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Abstract

We extend some results about Follmer’s pathwise It6 calculus that have only been derived
for continuous paths to cadlag paths with quadratic variation. We study some fundamental
properties of pathwise Itd integrals with respect to cadlag integrators, especially associativity
and the integration by parts formula. Moreover, we study integral equations with respect to
pathwise Itd integrals. We prove that some classes of integral equations, which can be explicitly
solved in the usual stochastic calculus, can also be solved within the framework of Follmer’s
calculus.

1. Introduction

Follmer’s pathwise It6 calculus originated in a seminal paper that introduced the notion
of the quadratic variation of a deterministic cadlag path and proved a non-probabilistic ver-
sion of Itd’s formula [15]. In recent years, some related works have appeared, addressing
applications to mathematical finance. Most of these works only deal with continuous paths
of quadratic variation while the results of the original paper include discontinuous cases.
The main purpose of the present paper is to generalize some of these results so that they can
be applied to cadlag paths with quadratic variation.

Follmer’s pathwise Itd calculus is a deterministic counterpart of the classical Itd calcu-
lus. Its methodology is completely analytic and does not need any probabilistic assump-
tions. Therefore it can be regarded as a useful tool to study financial trading strategies under
probability-free settings: see, for example, [17, 38, 9]. Moreover, this theory is understood
as a method to construct stochastic integrals in a strictly pathwise manner. It can be applied
to stochastic processes having finite quadratic variation. Such a class of processes is strictly
wider than that of semimartingales. In this sense, Follmer’s pathwise It calculus enables us
to extend stochastic integration theory beyond semimartingales.

There are several approaches to pathwise constructions of stochastic integration. We can
refer to [3, 27, 46, 47, 34, 35, 28, 29, 43, 37, 14, 7, 6, 8, 1], for example. Among them,
we think that Follmer’s approach is intuitively clear (especially from a financial application
viewpoint) and needs only elementary arguments, which should be regarded as an advantage.
The rough path theory, pioneered by [30] (see, also, [22] and [20]), should be considered
as another important approach. Some authors have studied the relation between Follmer’s
pathwise Itd calculus and rough path theory: see [35] and [19], for example.

Let us give an outline of Follmer’s pathwise It6 calculus. Let IT = (11,,),en be a sequence
of partitions of Ry such that |7, — 0 as n — co. We say that a cadlag path X: Ry —» R

2010 Mathematics Subject Classification. Primary 60H99; Secondary 60HOS.



632 Y. HirAl

has quadratic variation along II if there exists a cadlag increasing function [X, X] such that
for all r € Ry

(D) Xrer, Xipinr — XM,)2 converges to [X, X]; as n — oo,

(i) ALX, X1, = (AX)*.
An R%-valued cadlag path X = (X', ..., X“) has quadratic variation if, for each i and j, the
real-valued path X’ + X/ has quadratic variation. In [15], it is proved that if X has quadratic
variation, then for any f € C%(R?) the path t — f(X;) satisfies 1t0’s formula. That is, in
1-dimensional case,

t 1 t
f(Xt)—f(Xo)=f0f'(Xs—)dXs+§f0f"(Xs—)d[X,X]s

+ ), {Af(xs) — [ (X;0)AX, ~ %f”(xs»mxs)z}
O<s<t

holds for all # € R5(. Here, the first term of the right-hand side, which we call the It6-Follmer

integral, is defined as the limit of a sequence of non-anticipative Riemann sums. Follmer’s

theorem claims that the I[td6-Follmer integral fot f'(Xs-) dX, exists and it satisfies the above

formula.

The results of this paper are divided into two parts. Our first aim is to establish several
calculation rules for It6-Follmer integrals. We slightly extend the theorem of Follmer to a
path of the form ¢ = f(A;, X;) with f € C'>(R™xR“) and an m-dimensional path A of locally
finite variation. Thus we find that for a path of the form ¢ — V_ f(A,, X;) the 1t6-Follmer
integral fot(Vx f(As-, X5-), dX) exists. We call a path of the form V, f(A,, X;) an admissible
integrand of X. Because a cadlag path defined as the It6-Follmer integral of an admissible
integrand has quadratic variation, we can consider the It6-Follmer integral by a path of this
type. For this case, we prove that It6-Follmer integral satisfies the so-called associativity
rule (Theorem 2.19). This was already proved by [38] for continuous integrators; we extend
it to general cadlag paths with quadratic variation. An integration by parts formula is then
proved as an application of associativity and Féllmer’s theorem (Corollary 2.21).

The next aim is to study integral equations with respect to Ito-Follmer integrals. By using
the calculation rules mentioned above, we can solve certain classes of integral equations.
First, we solve linear integral equations: the solutions to the homogeneous linear equa-
tions are given by the Doleans-Dade exponentials (Proposition 3.1). The solutions to the
inhomogeneous linear equations are constructed by using the result for the homogeneous
case (Proposition 3.4), which is a re-interpretation of the result by [26] in our pathwise set-
ting. These results are applied to compute a portfolio insurance strategy in finance (Propo-
sition 3.15). Further, we solve a path-dependent equation, which is called the drawdown
equation, introduced by [4]: their results are re-interpreted in our pathwise setting (Proposi-
tion 3.13).

Let us describe the structure of this paper. In Section 2, we study the basic properties
of It6-Follmer integrals. In Section 2.1 we define a quadratic variation and show some
propositions that will be used in following sections. Itd-Follmer integrals and the associ-
ated Itd formula is introduced in Section 2.2. The associativity of It6-Follmer integrals and
an integration by parts formula are proved in Section 2.3. Pathwise quadratic variations of
semimartingales are discussed in Section 2.4. In Section 3, integral equations with respect



REMARKS ON FOLLMER’S PATHWISE ITO CALCULUS 633

to 1t6-Follmer integrals are studied. In Section 3.1, linear integral equations are explicitly
solved. In Section 3.2, certain nonlinear integral equations are solved. In Section 3.3, draw-
down equations, which are path-dependent equations, are studied. Applications to financial
topics satisfying certain kinds of floor constraints are considered in Section 3.4.

