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Abstract, The curvature tensor on a 3-dimensional almost contact manifold 
with B-metrie belonging to two main classes is studied. These classes are 
the rest of the main classes which were not considered in the first part of 
this work. The dimension 3 is the lowest possible dimension for the almost 
contact manifolds with B-metrie. The corresponding curvatures are found 
and the respective geometric characteristics of the considered manifolds are 
given.

1. Preliminaries

Let (M 2n+1, <//,£, r],g) be a (2n +  1)-dimensional almost contact manifold with 
B-metric, i.e. (p, £, rj) is an almost contact structure and g is a metric on M  such 
that:

y,2 =  - i d  +  g <g> £, g ( 0  = 1 , g(ipX, p Y )  = - g ( X ,  Y )  +  r}(X)r](Y)

where X ,  Y  e  X M .
Both metrics g and its associated g(X,  F )  =  g*(X, F )  +  g(X)g(Y)  are indefinite 
metrics of signature (n, n +  1) [1], where it is denoted g*(X, F )  =  g(X,  <pY). 
Further, X ,  Y ,  Z, W  will stand for arbitrary differentiable vector fields on M  (i.e. 
the elements of X M )  and x, y, z, w are arbitrary vectors in the tangential space 
TpM ,  p e  M.
Let ( v 2n+1, ip, £, t), g) be a (2n +  l)-dimensional vector space with almost contact 
structure (ip, £, rf) and B-metric g. It is well known the orthogonal decomposition 
V  = h V  ® v V  of (V 2n+1,p ,  £, r], g), where h V  = {x e V; x  = hx = - p 2x},  
v V  =  {x e  V; x  =  vx  =  r)(x)£}. Denoting the restrictions of g and p  on h V  
by the same letters, we obtain the 2 //-dimensional almost complex vector space
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{hV, ip, g} with a complex structure ip and B-metric g. Then for arbitrary x  e 
V  we have x = hx  +  rj(x)£. The basis {e i , . . . ,  en , ipei , . . . ,  ipen, £}, where 
- g ( e t ,ej) = g(ipet ,ipej) = %  g(et ,ipej) = 0, g(et ) = 0, i , j  = l , . . . , n ,  is 
said to be an adapted v>basis of V.

A decomposition of the class of the almost contact manifolds with B-metric with 
respect to the tensor F  : F (X ,  Y, Z)  = g((Vxip)Y,  Z)  is given in [1], where 
eleven basic classes Fi (i =  1 , . . . ,  11) are defined. The Levi-Civita connection 
of g is denoted by V. The special class F q : F  =  0 is contained in each of 
classes Fy  The following 1-forms are associated with F: 8(x) =  g^ F(e i ,ej ,x ) ,  
8*(x) =  g1̂ F(ei,ipej,x),  uj(x ) =  F(£,£,x) ,  where {e,, £} (i = 1 , . . . ,  2n) is a 
basis of TpM  and (g^)  is the inverse matrix of (gij).

In this paper we consider two of the main classes engendered by the main compo
nents of F  :

F  ■ F ( x , y , z )  = —  {g(x,<py)9(<pz) + g(x,<pz)9(<py) + g(<px,<py)8(<p2z) 
In
+  g(ipx,ipz)9(ip2y ) }

F i  ■ F(x,  y, z) = T)(x){r)(y)u(z) +T)(z)u(y)}.

The subclasses F f ,  F^x are defined [2] by:

F f  = { M e  Fr, d8 = d8* = 0}, Ff i  = { M  e F ir , d u o ^  =  0}.

An almost contact manifold with B-metric in the class Fi we call an J 7,-manifold 
(i =  0, 1 , 2 , . . . ,  1 1 ) in short.

The curvature tensor R  for V is defined as ordinary by R (X ,  Y, Z)  =  V ^ V y Z  — 
V y ^ x Z  — V^x .y )Y- The corresponding tensor of type (0,4) is denoted by the 
same letter and is given by R(X,  Y, Z, W )  =  g(R(X,  Y, Z), W) .  The Ricci tensor 
p and the scalar curvature r  of R  are given by p(y, z) =  gl^R(ei,y,  z, ej), r  =  
g1̂ p(ei, ej), where {e,} (i =  1, 2 , . . . ,  2n + 1) is a basis of TpM.

