mind, we can parametrize 
the surface of revolution as follows.

x(u ,v) =  (u cos v ,u  sin v,z(u)). (5)

The principal curvatures for a surface of revolution with this type of parametriza- 
tion are given by

^  ( l +  ^ 2)3/2’ fejr (6)

3. Linear Weingarten Surfaces o f Revolution

A surface is a linear Weingarten surface if the principal curvatures obey a linear 
relation k\  =  ck2 for some constant c (see [9]). If we take a surface of revolu
tion parametrized as above by x(u, v) =  (u cos v, u sin v, z(u)), then we have the 
following characterization.

Theorem 1. A surface o f revolution M  as in (5) such that z(r) = 0, z'(u) <  0, 
limu^ r z'(u) = —co and kfl =  ckw (with c >  0) has a parametrization o f the form
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x(u, v) =  (u cos v, u sin v, z(u)) with

z(u) = -F  -
1 c+1 3c+ l

1 -
C+1 „ f l  c+1 I f u \

-F  -
c+1 V2 2c 7 2c /  c+1 \ 2 ’ 2c 7 2c

and where F(p, q; w; z) denotes the hypergeometric function.

2cN

r

Proof: First, let us relate the principal curvatures using the parametrization alone. 
From (6), we have

d
du

{UlbqJ-) kqq +  a {kqr) —du t V i  + j2.

+  U
z"u(l  +  z?2) -  z'(( 1 +  z '2)1/ 2 +  u z 'z" /(  1 +  z '2)1/2

u2( 1 +  z '2)

z'( 1 +  z?2) +  z"u -  z'( 1 +  z '2) 
u( 1 +  + 2)3/2

/2\

{ l + z '2f / 2 ~ k^

Now suppose that kfl =  CÄ+. We then have

(c

^    d (ufejj-)
CKqz -- '

au
1 \ 1 _ d kqq1 ) kqr — U —

au
C — 1 d kqq
------ du =  ——

U
ln(uc 1) + d = ln(Ä+)

&cuc_1 =  JL

kqq +  U
d kqq
du

and therefore

&C“ C_1 =  ,--------2«V 1 +  z '2

bcuc\ / l  + z>2 = z

b2cu2c(l  +  z?2) =  z?2

b2cU2c ,2
1 — b2cu2c 

bcnc
---- , =  =  z lu)

y/l — b2cu2c
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so that one ends with the formula for the profile curve
bcüc dûp T

z(u) = /  
Ju

Now, we have linn.
V l  — b2cü2c

■ z'(u) =  —oo, so we see that b =  1 /r  and we obtain
t f  dûpr

z(u) =  / 
Ju \ / r 2c —u2c

Finally, Maple calculates the indefinite integral to be the following
> g_c : =simplify (int (uAc/sqrt (rÄ (2*c) -u7" (2*c) ) ,u) ) 
assuming(c>0,r>0);

n(c+1) hypergeom , n(2c)r ( 2ĉ J A  c)

c +  1
We now put in the limits of integration and obtain the function z(u).
> eval(g_c,u=r)-g_c;

r (c+i) hypergeom , l )  r (_c)

c +  1
u (c+r) hypergeom (j~|, , [^§^1 , ■u(2cM _2cA -A~c)

c + 1

Remark 2. Maple also provides the following simplification in terms of the 
Gamma function
> simplify(eval(g_e,u=r))-simplify(g_e);

1 r V * r  ( # )  “ (C+1) hypergeom (  [§, , [2f±i] , u (* 1 2+ r ( - 2+ )

2 c r ( ^ i )  C +  1

It is possible to place Theorem 1 into a broader context. Every soap film is a phys
ical model of a minimal surface (but not conversely) and soap films arise from the 
variational principle of minimizing “energy” in the form of surface area (see [12]). 
Soap films also obey a relation known as the Laplace-Young equation, which as
serts that the (gas) pressure difference across a film is proportional to the mean 
curvature, with proportionality constant the surface tension of the film. Of course, 
a film has the same pressure on both sides, so the mean curvature is zero and 
k\ =  — &2- A natural question that arises is whether there are variational character
izations of surfaces satisfying restrictions k\ =  c&2 for c ^  —1,1,2? Furthermore, 
we might ask if there are there any physical processes that produce these restric
tions through a non-variational formulations?
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In the following section we will answer the last question in the affirmative by out
lining a mathematical model that we can use to formulate the problem o f finding 
the equilibrium shape o f strained balloons.