Here we give some notation and terminology that are frequently used in this paper. We
write N = {0, 1,2,...}and Ny; = {1,2,3,...}. The set of real numbers is denoted by R, and
we set Ryg = [0,00[ = {reR | r > 0}. For x,y € R?, the standard Euclidean norm and inner
product are denoted by ||x|| and (x, y), respectively.

A function X: Ryg — E C R? is called an E-valued cadlag path if it is right continuous
and has left-hand limits in £ at all # € Ryo. The set of all E-valued cadlag paths is denoted
by D(Rsg, E). For X € D(Rx, E), we write X, = X(¢) and AX; = X; — X,—. For convenience,
we define Xo_ = X and AX;, = 0. Here note that X € DR, R?) satisfying X, € E (¢t > 0)
is not necessarily regarded as an E-valued cadlag path because X,_ can be in R \ E for
some ¢ € Ryp. Moreover, let us recall that if X is a cadlag path satisfying [|[AX]|| < ¢ on
[0, 7], then for any & > O there exists a ¢ > 0 such that [s — u| < ¢ and s,u € [0, f] implies
Xy — X,l| < e+ c.

The symbol F'Vj,. denotes the set of all real-valued cadlag paths of locally finite variation.
The total variation of A € FVj, on [0,¢] is denoted by V(A),. If A € FV), the series
Y o<s<t AA; converges absolutely for all £ € Ryg. Then A% := 3 ., AA; and A® := A — AY
are called the purely discontinuous part and the continuous part of A, respectively. For
A € FV., we write fot f(s)dAg = J]!O,t] f(s)dA; when the Lebesgue-Stieltjes integral in the
right-hand side is well-defined.

In this paper, we suppose that any partition m = (#;);en of Ryq satisfies 0 = 15 < #; <
fp < --- — oo. For a partition 7 = (t;);ay, We define || = sup;|t;x; — #;|. We often identify
the partition © = (f;);ew With the set {#,#;,...}, and use set notation for partitions. For
example, we write t; € m or 71 C ' for two partitions 7 and 7. Given a sequence of
partitions (7, )eny = ((1')iev)nen and an R9-valued cadlag path X, we write 07X = Xo = X
for convenience.

Given E C R", anormed space V , and a function f : E — V, we define

w(f;e) =suplllfy) — fOllv | x,y € E, |lx—yllr < &}.

If f is uniformly continuous, we have w(f;&) = 0ase — 0.
Recall that a function f: U — R” defined on an open subset U c R x R? is of C*/-class
(k,l € N) if
(i) foreachy, the map x — f(x,y) is k-times continuously differentiable and all deriva-
tives with respect to x are continuous in (x,y) € U,
(i1) for each x, the map y — f(x, y) is [-times continuously differentiable and all deriva-
tives with respect to y are continuous in (x,y) € U.

The symbol C*/(U) stands for the space of real-valued C*/-class function on U. The first
and the second order derivatives of f with respect to a variable x are denoted by V. f and
V2 f, respectively, if they exist. We simply write V f for the first order derivative with respect
to all the variables.
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2. Quadratic variations and It6-Follmer integration

2.1. Definition of quadratic variation and its properties. In this subsection, we define
the quadratic variation of a cadlag path along a sequence of partitions, and we study some
fundamental properties of it.

The discrete quadratic variation of a real-valued cadlag path X along a partition 7 is
defined by

[X’ X];r = Z (Xt,-+1/\t - Xt,-/\t)2 .

Len

Derinttion 2.1. Let [T = (7,),en be a sequence of partitions of Ry such that |x7,| — 0,
and let X : Ryp — R be a cadlag path. We say that X has quadratic variation along 11 if it
satisfies the following conditions.

(1) The sequence of cadlag paths ([X, X]™),en converges pointwise to some cadlag
increasing function [X, X].
(ii) ALX,XI™ = (AX;)? holds for all # € Ryo.
The increasing function [X, X" is called the quadratic variation of X along Il = (m,). We
often omit the symbol IT and simply write [X, X] if there is no ambiguity.

Note that if X has quadratic variation along II, it satisfies Y., (AX,)> < oo for all
t € Rsg. The increasing property of [X, X]'! indeed follows from conditions (i) and (ii) of
Definition 2.1. We can see it from Proposition 2.5 and the fact that the pointwise limit of
a sequence of increasing functions is again increasing. A typical example of a quadratic
variation is the quadratic variation of a semimartingale. We discuss this case in Section
3.1. Another example is a Dirichlet process: see [15, 16, 41]. Also, paths of certain Gauss-
ian processes have quadratic variation: see, for example, [2]. The existence of quadratic
variations under non-probabilistic settings is studied in [44, 45, 29, 21].
a

Remark 2.2. In general, the dependence of the quadratic variation [X, X]" on the choice

of a sequence of partitions is inevitable. This problem is discussed in [10, Section 7].

DerNtTION 2.3. A d-dimensional cadlag path X = (X',..., X%) has quadratic variation
along ITif, foreach i, j € {1,...,d}, X! + X/ has quadratic variation along I1.

RemMark 2.4. In general, the existence of the quadratic variations of X and Y does not
imply that of X + Y: see [39].

The symbol QV(IT;R¢) denotes the set of all R?-valued cadlag paths that have quadratic
variation along I1. We also write QV(I), or QV if d = 1. For (X, Y) € QV(II; R?), we define

(X, y]" = % (X + v X+ 1" - 1x, X" - (v, ).

The path [X, Y] is of locally finite variation, by definition. [X, Y]" is called the quadratic
covariation of X and Y along I1. For X, Y € QV(II; R), the condition (X, Y) € QV(II;R?) is
clearly equivalent to the following two conditions.
(i) The function ¢ = 3, oo (Xi,,ar — Xiar) (Yi, ac — Yiae) cOnverges pointwise to some
cadlag path [X, Y]" of locally finite variation.
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(i) ALX, Y] = AX,AY, holds for all # € Ry.
Let 6, be the Dirac measure on R concentrated at a, let X and Y be cadlag paths, and
let 77 be a partition of R»o. We define locally finite measures iy and iy ,, by

ﬂ§’Y = Z(Xti“ - Xt,‘)(Yl‘,ur] - Yt,’)éli

Len

and uy = (y . Then,

Koy (0, = > Xy, = X )Yy, = Yy,
tienN[0,¢]
Proposition 2.5. Let X and Y be real-valued cadlag paths and let 11 = (r,),en be a
sequence of partitions such that |r,| — 0. Then, for all t € Ry, the following two conditions
are equivalent.