A  tensor L  of type (0,4) is said to be a curvature-like tensor if it satisfies the 
conditions:

L(X ,  Y, Z, W )=  -  L(Y, X ,  Z, W) L ( X , Y , W , Z ) ,  ( J  L ( X , Y , Z , W ) = 0.
‘ (X ,Y ,Z )

A  curvature-like tensor L  is said to be a Kahler tensor if it satisfies the Kahler 
property L(X,  Y, Z, W)  = - L ( X ,  Y, <pZ, <p\V).



Curvature Properties of Some 3-Dimensional Almost Contact Manifolds with ... 171

Let S  be a tensor of type (0,2). We use the following tensors, invariant under the 
action of the structural group (G L(n , C) fl 0(n ,  n)) x I:

tp i (S)(x ,y , z ,w)  = g(y ,z )S (x ,w)  -  g (x ,z )S(y ,w)  +  g(x,w)S(y,  z)
~  g (y ,w)S(x ,z )

ip2(S ) (x , y , z ,w )  = tp1(S)(x,y,ipz,ipw)  
i k ( S ) ( x , y , z , w )  = - tp1(S)(x,y, ipz,w) -  tp1(S)(x, y, z, <pw) 
ip4(S ) (x , y , z ,w )  = ip1(S)(x,y,^,w)rj(z) + tp1(S)(x,y,  z,^)rj(w) 
ips(S)(x ,y ,z ,w) = ip1(S)(x,y,^,ipw)rj(z) + ip1(S)(x,y,ipz,^)rj(w).

It is well known, that the tensors ttj =  | 'ipi(g) (i =  1,2,3), ttj =  'ipi(g) (i =  4,5) 
are curvature-like tensors and tti — tt2 — tt4, tt.s +  are Kahler tensors.
A decomposition of the space of curvature tensors R  over ( y 2n+1, ip, £, g, g) into 
20 mutually orthogonal and invariant under the action of the structural group fac
tors is obtained in [6], It is valid the partial decomposition 'R =  hR  © v R  ® u-R. 
where hR  =  uj\ ® • • • ® luh, v R .  =  v\ ffi • • • ffi v§, trR =  w\ ffi • • • ffi «•.). The 
characteristic conditions of the factors uji (i =  1 , . . . ,  11), Vj (j  =  1 , . . . ,  5)
(k =  1, . . .  ,4) are given in [6], Following [7], an almost contact manifold with 
B-metric is said to be in one of the classes lUj, Vj, if R  belongs to the corre
sponding component.
Let ( M 3,ip,£,r],g) be a 3-dimensional almost contact manifold with B-metric. 
According to [1] the class of these manifolds is T \  ffi T.^ ffi ffi ffi ffi T \o ®
T \\.  From the decomposition of R  it follows that a 3-dimensional almost contact 
manifold with B-metric cannot belong to the factors (i =  1 ,2,3,4,9,10,11), 
vj  U =  4,5).
Let us recall that we have

Proposition 1.1 ([4]). The curvature tensor on every 3-dimensional almost contact 
manifold with B-metric has the form R  =  tpi(p) — — tti-

Proposition 1.2 ([4]). Every 3-dimensional almost contact manifold with B-metric 
belongs to the class ffi v\ ffi wR.

Lemma 1.1 ([4]). Every Kahler curvature-like tensor on a 3-dimensional almost 
contact manifold with B-metric is zero.