4. M odelling Balloon Shapes

So, now let us model a balloon physically. As usual, the axisymmetric balloon 
surface <S will be determined by specifying its meridional section, a curve s — ► 
(r(s), z(s)) in the X O Z  plane, where s is the natural parameter provided by the 
corresponding arclength. We will denote the total arclength by L. The surface S  
can be represented in ordinary Euclidean space R3, with a fixed orthonormal basis 
(i, j, k), by making use of the parameter u and the angle v  specifying the rotation 
of the X O Y  plane via the vector-valued function

x(s, v) =  r(s)ei(w ) +  z(s)e3(w), 0 < s < L, 0 < v  < 2tt. (7)

Here the vector e i(v )  is the new position of i after a rotation by angle v

e i(v )  =  cos vi +  sin uj. (8)

Since the rotation is around the third axis, the the vector k representing it in (7) is 
a constant: that is, e%(v) =  const =  k. The pair {ei, 63} can be completed to the 
orthonormal basis set (ei, 03) in R3. The third vector e 2(v) is introduced as 
the cross product of the vectors e%(v) and ei(v)

e 2(^) =  e3(w) x e i(v )  =  k x e i(v )  = — sinui +  eosuj.

A more detailed specification of the surface requires us to find some other impor
tant characteristics of the generating curve. This relies mostly on the derivatives 
of x(s, v). For instance, the tangent vector at each point of the generating curve is 
given by the first derivative with respect to u

t(s , v) = x s(s, v) = r' (s)ei(v)  +  z?(s)k. (9)

Here and elsewhere in this section, a prime denotes a derivative with respect to 
the meridional arclength s. Let us also introduce 0(s), which measures the angle 
between the normal vector n  and k. Then, the coordinates r(s) and z(s) depend 
on 0(s) through the equations

r'(s) = cos 0(s) (10)

z (s) =  — sin 6(s). (11)

Using these equations, we can express the tangent vector as

t(s , v) =  cos 0(s)ei(v) — sin 0(s)k. (12)

By differentiating the last relation with respect to the parameter s we get 

x ss =  — 0?(s)(sin 0(s)ei(v)  +  cos0(s)k). (13)
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Next, we compute the first and second order derivatives of x(s, v) upon v

x v = r(s)(e i(v ))v = r(s)e  2(f) (14)
x vv = r(s)(e 2(v))v = - r ( s ) e i ( v )  (15)

and finally, the mixed derivative

Xsi, =  x«s =  cos9(s)e2(v). (16)

Another significant object that we will need to know is the outward normal vector 
n(s, v). We can represent it as the cross product of the vectors t(s , v) and e 2(v)

n (s, v ) =  t (s, v ) x e 2 (v) = sin 0(s)ei(v)  +  cos 0(s)k. (17)

The last couple of relations are sufficient to obtain the coefficients of the first fun
damental form of <S

E  = x 2 = 1, F  =  x s • xv =  0, G = x 2 = r2(s) (18)

and of the second fundamental form of S

£ =  n - x ss =  — 0'(s), m  =  n - x sl) =  0, n = n -x^^  =  — r(s)sin0 (s). (19)

Having these, we can easily find the principal curvatures along the respective 
meridional and parallel directions

= e /E  = -e ' i s ) and = n /G  = -
sin 6(s) 

r(s)
Then the mean curvature can be expressed as

H  — — (kfl +  kqr) — —— ^0?(s) +
sin 6(s) 

r(s)