(i) The sequence ([X, Y] e converges.
(ii) The sequence (y’)r(fy [0, t]))nen converges.

If these conditions are satisfied, both sequences have the same limit.
Proof. It suffices to give a proof when X = Y. If t € [, 1,1 and #; € 7,, we have
2.1) | XX = (10, 1) | = | (X, = X)P = (X = X,)? |
= | (X;,., + Xi = 2X,)(X,,, — X)) |
<4 sup |X |X,I.+1 —X,|.

s€[0,t+]m,|]
Combining the assumption |r,| — 0, right continuity of X, and (2.1), we obtain the assertion.
|

We see that, by Proposition 2.5, there is essentially no difference between the two defini-
tions of quadratic variation, convergence of 1y and convergence of [X, X]™. Proposition 2.5
yields that, for X € QV(II), the sequence of distribution functions associated with (1), con-
verges pointwise to [X, X]. Therefore, the sequence of measures (uy') converges vaguely to
the Stieltjes measure px generated by [X, X]. Here recall that (uy') converges to uy vaguely
if and only if (ui”([o, t])) converges ux([0, ¢]) for any  satisfying ux({t}) = 0. For such a
t € Ryo and for every bounded continuous function %, we have

lim hdyly = f hduy.
= J10,1] [0,7]

(See, for example, [18, Corollary 1.204].) This implies that, in the continuous path case,

im [ fC6) M) =f FX dIX, X1,
n—eo ] [0,£]

[0,

holds for every bounded continuous function f. The following lemma, which is proved
as a part of the proof of the Itd6 formula in [15], claims that a similar property holds for a
general cadlag path of QV(II). See also [31, Theorem 6.52] for a proof. Here we will give a
slightly extended version of this result. This lemma is a key to the proof of Proposition 2.7,
Theorems 2.13 and 2.19.
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Lemma 2.6. Assume that X = (X',...,X%) € QVALRY and Y = (Y',...,Y™) €
D(Rs0, R™). Then for any continuous function g : RIXR™ — R, t € Rsq, and i, j € {1,...,d),
we have

fim [ 906 YR = [ g0t v XX,
= Joa ’ [0.1]

Proof. If d = 1, the assertion follows directly from Lemma A.1. For the general case, we

apply Lemma A.1 to each X’ and X’ + X/, and combine their convergence and the definition
of quadratic covariation. |

In semimartingale theory, a process defined as the composition of a semimartingale and
a C! function again has quadratic variation ([32, Chapitre V1. 5. Theorem]). [15] mentions
that a similar result holds within this framework. Here we prove a slightly extended version
of that result.

Proposition 2.7. Let X € QV(IL;RY), let A € FV", and let f € C*'(R™ x RY) be locally

Lipschitz. Then f(A, X) has the quadratic variation along 11 given by

4 raf Of
22 [fAx.fAax]=> [ (4
2.2)  [f(A,X), f(A,X)] k,l:l‘fo‘ (8xk axl)

Proof. Fix ¢ > 0. Because the image of [0, #] under (A, X) is bounded in R”*?, we can
assume, without loss of generality, that f has compact support. First note that there is a
positive constant C such that

(As, X, ) dIXE X+ ) (AF(AL, X))

O<s<t

D, (AfALX) <C

O<s<t

D@ax)?+ ) (AAS)Z] <o

O<s<t O<s<t

thanks to the Lipschitz continuity of f.
Let

D) = {s € [0,1] | A(A, X), # O},
1
D,(1) = {s e D(1) ‘ A, X)gllgma > ;} , peN.

Then each D(7) is a finite set and (J,,»; D,(7) = D(). By convention, we use the following

notation.
(1,n,p) tem,N[0,7] (2,n,p) trem,N07]  (1,n,p)
12,28 10D, (1)#0

7+

Using this notation and Taylor’s theorem, we have

(2.3) D, leraxp
1 em,N[0,]
= DA+ Y Ay X )= f(Ag. X, )]
(Ln,p) (2,n,p)

+2 ) Ay Xy ) = fAg X D P A Xy ) = fAg, X))

(2,n,p)
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+ > xf(A[y,Xz;'),é;'X>2— > <fo(A,;z,X,;_z),6l’.’X>2

trem,N[0,1] (I,n,p)
+2 3 (O (Ve (A, X)), 51X + > (L 61X)
(2,n,p) 2,n,p)

_. g | ) () , g _ ) () | ()
=17 +1 +2I3 +1,7 — I +2I6 +17,
where

= f Vof(Ap, Xp + 58! X)ds = V. f(Ap, Xp) € R
[0,1]

We now consider the behavior of each term of the right-hand side of (2.3).
Since D; is finite, it is easy to verify that

lim 777 = > (Af(A X)),

€D, (1)

d
lim 1" = Z Z(af of )(As_ X, )AX*AX!.

-
e s€D (1) k=1 Oy 0%y

Lipschitz continuity of f implies that

lim 1" < Z VA", 11rn n |19] < = Z V(A

n—o0

holds for a positive constant K. The convergence

lim 1{" = Z f (af or )(AA X, d[X5, X',
k=1

n—00 Oxy Ox

follows from Lemma 2.6. Moreover, we have

2 d
— 2
Tim |1<">|<w( o ) Z[xk X, Tim Ig”)sa)(fo;—) DX XA,
n—o0 p =l

where K” = sup, (o 4[IV.f(Ag, X)II.
From (2.3) and the above, we see that

(2.4) lim

n—oo

D0 1A XF - (RHS of (2.2)

tiem,N[0,f]
2 2\ )
<c|rrolvid)co(vrl] |+ Y @raex
P p p seD(1)\D,(1)

Z zd:(a—fa—f)(As , X, )AX*AX!

SED(O\D, (1) k,I=1

+

holds for some positive constant C. Let p — oo, and then every term of the right-hand side
of (2.4) converges to 0. This completes the proof. O
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Remark 2.8. If the functions f of Proposition 2.7 are defined on only an open subset
U c R™4 the assertion is still valid provided that (A, X) can be regarded as a U-valued
cadlag path.

The following results are direct consequences of Proposition 2.7.