The curvature properties of a 3-dimensional T^-manifold (i =  4,5) are studied 
in [4], In this paper we consider analogous problems for a 3-dimensional Ti- 
manifold (i =  1,11). The present work completes the above mentioned inves
tigations on the main classes of the considered manifolds. The curvature tensor 
identities for -manifold (i =  1,11) are found in [3]. It is not difficult to verify 
that these identities are valid for the classes Ti (i =  1 , 1 1 ), too.
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2. Curvature Properties on a 3-dimensional -manifold

Let (M 2n+1, <p,£, r],g) be an T \ -manifold. Then its curvature tensor R  satisfies 
the properties:

(1)R ( x , y , 0  =  0

R(x,  y, <pz, <pw) = - R ( x ,  y, z, w) -  j +  ^2 -  ^4}(H)

2 0(Q) 1
- ^ { ^ i  +tp2~  tp4}(P) ~  - ^ r { 7rl +  7T2 -  7T4} j  (^, 2/, 2 , (2)

where

H (y ,z )  = - ( V y9)pz -  ^~{9(y)9(z)  -  9(ipy)9(pz)}

= (yyQ*)z ~  ■^{^(Q)9 (ipy , ipz) + 9*(Q)g(y,pz)}

+ ^-{0{y)0{z)  + M*{y)9*{z)}4 n
and Q is the corresponding vector field of 9 with respect to g, i.e. 9 =  g(Q, •) 

P(y ,z )  = 9(y)9(z) +  9{<py)9{<pz).

From (1) it follows p(y, £) =  p(fi, y) =  0. Obviously for the tensor fields H  and 
P  we have

H(y,C} = 0, T ri?  =  T r (V r)  +  ^9(Q),  Tr H* = Tr(V9) +  ^9*(Q) (3) 

where H*(y, z) =  H(y,  pz)\

P (y , z )  = P(z ,y ) ,  P(<py,<pz) = P(y ,z ) ,  P(y,£)  = P(£,y)  = 0
(4)

T rP  =  T rP  =  0

where P*(y, z) = P(y,  ipz).

Remark 2.1. I f  ( M 2n+1,<p,^,g,g) e  Pf ,  then both 1-forms 9, 9* are closed 
and consequently the tensor field H  has the properties: H(y,  z) =  H(z,  y), 
H(py,  <pz) = —H(y,  z) [3],

Lemma 2.1. Let (M 3, ip, £, rj, g) be an P\-manifold. Then ipi(P) = ibfiP) and
ib2(P) =  0.

Proof: Let {ei, v?ei,£} be a v;-basis of TpM ,  p e  M.  For arbitrary x  e  TpM  we 
have the decomposition x  =  x 1e± +  x 2ipei +  r](x)£. Taking into account (4) by 
direct computations we obtain immediately 'tpi(P) =  f i f iP )  and ip2(P ) =  0.
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From Lemma 1.1 it follows that the Kahler tensor tti — tt2 — tt4 on (M 3, ip, r], g) 
is zero. Using (2), Lemma 2.1 and tti — tt2 — ^ 4  =  0 for the curvature tensor of a 
3-dimensional T\  -manifold we have

R ( x , y , 0  = 0 (5)

f 1  1R(x,  y, <pz, <pw) =  -  J i? +  -{ib t +ip2 ~  } ( H ) ----- j - i r2 > (x, y, z, w).

Proposition 1.1 and the last equality imply

1 T 1
1pl(p) + #2(p) = -  2 # 1  + ^2 -  + -7T1 + ~ { t  + B(Q)} tT2. (6)

After a contraction of (6) we obtain

2p(y, z) = p(<py, ipz) -  i { r  +  0(Q) -  Tr H}g(<py, <pz)

~  \ { 2 t" +  Tr Tz ) +  T z ) ~  H(y,  z) -  g{y)H{i,  z)} (7)

where t " =  g1̂ p(ei, ipej).
By the substitution y =  £ in (7) we find if(£ , z) =  0. Having in mind if(£ , z) =  
H (z , i ;) =  0 and the decomposition x  =  x 1e± +  x 2ipei +  rj(x)£ for arbitrary 
X  e TpM  we establish the truthfulness of the following

Lemma 2.2. Let (M 3, ip, £, rj, g) be an T\-manifold. Then we have:

i) ip2(H) =  T r i J ^ ;
ii) ipi(H) =  #4 (if)  + T rH tt2,’

iii) H(<py, <pz) -  H(y,  z) = Tr Hg(<py, <pz) +  Tr H*g(y, ipz).