(20)

(21)

5. Equilibrium Equations

The results obtained in the previous section will help us to find the shape’s equi
librium conditions. For that purpose, we will consider the forces acting on the 
surface. The internal forces are

fi(s,w) =  <rm(s)t(s,t>) and f2(s, v) = <Tc(s)e2(w). (22)

On the left hand side of equation (22), am(s) means the meridional stress resul
tant and on the right side, ac(s) is the circumferential stress resultant (see [2] 
for more details). Let us mention that the situation when ac(s) =  0 is referred to 
in ballooning literature as the natural shape model.
The external forces depend on the pressure and the density of the balloon’s mate
rial, namely,

f  (s, v)  =  p(s)n(s,  v ) — w(s)k. (23)
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Here p(s) is the hydrostatic differential pressure due to the difference between the 
densities of the gas inside the balloon and the ambient air and w(s) is the weight 
density per unit area of the film. In most cases w(s) is assumed to be constant.
By balancing the internal and external forces we end up with the following equi
librium equations:

(am(s)r(s)t ) s -  <rc(s)ei(t>) +  r(s){(s, v )  =  0. (24)

The above vectorial equation can be projected onto n  and t  and this gives us:
d ß

(am (s)r(s))—  = —w(s)r(s) cos 0(s) — ac(s) sin0(s) +  p(s)r(s) (25) 
du

d (cTmr(s)) _  _ w ^ r ^  sjn q^  cos 0(s). (26)
du

6. Our H eroes-Delaunay’s Surfaces and the M ylar Balloon

Despite the fact that the above system of equations governing the shapes is highly 
nonlinear, we have been successful in finding a few exact solutions which will 
be presented below. These solutions are obtained by neglecting or constraining 
some of the parameters in the equilibrium equations. For instance, for the case 
of axisymmetric shapes with ac /  0 or ac =  0, we present two models whose 
solutions give rise to Delaunay and Mylar balloon surfaces respectively.
Let us start with the case where the film weight contribution is zero, w(s) = 0. We 
therefore have from the equations (25) and (26) the system

(s)r(s))
d 0(s)

d s
d(çTm(s)r(s)) 

d s

= (ic(s) sin 0(s) — p(s)r(s) 

=  CTc(s) COS 0(s).

(27)

(28)

Taking into account the geometrical relation (10), the second equation in this sys
tem implies that the meridional and circumferential stresses are constant and of the 
same magnitude, erm(s) =  ac(s) =  a  =  const, while the first equation (27) can 
be recognized as the mean curvature of <S,

H p(s) 
2 a (29)

If we continue with an examination of the case where the hydrostatic pressure is 
also a constant, p(s) =  p0 =  const, we end up with a surface of constant mean 
curvature:

T J  P» P , PÜ =  ——  =  — =  const, p =  —. (30)
2 er 2 er

The surfaces of revolution with constant mean curvature were identified many 
years ago by Delaunay [3] using a genuine geometrical argument -  they are just the
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traces of the foci of the non-degenerate conics when they roll along a straight line 
in a plane (roulettes in French). On the other hand, these surfaces of revolution 
minimize surface area subject to having a fixed volume (as proved by Sturm [3, 
Appendix]). This observation reveals why these surfaces make their appearance 
as soap bubbles, liquid drops ([5, 12]), cells under compression ([8, 14]) and now 
as balloon shapes. The list of all of Delaunay’s surfaces includes planes which 
have mean curvature zero, cylinders of radius R  and mean curvature H  =  1 /2 R, 
spheres of radius R  and mean curvature H  =  1 /R ,  catenoids of mean curvature 
H  =  0, and nodoids and unduloids of constant non-zero mean curvatures.
Now let us consider another case in which the system of equations (25) and (26) 
can be solved completely. Let us assume this time that w(s) =  oc(s) =  0 and that 
the hydrostatic pressure p(s) =  pa is a non-zero constant. Then the system formed 
by (25) and (26) reduces to the equations