Corollary 2.9. (1) If A € FViy, then A € QV(II;R) holds for any partitions 11 =
(7)) with the condition |r,| — 0, and its quadratic variation is

[A,A1= )" (A4,

0<s<-
(i) IfA € FVioe and X € QV(IT; R), we have (X,A) € QV(I;R?) and
[X+A,X+A]=[X, X]+[AA] +2[X,A],
[X.Al= > AX,AA,,

0<s<-

[X + A, X +A]° = [X, X]°.

(iii) IfA € FVigc and (X,Y) € QV(II;R?), then (X+A,Y) € QV(II;R?) and its quadratic
covariation is [X + A, Y] = [X, Y]+ [A, Y].
2.2. Ito-Follmer integrals and It6’s formula. In this subsection, we introduce the idea

of the “integral” fot &,_dX; with respect to X € QV(I1) and prove the Itd6 formula. We first
define the It6-Follmer integral as the limit of a sequence of non-anticipative Riemann sums.

DeriNTIoN 2.10. Let £ @ Ryg — R? be a cadlag path and consider X € QV(IT;RY). We
call the limit

/
f<§s—,dxx> := lim Z <§:l,-’th-+1/\t - Xl,-/\t>’
0 n—00

i€,

the Ito-Follmer integral of & with respect to X on 10,t] along the sequence 11, if it con-
verges to a finite number. In the 1-dimensional case, we simply write fol &5-dX; instead of

I €5 dX).

Remark 2.11. It is a well-known fact that fot &,-dX; exists if X or & has locally finite
variation. When X is in F' Vi, the It6-Follmer integral coincides with the Stieltjes integral
of s > & by X.

[15] considers a different summation
<‘§:Ii’ Xff+1 - X1i>
tiem,N[0,1]
to define a pathwise Itd integral. However, they are equivalent under the right continuity of
integrators.
Proposition 2.12. For £,X € D(Rso,RY) and t € Ry the following two conditions are
equivalent.

() Zien, (Eus Xioine = Xir) converges.
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(i) Syemnion (s Xin, — X,,) converges .
If the conditions above are satisfied, the limits are equal.

Proof. For 7 € [, 1! ,[ (] € m,), we have

Z <§t;“,Xt;‘+1/\t - Xt;‘/\t> - Z <§t;?,Xz;’H - th'?> < sup [I;llza ”th.gl - Xt”Rd .

= flem,N[0,1] s€[0.1]
Letting n — oo the last term converges to 0 by the condition |r,,| — 0 and the right continuity
of X. m]

In this paper, we consider integrands of the form ¢ — g(X;) for a “nice” function g. [15]
proves that the Itd-Follmer integral of ¢ — Vf(X;) with respect to X exists for C>-class f
and it satisfies the same relation as that of Itd’s formula in stochastic calculus. We can easily
extend this result as follows.

Theorem 2.13. Let X € QV(IL;RY) and A € FV[".. Then, for any function f € C'*(R™ x
RY) and t € R, the Ito-Follmer integral of V. f(A, X) with respect to X exists and satisfies
the following formula.

m ta t
14 X0 = fao X0 = ) [ LA Xopdahs+ [ (T xodx
k=1 0 ak 0

d
1 t 2
+ .5 f T4 X dIX X
k=1 2 Jo

(9)6](6)61

d
+ Z {Af(AY?XY) - Z aa_xfk(As—, XY—)AX_];} .

O<s<t k=1

The proof of this theorem is similar to the proof of Follmer’s pathwise Itd6 formula for
C?-functions. We consider the first order Taylor expansion with respect to a and the second
order Taylor expansion with respect to x, while, in C? case, we use the second order Taylor
expansion for all the variables.

REMARK 2.14. Theorem 2.13 still holds for a C'*> function f defined on an open subset
U c R"™ x R? and for ¢ € [0, T] if the restriction of (A, X) to [0, T] is cadlag as a U-valued
path.

2.3. Ito-Follmer integrals of admissible integrands. In this subsection, we study some
more basic properties of the Ito-Follmer integrals with respect to X for integrands of the
form V, f(A;, X)).

DeriNTIoN 2.15. Let X € QV(IT;RY). A d-dimensional cadlag path ¢ is called an ad-
missible integrand of X if, for any T > 0, there exist an m € N, a function f of C'-class
defined on an open subset U of R” x R¢, and A € F Vio. such that & =V, f(A,, X;) holds for
all 7 € [0, T'] and the restriction of (A, X) to [0, T'] is U-valued cadlag path.

For the terminology ‘“admissible integrand”, we follow [38]. It follows from Theorem
2.13 that the It6-Follmer integral fot<.§~‘s_, dX,) exists for £ and X of Definition 2.15. In this
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case, the map ¢ — fot@s_,dXs) is an R-valued cadlag path. The representation of & in
Definition 2.15 is not unique. However, the It6-Follmer integral of ¢ does not depend of
the representation because the integral is just the limit of non-anticipative Riemann sums by
definition. (See Definition 2.10.) We can easily see that the space of admissible integrands
of X is a vector space and the map & — fot@s_, dX,) on it is linear.

REMARK 2.16. (i) For an admissible integrand ¢ = (¢!,...,&9) of X € QV(II;RY),
the equation

t d t
f & dX,y = f £ _dx
0 = Jo

is not necessarily valid. Note that the existence of the [t6-Follmer integral of the
left-hand side does not imply the existence of those of the right-hand side. If all
integrals of the right-hand side exist, then the integral of the left-hand side also exits
and the above equality holds.

(i) Let X € QV(II), and & = g(A;, X;) (t > 0), where g € C'(R" xR) and A € FV"

loc*

Then £ is an admissible integrand of X. Indeed, &, = % f(A;, X;) holds for f(a, x) =

I g(a. ) dy.
(iii) Let &€ is an admissible integrand of X € QV(II) and let B € FV),.. Then for Y :=
X + B € QV(I1), the It6-Follmer integral fot &,_dY exits and it satisfies

t t t
f é:s—dYs = f fs—dXs + f gs—st’ t € Ryo.
0 0 0

We will now study the quadratic variation of a path given by It6-Follmer integration.