The property iii) from Lemma 2.2 implies H(ipy, ipz) — H(y,  z) = H{pz.  ipy) — 
H (z,y) .  In the last equality we substitute ipz for z  and using the definitions of H
and d6 (d0(y, z) =  (V y0)z — (V z6)y) we have

Corollary 2.1. For every 3-dimensional T\-manifold we have (d0) o (p = d0.

Theorem 2.1. The curvature tensor, the Ricci tensor and the scalar curvature on 
a 3-dimensional T\-manifold are given respectively by:

T
R(x,  y, z, w) = y, z, w) (8)

T
p(y,z)  = -~g(ipy, ipz) (9)

= Tr H + 6^ =  Tr(V0*). (10)
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Proof: Taking into account the equalities i) and ii) from Lemma 2.2, the equal
ity (6) gets the form

ip i (p )  + ib2{p) = 7 ^ 1  + 7̂ {t  + 0(Q) - 2 T i H}tt2. (11)

After the substitution y =  w =  £ in (11) and because of p(fi, z) =  0 we obtain (9). 
Then Proposition 1.1 and (9) imply (8). Finally, using (9) and (11) we compute the 
scalar curvature r  of R.
The equality iii) of Lemma 2.2 and Remark 2.1 imply the following form of the 
tensor H  on a 3-dimensional Ff-manifold

H (y ,z )  = -^-{Tr Hg(ipy,ipz) +  Tr H*g(y, ipz)}.

3. Curvature Properties on a 3-dimensional Fn-m anifold

Let ( M 2n+1,<p,£,r), g) be an Fn-manifold. Then the curvature tensor R  on 
(M 2n+1, ip, £, r], g) satisfies the properties:

R(x,  y, £) =ip4 (Su)(x,y,e ,)  (12)
R(x,  y, ipz, ipw) = - R ( x ,  y, z, w) +  ib ^ S u fix ,  y, z, w) (13)

where

S u ( y , z )  = (yyUj)ipz -  uj(ipy)uj{ipz) +  y(y)rj(z)uj(Q) = ( ¥ yuj)z -  ti(y)u>(z)
LU =  LU O ip

and Q is the corresponding vector field of uj with respect to g, i.e. uj =  g(fl, •).
From (12) it follows p(y, £) =  p(£, y) =  rj{y) Tr(Viu) and for the tensor field S n  
we have

Sn(f i ,y)  = (¥{:uj)ipy + r](y)uj(fL), S n ( y ,£) = r](y)uj(fL), Sn(£ ,£ )  =  w(O) 
T rS u  =  Tr(Vw) +  lj(Q), T rS ^  =  -  Tr(Vu;)

where S ^ i y ,  z) =  S u (y ,  ipz).

Remark 3.1 ([3]). I f  (M 3, ip, £, rj, g) e  F{\, then the 1-form u  o ip is closed and 
consequently the tensor field is symmetric.

Let ( M :i,ip,£,r],g) be an Fn-manifold. Then from Proposition 1.1 and (13) we 
obtain

T
{tp 1 +  1p2}(p)  =  -  { tTI +  7T2 } +  ^ 4 ( 5 'h ) (14)
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After two contractions of (14) we find the following two equalities:
q~

2p(y, z) = p(<py, ipz) -  T"g(y, <pz) -  -g (py ,  ipz)

+  2 Tr(ViI’)rj(y)rj(z) +  S u (y ,  z) -  rj(y)S11(^, z) (15) 

p(y, <PZ) +  p{}py, z) = Tng(y, z) -  Tr S l ^ y ^ z )  +  Tr(Vu;)g(y, <pz). (16)

From (16) we compute t" =  Tr 5*x. Substituting t " and y =  ipy in (16) we have
T

p(py, pz)  = p(y, z) +  Tr S ^ g iy ,  ipz) -  -g(y ,  z) (17)

Lemma 3.1. Let (M 3, ip,^,q,g) be an T\\-manifold. The tensors ipi(Su) and 
tpi iSu) are related as follows

tpi{Sn){x, y, z, w) = tp4 (Su) (x ,  y, z, w) +  (Sn (r] ® £, -))(x, y, z, w)
+  Tr(V £)7r2(x ,y , z ,w ) .  ^

The proof is a straightforward calculation using formula (3).