(<rm( s ) r ( s ) ) ^ p ^  = p ar(s) (31)ds

d(o-m (s)r(g ))  =  0 (32)
d s

The second equation above tells us that om(s)r(s) is a constant quantity. Following 
Gibbons [5], we introduce the meridional stress resultant <r on the equator of the 
balloon (i.e., the points for which z(s) =  0 and r(s) =  a, where a is the radius of 
the inflated balloon) and re-write the above integral in the form

Om(s) =
ao 

r(s) '
This allows as to transform the first equation (31) as follows:

d 6(s) 
du = pr(s), O Po 

p = —  • ao

(33)

(34)

If we combine this equation with (10) we get another purely geometrical relation

r2(s) = ^ s m  8(s). (35)
P

Gibbons [5] also noticed that, by re-writing (35) in the form
sin 6(s)

—pr(s) =  — 2-
r(s)

(36)

it is fairly easy to see that the surface under consideration actually satisfies the 
Weingarten relation

kß = 2 K .  (37)
In [10] it was shown that this relation between principle curvatures characterizes 
the Mylar balloon uniquely:
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Theorem 3. I f  A4 is a surface o f revolution for which kfl =  2 kw> the surface A4 is 
the Mylar balloon.

7. A Variational Characterization

In this section, we give a variational characterization of linear Weingarten surfaces 
generalizing the Mylar balloon. Let us first review notions from the calculus of 
variations.
The calculus of variations deals with problems of the following sort: Find a func
tion y = y(x) for which the functional

fX 1
J =  G (x ,y (x ) ,y '(x ) )d x

Jx o

takes its minimum (or, more generally, has a critical value). A (famous) necessary 
condition for a minimizer y(x) is the Euler-Lagrange equation

_d_ f d G \  _  dG_ _  
drc \ d y ' )  dy

A  function y(x) that satisfies the Euler-Lagrange equation is said to extremize J. 
If we wish to minimize J  =  J** G(x,  y(x),  y'(x)) drc subject to an extra constraint 
I  =  J** H (x ,y ,  y') dx, then we take the Euler-Lagrange equation associated with 
the functional

K = f  G (x ,y ,y ')  + X H (x ,y ,y ')d x .
Jx o

The constant A is called a Lagrange multiplier. See [11], for instance, for details. 
Now let us formulate the variational problem that will give us Weingarten surfaces. 
Recall that the nth moment of a function y =  f ( x )  is given by

J x nf ( x ) d x .

For a surface of revolution about the z-axis, x(u, v) =  (u cos v, u sin v, z(u)), the 
first moment of z(u) is simply the volume of x(u, v) (up to a constant)

V  = 4tt du. (38)

Of course, the variational problem that gave rise to the Mylar balloon was to max
imize volume subject to a fixed arclength for the profile curve. Of course, we also 
assumed that the profile curve z(u) obeyed the conditions z(r) = 0, z'(u) < 0
and limu^ r z'(u) =  —oo as well. With this in mind, let us formulate the general 
problem:
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(c — l)s t  Moment Problem. For a surface of revolution as described above, 
extremize the (c — l)th moment of z(u)

(39)

subject to

J  \J 1 +  z?(«)2d« = a. (40)

The corresponding constrained Euler-Lagrange equation is

d
du

Xz'(u)
\J l  +  z ’i u f

-  uc~x =  0. (41)

This equation is easy to integrate, yielding
A z'(u)

s / l  +  z'{u)2
=  uc + C (42)

for some constant of integration <7. This constant can be found by taking into 
account the obvious geometrical (transversality) condition z'(0) =  0. Inserting 
« =  0 into (42) and using z'(0) =  0 gives (7 =  0. Consequently, we obtain

Z ' ( u )  -  1 -C
\ / l  +  z '(u)2 A

(43)