Proposition 2.17. Let X € QV(II;RY), let &V, ..., be admissible integrands of X,
and let Ytl = fol< E,lz,dXX>f0r allt>0andle{l,...,m). Then Y = (Y',..., Y™ belongs to
QV(I1;R™) and its quadratic covariations have the following form.

d t
k v _ (k),i (D), ] i v
2.5) [YJL—ZLEQfﬁdxXL.
L, ]=
Proof. We first assume m = 1. Fix T > 0 and an expression & = (V. f) o (A, X) on [0, T],
as in Definition 2.15. Define

Bt = f(At9 XI) - f(AO’ XO) - Yla re [Oa T]'

Then, by Theorem 2.13, B is a cadlag path of locally finite variation whose jumps are given
by

d 5 f

AB: = Af(An Xi) — Z 9

(A, X, )AX].
o1 0N

Using Proposition 2.7 and Corollary 2.9, we can directly calculate the quadratic variation of
Y as follows.

[Y, Y1, = [f(A,X), fA, X)L + Y [(AB,)? = 2AB,Af(A,, X))

0<s<t
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of of i
- Zf ((9xl(9x])(Av_ X, dIX', X1,

i,j=1
Since T > 0 is arbitrarily fixed, this formula is extended to R.

For general m € Ny, we obtain (2.5) by applying the above result to Y* + Y’ for k,1 €
{1,...m}. O

By Proposition 2.17, we see that a path of the form Y, = fJ(g—‘S_, dX;) again has quadratic
variation. So we can consider It6-Follmer integration by Y. The associativity of [t6-Follmer
integration with respect to continuous integrators are proved in [38, Theorem 13]. In this
paper, we will extend this result to cadlag integrators. For this purpose, we prepare a lemma.
This lemma is due to [38, Proof of Theorem 13] for the continuous path case.

Lemma 2.18. Let X € QV(IL;RY), let ¢ be an admissible integrand of X, and let Y, =
fot (é5-,dX,). Then, for each T > 0, we can choose a C'? function F such that & =
V.F(A, Xy), Y = F(As, X)), and

OF
(2.6) Zf—(As X)) d(ADS + 2Zfax (Ay- X)X XIS = 0

holds for all t € [0, T].

Proof. Fix T > 0 arbitrarily. Take 1 € N, A € FV/" an open set U ¢ R" x R, and
f € C"X(U,R) such that & = V.f(A,,X,) for t € [0,T]. Let us define A® = f(A,X,) —
f (Ao, Xo) — Y;. Then, the path AV is of finite variation on [0, T'] by It6’s formula. Moreover,
letm =+ 1,A = (A%, A), and

F(ap, a,x) = f(a,x) = f(Ao, Xo) —ao, (ao,a,x) € RxU.
Then, we have F € C'?(R x U), Y, = F(A;, X,), and
V.F(A,X) = V. f(A,X) =&, 1€[0,T].

By construction and Itd’s formula, F clearly satisfies (2.6). |

The following theorem is the main theorem of this subsection. A corresponding result
for continuous integrators is already proved by [38]. Difficulties in discontinuous cases are
the facts that Lemma 2.6 is not obvious in discontinuous settings and that the summation of
residual terms does not vanish as n — oco. The latter problem is solved by classifying the
jumps as in the proof of Proposition 2.7 and observing carefully big jump parts and small
jump parts each.

Theorem 2.19. Let X € QV(ILRY) and Yf = [7(£X,dX,), where £V, " are ad-
missible integrands of X. Suppose that n = (n',...,n") is an v-dimensional cadlag path.
Then, the Ito-Follmer integral fot(m ,dYy) exists if and only if the Ito-Follmer integral

fo (Xiey nk_ (k) ,dX;) exists. If one of them exists, they satisfy

2.7 t ,dY,) = ) dX> Rso.
e [ wesary f<2mf f € Rog
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Proof. Fix T > 0. Foreach ! € {1,...,v}, let Y/ = FI(AI,X) be the expression of
Lemma 2.18 where Al € F V. By the second-order Taylor expansion, we have

5FHAD, X) = (VaF'AY, Xo), 6740 ) + (7,614 + (V. FAL Xy, 67X)
1
+5 <V§F’ AV, Xp)(0'X), 57X> +(RM(61%),61X) .

where 7' and R} are corresponding residual terms. Let D(r), D\(#), 31, and 2,0,
be the quantities in the proof of Proposition 2.7 corresponding to the path (A, X). Then,

PRI <Zn,n (,f),67X>

m,N[0,t] m,N[0,2]
\4 )4
=3 D A= Y Y (VAR X, 00)
I=1 (Ln.p) =1 (Ln,p)
NI <VaF1(A¥),Xt;1),6?A(1)>— > <VC,F1(A§§),X,?),5;’A(Z)>
I=1 m,N[0,¢] =1 (Ln,p)
+5 Z D <nth2F1(A§,{),X,n)(6"X) 6”X>
=1 m,N[0,f]
Z > <nth2F1 (AL, X)), 57X>
=1 (Ln.p)
)4
+Z D (L STAYY + >0 D all (RIEIX), 67X)
=1 2,n,p) =1 2,n,p)

1 1—
—_. g _ 7 m _ 7 — ORI (O
=1 -01"+L -1+ 213 513 +1, + 15
Clearly we have

4

d
i (9-7)= 3, 3 o, [Zf)
€D\ (p)

=1 g k=1
By the dominated convergence theorem, we see that

(n) (l) o, J
tim 0= 3055 [ 2

=1 j=1
. n - oF 1
mmzzzm<“m“
I=1 j=1 seDi,(p)
By Lemma 2.6, we have

v d ¢
lim 1% = ZZ f - a e (A"’ X, ) d[X7, x4,
n—00 X

=1 jk=1

m® =33 3 A, XXX

=1 jk=1 seDl,(r)
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By a discussion similar to that of the proof of Theorem 2.13, we can take a constant C,
which does not depend on & and n, such that

T - 2 FEP ; 2
Tim [1"] < c; w(VaFl; ;), Tim [15"] < C; w(ViFl; ;).