Theorem 3.1. The curvature tensor, the Ricci tensor and the scalar curvature on
a 3-dimensional T\\-manifold are,

R(x,  y , z ,w )  = # 4(5 u )(a :,2/ ,2:, w) (19)

p(y, z) = h S u  (y,z)  +  ^q(y)q(z)  (20)

respectively, where

h S u ( y , z )  = S u (h y ,h z ) ,  r  =  2Tr(Vu;). (21)

Proof: From (15) and (17) we find r  =  2 Tr(ViZ>) and

p(y,z)  = S u ( y , z )  -  rj(y)S11(^,z)  +  ^rj(y)ri(z). (22)

For arbitrary x  e  TpM  we have x = hx + rj(x)£ and it is easy to check S n (y ,  z) — 
r](y)Sii(£,,z) =  h S u iy ,  z). From the last equality and (22) we obtain (20). Fi
nally, Proposition 1.1, Lemma 3.1 and (20) imply (19).
Because of p(y, z) =  p(z, y) and (20) it is valid the following

Proposition 3.1. For every 3-dimensional T\\-manifold we have

h S n (y,z)  = h S n (z ,y ) .

The statement of the last proposition implies immediately

Corollary 3.1. The 1-form u  o f a 3-dimensional T\\-manifold satisfies the follow
ing equality

(V v2yuj)ipz = (VP2 zx>)ipy.
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4. Geometric Characteristics of the 3-dimensional ^-m anifolds
a  =  i , i i )

According to the decomposition of 1Z [6], from Theorem 2.1 and Theorem 3.1 we 
have

Proposition 4.1. The class o f the 3-dimensional Ti-manifolds for i =  1 and i =  11 
is ll>5 and wlZ, respectively.

Let us recall from [4] that an almost contact manifold with B-metric is said to be 
a </5-Einstein manifold, or a u-Einstein manifold if p = -ag(ip-, ip-), p =  y g ®  g 
(a, 7 ^  const), respectively.
Having in mind the form of the Ricci tensor from Theorem 2.1 and Theorem 3.1, 
the following propositions are valid

Proposition 4.2. A 3-dimensional T\-manifold is ip-Einstein iff Tr(W *) =  const.

Proposition 4.3. A 3-dimensional T\\-manifold is v-Einstein iff h S \\  =  0 and 
Tr(Vil)) =  const.

R(x  y y
The sectional curvature K (x ,  y) = — -2—-—-—-  with respect to g and R  for every

Tri(x,y,y,x)
nondegenerate section a  with a basis {x, y} in TpM  is known. The following spe
cial sections in TpM ,  dim M  =  2n +  1: a ^-section (i.e. {£, x}), a 99-holomorphic 
section (i.e. a  =  <pa) and a totally real section (i.e. a  _L <pa) are introduced in [5], 
Note that totally real sections do not exist in the 3-dimensional case.
Using Theorem 2.1 and Theorem 3.1 we compute the sectional curvatures of a £- 
section and a 99-holomorphic section on a 3-dimensional T i-manifold (i = 1,11):

i = 1

i = 1 1

m , x ) = 0 ,  K {ipx,p2x) = T-  = - 1̂ p -

K(£,x) =  -

Formulas (23) and (24) imply
g(ipx,ipy)

(23)

(24)

Proposition 4.4. Let ( M 3,ip,£,r],g) be an Ti-manifold (i =  1,11). Then we 
have:

• i =  1
i) The sectional curvatures o f the £-sections are zero
ii) M  has constant ip-holomorphic sectional curvatures iff M  is a ip-Einstein 
manifold
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• i = l l
iii) The (p-holomorphic sectional curvatures are zero
iv) The sectional curvatures o f the £-sections are zero iff M  is a v-Einstein 
manifold.
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