The transversality condition limu^ r-  z'(u) =  —oo, along with the requirement 
that the curve proceed from its highest point to its intersection with the «-axis 
without introducing critical points (i.e., z'(u) < 0 when 0 < u < r), allows us to 
rewrite 1 /A in the form —bc. Then, solving (43) for z'(u), we find that

V l -  62c«2c
We also want limu^ r-  z'(u) = — oo, so we obtain 6 = 1  / r .  We then have

z(u) = . du, 0 < u < r (44)
Ju v r  — u zc

where, again, the choice of the upper limit of integration comes from the require
ment that z(r) =  0. But this is the function we found for a linear Weingarten 
surface with kß =  nk^. Thus, we have the following

Theorem 4. The surface o f revolution S  that solves the (c — l)st moment varia
tional problem is a linear Weingarten surface parametrized as in Theorem 1 by

x (u ,v )  = j « co s« ,« sin « , C+1 F  ( -  C + 1  3C+1
c + 1  \ 2  2c ’ 2cl

where F(p, q; w; z) denotes the hypergeometric function.

u2cr~2c
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Now that we have seen that the (c — l)sl moment problem leads to linear Wein
garten surfaces, we can ask the following fundamental question.

Question 5. What is the underlying physical meaning of the (c — l)st moment 
problem?

8. Using Maple to Visualize Weingarten Surfaces

We can now pul this paramelrizalion into a computer algebra system Maple and 
plot. We then see the shape of a linear Weingarten surface in Figure 1.

Figure 1, A linear Weingarten surface with c =  3.

The following Maple code plots linear Weingarten surfaces with input c the coeffi
cient in kfj =  cTv- We also include a check that the ratio of principal curvatures is 
c. In order lo do this, we need various procedures computing Gauss and mean cur
vatures, etc. Also, in order lo plot the whole surface, we need lo lake this function 
and flip il about the «-axis. The complete Maple structure is:
> EFG := proc(X)
> local Xu,Xv,E,F,G;
> Xu := <diff(X[i;,u),diff(X[2;,u) ,diff(X[3; ,u) >;
> Xv := <diff(X[1',v),diff(X[2',v),diff (X[3],v)>;
> E := Dot-Produce (Xu, Xu, con jugate=false) ;
> F := DotProduct (Xu,Xv,conjugate=faise);
> G := DotProduct (Xv,Xv,conjugate=faise);
> simplify([E, F, G] ) ;
> e nd :
The following procedure gives the unit normal n  to the input surface x. If you wish 
lo lake UN (X), then x must be given in parameterized form:
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> UN := p r o c ( X )
> l o c a l  X u , X v , Z , s ;
> Xu := < d i f f ( X [1],u),d i f f ( X [2],u ) ,d i f f ( X [3],u)>;
> Xv :=  < d i f f ( X [ 1 ] , v ) , d i f f ( X [ 2 ] , v ) , d i f f ( X [ 3 ] , v ) >;
> Z := C r o s s P r o d u c t ( X u , X v ) ;
> s :=VectorNorm(Z,Euclidean,conjugate=faise);
> s i m p l i f y ( < Z [ l ] / s | Z [ 2 ] / s | Z [ 3 ] / s > , s q r t , t r i g , s y m b o l i c )  ;
> e n d  :

The following gives the second fundamental form:

> lmn := proc(X)
> local Xu, Xv, Xuu, Xuv, Xvv, U, 1, m, n;
> Xu := <diff (X[1],u),diff (X[2],u) ,diff(X[3],u)>;
> Xv := <diff(X[1],v),diff (X[2],v) ,diff(X[3],v )>;
> Xuu := <diff(Xu[1],u),diff(Xu[2] ,u),diff(Xu[3],u)>;
> Xuv := <diff(Xu[1],v),diff(Xu[2] ,v),diff(Xu[3],v)>;
> Xvv := <diff (Xv[1],v),diff(Xv[2] ,v),diff(Xv[3],v)>;
> U : = UN (X) ;
> 1 : = DotProduct(U,Xuu,conjugate= false);
> m : = DotProduct(U,Xuv,conjugate= false);
> n : = DotProduct(U,Xvv,conjugate= false);
> simplify([1,m,n],sqrt,trig,symbolic);
> end:
Finally we can calculate Gauss curvature K  as follows:

> GK := p r o c ( X )
> l o c a l  E , F , G , 1 , m , n , S , T;
> S = EFG( X ) ; T := l mn(X) f
> E = S [ 1 ] ;  F := S [ 2 ] ;  G : = S [ 3 ] ;
> 1 = T [ 1 ] ;  m := T [ 2 ] ;  n

roHII

> s i m p l i f y ( ( l * n —mA2 ) / (E*G- F A2) , s q r t , t r i g , s y m b o l i c ) ;
> e n d :

Mean curvature is given by

> MK := p r o c ( X )
> l o c a l  E , F , G , 1 , m , n , S , T;
> S = EFG( X ) ; T := l mn(X) f
> E = S [ 1 ] ;  F := S [ 2 ] ;  G : = S [ 3 ] ;
> 1 = T [ 1 ] ;  m := T [ 2 ] ;  n

roHII

> s i m p l i f y ( ( G* l +E* n - 2 * F* m) /  (2>• 1 >• G 2>• :■ 2 ) , s q r t ,  t r i g ,
> s y m b o l i c ) ;
> e n d :
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The two principal curvatures of the surface are given by k\ = H  + V H 2 — K  and
k2 = H  -  V H 2 -  K .
>  p r i n c u r v :=proc(X)
> local kl,k2;
> kl : = simplify (MK (X) +sqrt (MK (X) A2-GK (X) ) , symbolic) ;
> k 2 := s i m p l i f y (MK(X)-sqrt(MK(X)A2 - G K ( X ) ),symbolic);
> print ( 'k_l=',kl, 'k_2=',k2) ;
> end :
The following procedure plots the linear Weingarten surface corresponding to the 
parameter c. Note that we can only approach the boundary input 1. Also note that 
the procedure supplies output that checks numerically that the ratio of principal 
curvatures is the input parameter c. We suppress that output below simply to save 
space.
> l i n w e i n := p r o c ( c , r )
> local Xcbot,Xctop,top,bot,kl,k2,pc,profile_c;
> profile_c:=
> u 7" (c+1 ) *hypergeom ( [ 1/2, 1/2* (c+1 )/c] , [1/2* (3*c+l)/c],
> (2*c)*rÄ (-2*c))*rÄ (-c)/ (c+1) ;
> X c t o p :=<u*cos (v) |u*sin(v) |eval(profile_c,u=r)
> -profile_c>;
> X c b o t :=<u*cos(v)|u*sin(v)|- (eval(profile_c,u=r)
> -profile_c)>;
> kl : =simplify (MK (Xcbot ) +sqrt (MK (Xcbot ) A2-GK (Xcbot ) ) ) ;
> k 2 := s i m p lify(MK(Xcbot)- s q r t(MK(Xcbot)A2-GK(X c b o t )));
> p r i n t ('The ratio of the principal curvatures is',
> eval(kl/k2,u = 0 .1),eval(k l / k 2 , u = 0 .3) ,
> eval (kl/k2,u=0.5),eval(kl/k2, u = 0 .8) ) ;
> b o t := p l o t 3 d ( X c b o t , u = 0 ..0.9999999,v = 0 ..2*Pi,shading
> =zhue,
> scaling=constrained, o r i e n t a t i o n = [50,80]);
> top := p l o t 3 d ( X c t o p , u = 0 ..0.9 9999 99,v = 0 ..2*Pi,shading
> =zhue,
> scaling=constrained, o r i e n t a t i o n = [50,80]);
> display(top,bot,a x e s=boxed);
> end :
The following command gives the Weingarten surface in Figure 1.