As a consequence of these observations and (2.6) we obtain

N o - Y <z ihe.oix)

m,N[0,1] 7,N[0,¢]

3ol )W(Vz,ﬂ ?).

lim

n—oo

)4

2
=1 seD!(H\D),
Z D Z s ax a A“) X, )AXIAXF]

I=1 seD!(H)\D\(1) jik=1

mj
Z (l) LX) AA(I)J
) J=

+_

Letting p — oo, we see that the right-hand side of this inequality converges to 0. Hence,
if one of the two It6-Follmer integrals exists, then the other also exists and their values are
equal. m|

Remark 2.20. If n = (',...,n") is an admissible integrand of Y, associativity in the
sense of (2.7) can be shown by direct calculation. Fix T > 0 and let §,(l) =V,F ’(AEI),X,) be
those in the proof of Theorem 2.19. Define m = m; + --- + m,, a = (aV,...,a") € R™,
F(a,x) = (F'(aD, x),...,F" @, x)), and A, = (A", ..., A"). Then we have Y, = F(4,, X,).
Choose B € FV|| and g of C* 1.2_class such that i, = V,9(B;, Y;) holds for all € [0, T]. Let
C = (B,A) and h(c, x) = h(b,a, x) = g(b,F(a, x)). Then, we have

V.h(Cp, X)) = Vyg(B,, Y)V.F (A, X,) = Z ",
=1

Hence, }))_, n,f(l) is an admissible integrand of X. This expression is given by [38] in the
proof of Theorem 13. Applying the It6 formula to i(Cy, X;), we get

(2.8) f <Zns &, dX> h(Ci, X)) - h(Co,Xo)—MZm f 5 (Coms Xs) (€
8*h ,
33, gt
- {Ah(CS,X) Z 7 Bos Xs )AXI}

O<s<t

On the other hand, applying the 1t6 formula to g(B, Y), we see that

t m tag fc
29 S—» dY? = Bla Yl - B s Y - a1 BS—7 YS— d B K
(2.9) fom ) = g(B., Y)) — g(Bo, Yo) k;foabk( )d(B")
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_ l L4 t aZg .
2 k; fo Gyedy; Do Yo d [y, v']|

-2, {Ag(Bs, AEDY g—;ws_, Ys_myg} .

O<s<t =1

Thanks to Proposition 2.17 and (2.6), we can check that the right-hand sides of (2.8) and
(2.9) are equal.

The following integration by parts formula is proved as a corollary of associativity.

Corollary 2.21. Let X € QV(I1). For admissible integrands &, of X and for A, B € FVq,
we define

J t
Y, = f &-dXs+ Ay, 7= f T]S_dXS + B;.
0 0

Then we have

t !
Y,Z, = f Y dZs + f Z,_dY, + Y, Z],.
0 0

Proof. First note that (Y,Z) € QV(II;R?) holds by Corollary 2.9 and Proposition 2.17.
Applying Theorem 2.13 to f(y, z) = yz, we get

!
Yz, - YoZy = f<vf(Ys—,Zs—)sd(Y’Z)s>+ [Y,Zl;, t=0.
0

We can deduce that €Y is an admissible integrand of X from the expression for ¥ in Lemma
2.18. Hence by Theorem 2.19 and Remark 2.16, the [t6-Follmer integral fot Y,_dZ exists.
Thus we obtain

! ! t
f (VY Zs), dY,Z),) = f Y, dZ, + f Zy dY,, t=0.
0 0 0

This completes the proof. O

2.4. Quadratic variations of paths and semimartingales. In this subsection, we de-
scribe relations between quadratic variations in Follmer’s sense and those of semimartin-
gales. Let (Q, F, (F)er,,) be a filtered measurable space such that () is right continuous
and universally complete, and let P be a family of probability measures on (Q, F).

DEriniTiON 2.22. Let m = (1y)reny be a sequence of random variables such that 0 = 79 <
71 < .... If for every w the partition (74(w))ren satisfies the conditions in Section 2.1, 7
is called a random partition. In addition, if each 7, is an (F;)-stopping time, we call 7 an
optional partition. We denote the sequence (7;(w))ren by m(w) for each w € Q.

The name optional partition is borrowed from [10, p.4]. This terminology is reasonable
because the term optional time is often used as another name for stopping time: see, for
example, [11, Chapter I'V. No. 49]. For a sequence of optional partitions I1 = (71,,),en, €ach
partition is denoted by 7, = (7)))ken, for example. Given an optional partition 7 and a cadlag
process X, the oscillation of paths of X along 7 is defined by



REMARKS ON FOLLMER’S PATHWISE ITO CALCULUS 645

0/(X(w), n(w)) = Sup sup{[|IXy(w) = Xu()Il | 5,u € [t;; 11 [ N [0, 7]}
Then, we can easily check that (w, t) = O,(X(w), m1(w)) is a cadlag adapted process because
X is cadlag and adapted, and 7}’s are stopping times. Also, recall that if a sequence (g,) in
LP(P) satisfies 2, exllgn — gllip( p) < +00, then (g,,) converges almost surely to g.

Suppose that X is a semimartingale under P € P. Let us consider the usual quadratic vari-
ation [X, X]7 of a semimartingale X under P. It is a well known fact that if a sequence of op-
tional partitions IT = (r,) satisfies |7, (w)| — 0 almost surely, the sequence [X(w), X(w)]™«
converges to [X, X]? in the ucp topology. Hence, by taking a proper subsequence, P-almost
all paths of X have quadratic variation along 7r(w) and they are almost surely equal to [X, X]”.

Our aim is to find a sufficient condition for I under which P-almost every path of X
has quadratic variation along IT without taking a subsequence. The following Proposition
is due to [10, Proposition 2.4] for continuous semimartingales. Its proof can directly ap-
plied to cadlag semimartingales. For the proof of the proposition, we use the notion of S”
spaces, semimartingale 7” spaces, and prelocalization of processes. See, [5] or [36] for
these contents.

Proposition 2.23. Suppose that, for all P € P, a cadlag adapted process X is a P-
semimartingale and 11 = () is a sequence of optional partitions such that |m,(w)| — 0
holds P-almost surely. Moreover, suppose that for every P € P and every T € Ry, the
series Y, Or(X(w), m(w)) converges P-almost surely. Then, for all P € P, P-almost every
path of X has quadratic variation along 11 that coincides with the usual quadratic variation
[X, X1, P-almost surely.