> l i n w e i n (3,1);
The following is the Mylar balloon (see Figure 2).

> l i n w e i n (2,1);



Figure 2, A linear Weingarten surface with c =  2: a Mylar Balloon.

9. Weingarten Surfaces in Terms of the Beta Function

While linear Weingarten surfaces are parameterized in Theorem 1 using the hyper
geometric function, it is also possible to parametrize them using the Bela function. 
Here we give this parameterization and relaie the Bela and hypergeomelric func
tions.
In fact, we only have lo evaluate (44) and for lhal purpose il is convenient lo re
write il in the form

which suggests lhal we introduce the variable t  =  (n / r )2c to immediately obtain

d t = — (ü/r )2c~1dü 
r '

and

z(u) = z(t(u)) = —  f I {1 -  (46)..................... 2c '
The integral above can however be expressed directly via the incomplete beta 
function which, by definition (see [6], 8.391), is

B J p ,  q) = r -  *)9” 1 dt- (47)Jo
Making use of this definition and taking into account lhal, in our case p =  and 
q =  I ,  the integral in (46) can be written in the form

z(u)
r
2c Hi ( l  I -  Br

1 + c  1 u \  2c
2c 2 2c 2

T  =
r

(48)



The Mylar Balloon: New Viewpoints and Generalizations 261

We can also use Maple lo create linear Weingarten surfaces in terms of the Bela 
function paramelrizalion. First, because Maple does not have an incomplete Bela 
function, we give a procedure which creates it.
> bra :=proc(a, b, x)
> evalf (Inr (r'" (a-1) * (1-r) /" (b-1) , r=0 . . x) ) ;
> end:
Now, using the bra procedure for the incomplete Bela function, we can give a 
procedure lo plot linear Weingarten surfaces given an inpul c.
> lwbera:=proe(e)
> local pl,p2;
> pi:=plor3d([u*cos(v),u^sin(v),1/(2*c)* (bra((1+c)
> /(2*c) ,1/2,1)
> -bra ( (1 + c) / (2*c) , 1/2, u'" (2*c) ) ) [ , u=0 . . 1, v=0 . . 2*Pi,
> scaling=consrrained,orienrarion=[45,701):
> p2:=plor3d([u*cos(v),u^sin(v),-1/(2*c)* (bra((1+c)
> /(2*c) ,1/2,1)
> -bra ( (1 + c) / (2*c) , 1/2, u'" (2*c) ) ) [ , u=0 . . 1, v=0 . . 2*Pi,
> scaling=consrrained,orienrarion=[45,70[):
> display(pi,p2,shading=zgrayscale);
> end:
> lwbera(2);
> lwbera(5) ;

10. Geometry of the Deformed Balloons

Once we have the profile curves of the deformed balloons in explicit form, il is an 
easy task lo find some of their geometrical characteristics. For instance, we can
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find the relation between the radius r  of the inflated balloon and the radius a of 
disks from which it is constructed by entering with the parameterization (48) in the 
constraint (40). This gives

a = \Jl  +  z '(u)2 du
2c

For a given c, the surface area A (SC) is

a (s c) = 4w r
Jo

u du 2ttB ß ,  | )

and S c encloses respectively a volume Vc which amounts to

T  uc+2du 7 r ^ ( ^ , | ) r 3Vc = 2tt
\ / r 2c — u2c

Last, but not least, due to the fact that the beta function is closely connected to the 
hyp er geometric function F(p, q; s; x ) via the identity (see [1, p. 263])

B x (p, q) =  p~1x pF(p, 1 - q ; p + l , x )

ah formulas above can be rewritten in terms of hypergeometric functions. On the 
other hand, our previous results about the Mylar balloon ([10]) were expressed 
entirely in terms of the elliptic functions and integrals. This means that a number 
of (potentially new) connections and identities among these functions could be 
derived. We hope to investigate this further in the future.
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