Proof. We can assume X, = 0 without loss of generality. Fix P € P. Recall that X
satisfies

(X, X" =X>-X_eX

where the last term of the right-hand side denotes the stochastic integral with respect to P.
First we suppose X € H*(P). Fix an arbitrary 7 in R, and define K7 := ), Or(X, 7).
Then, K7 is a random variable since it is defined as the (convergent) series of a sequence of
positive random variables. We define a probability measure Q equivalent to P by

— 1 —Kr(w)
0= Fropre ], P

Then, X is again a semimartingale with respect to Q. Here recall that the stochastic integral
is invariant under an equivalent change of probability measure. (See, for example, [23,
12.22 Theorem].) We have K7 € L*(Q), and X € H*(Q) by definition of Q. Let H" :=
2k Xe 1y yand let K" := H" — X_. Then H" and K" are locally bounded predictable
processes. By definition, we see that

2
(2.10) D sup K < (Z sup |Kf|] < K2 € 1X(Q).
=4 rel0.7] =4 1el0.7]
Consider a decomposition X = M + A such that M € M 0(Q) and A € V. Since K" is
locally bounded, the decomposition K"eX = K"eM+K"eA satisfies K"e M € Mo 0(Q) and
K" e A € V. Combining (2.10), the monotone convergence theorem, Schwarz’s inequality,
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and Theorem 2 of [36, Chapter V], we get

7|2 2 1/2|)? 2
k" X071, < CUEE g (11 M1y + VA g
neN
where C is a positive constant. Since X € H*(Q), we can take a decomposition such that
the right-hand side of the above inequality is finite. This proves that (K" e X)7. — 0 holds
Q-almost surely, and hence P-almost surely. Consequently, we have P-almost surely
sup |[X(w), X(@)I" - [X, XIF (w)| = sup (K" @ X)(w)] — O,
1€[0,T1] 1€[0,T1]
as n — oo. This completes the proof for X € H*(P). The general case is proved by the
above argument and the usual prelocalization procedure. |

REmARk 2.24. An example of optional partitions used in Proposition 2.23 can be given in
the following manner. For a cadlag semimartingale X satisfying the assumption of Proposi-
tion 2.23, we define a sequence of stopping times inductively as

To(w) =0,

. 1 1
74, (w) = inf {t > T (w) ‘ IXi(w) = Xe(w)| > i } A (TZ(a)) + Z)
Then IT = (T )ker)nen clearly satisfies the assumption of Proposition 2.23 for all P € P.

Remark 2.25. Because of Theorem 2.13 and Proposition 2.23, the It6-Follmer integral
fol g(X,_)dX;, for g of C'-class converges almost surely along I1 = (m,) provided that
> Oi(X,m,) < oo a.s.. Under this assumption, I1 seems to control the oscillations of the
paths of X, only. It is known that, in general, we have to control the oscillation of integrands
to obtain the pathwise convergence of stochastic integrals: see [27]. The oscillation of the
paths of g o X_ is controlled by that of X in this particular case. Hence, our result is valid.

3. Integral equations with respect to Ito-Follmer integrals and their applications to
finance

We have seen that some fundamental formulas in stochastic integration theory are valid
within the framework of It6-Follmer integrals. In this section, using these formulas, we
compute explicit solutions to certain integral equations.

3.1. Linear equations. For a given X € QV(II) and an H € D(R5¢, R), we consider the

following equation for Y.

!
(3.1) Yt = H[ + f YS_dXS.
0

If H is (not) constant, the equation (3.1) is called an (in)homogeneous linear equation. A
solution of (3.1) is an admissible integrand of X that satisfies (3.1).
We first consider the following proposition.
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Proposition 3.1. Let X € QV(I1) and let

EX); = exp (X, - Xo — l[X, X]f) 1—[ (1 + AX,)e 2%,

2 O<s<t

Then E(X) is the unique solution to the homogeneous linear equation

!
(3.2) Y, =1+ f Y, dX,.
0
Proof. Let
V(X), = H(l + AX,)e s

O<s<t

647

It is well known that this infinite product converges absolutely and V(X) is a cadlag purely
discontinuous function of locally finite variation. (See, for example, [25, Chapter I, 4.61
Theorem].) Here we define f(x,a,b) = e*%0792p_ It is easy to see that f is of C2-class.
Since % (X, [X, X5, Vi) = E(X), holds, the function £(X) is an admissible integrand of X.
Applying the Itd-Follmer formula to f(X;, [X, X]{, V}), we see that ¥ = £(X) satisfies (3.2).
For uniqueness, we will take an arbitrary solution Y of (3.2) and show that ¥ = £(X). Let
Y be a solution of (3.2), and let Z = X — Xy — (1/2)[X, X]°. Then we see that X := (¥, Z)
belongs to QV(IT; R?) by the representation ¥, = 1 + fot Y,_dX, and by Corollary 2.9 and
Proposition 2.17. The It6-Follmer formula implies the existence of the It6-Follmer integral
fot (Vg(Ys_, Z,_),dX,) where g(y, z) = ye <. Since Y is represented as ¥ = F(A, X) by some
F of C'2-class and A of locally finite variation, the It6-Follmer integral fot g(Y_, Z_) dX,

exists. Moreover, by Remark 2.16

¢ t 1 t
f g(Ys—’ Zs—) dZs = f g(Ys—, Zs—)d s 5 f g(Ys—a Zs—)d[X, X]i
0 0 0

also exists. Therefore, we can write
! ! !
(3.3) [ o zoaxy =~ [(grezoyazs [ ePar,
0 0 0
Applying the Itd-Follmer formula to W = ¢g(Y, Z) = Ye~# and using (3.3), we obtain

! ! 1 !
f -W,_dZ, + f e 4 dYs + f W,_d|Z,Z]¢
0 0 2 0

!
+ f —e P dIYZIE + ) {AW, + W, AZ, — e P AY
0

O<s<t
D AW,

O<s<t

W, -1

Note that W satisfies
5
(3.4) W, =1+ f W._dR..
0

where R is a purely discontinuous function of locally finite variation defined by

R, = Z {1+ AX e 1),

O<s<t
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The function U := £(X)e ? clearly satisfies (3.4) because £(X) is a solution of (3.2). Hence
!
W[ - U[ = f(W - US,)dRS
0

holds for all z. Gronwall’s lemma for Stieltjes integrals implies W = U, and so Y = £(X).
This establishes uniqueness. O

Remark 3.2. If X € QV(II) satisfies AX; # —1 for all t > 0, we have £(X); # 0 and
E(X);~ # 0 for all t > 0. Moreover, if AX;, > —1 holds for all + > 0, then £(X); > 0 and
E(X);~ > 0 hold for all > 0.

Remarks 2.14 and 3.2 allow us to apply the It6-Follmer formula (Theorem 2.13) to
1/E(X);. Consequently, we obtain the following lemma.

Lemma 3.3. Let X € QV(II) satisfy AX, # —1 for all t € Rsy. Then 1/E(X) € QV(II)
and the following representation holds.

1 _1__f’ dX, +f’d[X,X]§+Z 1
EXn  Jo EX)s Sy EX)s T AL EXD,-

With the help of Proposition 3.1 and Lemma 3.3, we obtain the following proposition.
The first expression (3.5) was introduced by [26] for inhomogeneous linear SDEs.

(AX,)?
1+AX |

Proposition 3.4. Suppose that X € QV(I1) satisfies AX, # —1 for all t € Ryy and that H
is an admissible integrand of X. Define

1
(3.5) Z, = H, - £X), f Hs_d(g(X)) t € Ryo.

Then, it is the unique solution to the following inhomogeneous linear equation.
(3.6) Z,=H, + fo‘t Z,_dX;.

Moreover, if H is represented as

3.7 H, = fotfs_dXs + A,

by an admissible integrand & and A € FV)\y, then Z admits another expression as follows.

~ " dH, ' d[H, X]¢ AHAX,
G Z’_g(x)’(H”fo ECX0)s- _fo £, _OZ;S, EX0),-(1+AX) )

Proof. We first prove that Z is a solution of (3.6). The existence of the Itd6-Follmer
integral Y, := fot H,_d(E(X)™), follows from the assumption about H, Theorem 2.19, and
Lemma 3.3. Applying Corollary 2.21 and Proposition 2.17 to YE(X), we get

H,_(AX,)?
—H, = fHV_dX fHY_d[XX Z I-EAX)

O<s<t

H,_(AX,)?
Y,_EX),_dX; +f H,_d[X, X], _
f O;SI 1+ AX;
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'
= f Zo dX;.
0

Hence Z satisfies equation (3.6).
Next we show uniqueness. Let W be an arbitrary solution of (3.6). Corollary 2.21 yields

Wf_Hf—ft(W -H )d(L) +fl—Ws‘ dx +[W—H L}
EX) Jo T T EX) Jo €O TEX) |,

Using Proposition 2.17 and Corollary 2.9, the quadratic covariation part is given by

Lo % e 3 Ve X
[W - %} - _fo 00, XL 2 w00, Trax,

0<s<

Wt _HI ! 1
=- | Hid|==] -
EX)y fo (5(X))s

This indicates W = Z and establishes the uniqueness of solutions.
Now, suppose H is represented as (3.7). By Corollary 2.21, Proposition 2.17, and Lemma
3.3 we have

H, f’ dH, ff ( 1 ) ff d[H,X], 1 AHAX;
—~Hy = + | Hod|l—| - | ——- —
EX), 0 €EX)s-  Jo EX)y Jo EXs- HLEX)s- 1+ AX,

Combining this and (3.5), we obtain the expression of (3.8). m]

Therefore,

3.2. Nonlinear equations. By combining Proposition 3.4 and results in [13, Section 3],
we can solve a certain class of nonlinear equations.

Proposition 3.5. Let X € QV(D) satisfy AX; # —1 for all t, and let f be a continuous
function on Rsg X R. Suppose that the integral equation

0 EX)s

with respect Y has a unique solution. Then, the path Z = YE(X), where Y denotes the unique
solution of (3.9), is the unique solution of

(3.9) Yl =X+

! !
(3.10) Z,=x+ff(s,Zs)ds+fZS_dXs.
0 0

Here, the terminology “solution of (3.10)” means an admissible integrand of X that satis-
fies (3.10).
Proof. We see that, by Corollary 2.21,
' J (s, Y, EX)y)

YtE(X)l = jo‘ S(X)swdsﬁ‘»[) Ysg(X)s_dXs

= f f(sa Y E(X)y)ds + f Y, E(X),-dX;.
0 0

Therefore, YE(X) is a solution of (3.10). For uniqueness, let Z be an arbitrary solution of
(3.10) and let
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!
H,; =x+ff(s,Zs)ds.
0

Then, by Proposition 3.4, Z satisfies

_ " f(s,Zy)
Z; = E(X), (x+f0 —E(X)S ds).

Hence the path W := Z/&£(X) satisfies (3.9). By the uniqueness of solutions of (3.9), we
have Z = WE(X) = YEX). ]

Remark 3.6. Equation (3.9) has a unique solution if, for example, f satisfies the following
conditions.

e (Local Lipschitz condition) For each T, M > 0, there is a constant Lz 3 > 0 such
that for all x,y € [-M, M] and all # € [0, T'],

lf (&, %) = f(&. )| < Lrmlx = yl.

e (Linear growth condition) For each T > 0, there is a constant K7 > 0 such that for
all (r,x) € [0,T] X R,

|f(t, )l < Kr(1 + |x]).

Under these assumptions, g(t,y) = f(t,y £(X),)/E(X), again satisfies both local Lipschitz
and linear growth conditions. Indeed, fix 7 > 0 and M > 0, and define M’ =
Sup,eio.7|€(X)|M. Then g satisfies

lg(z, x) — g(t, y)| = Ly prly — xI.

Moreover, it satisfies

lg(t. y)l < KT( N 1)(1 +1yl).

inf 0, 7|EX),

By the assumption that AX; # —1, Remark 3.2 and the cadlag property of £(X), we see that
infjo 7|€(X),| > 0. Hence, g satisfies the linear growth condition.

Remark 3.7. There is another class of nonlinear equations that is solvable within our
framework. [33] discuss an extension of the so called Doss—Sussmann method within the
framework of Follmer’s calculus for continuous paths. The Doss—Sussmann method is a
way to solve SDEs by using the solution of ODEs [12, 42].

3.3. Drawdown equations. In this section, we deal with integral equations which are
called drawdown equations. We follow [4, Section 2-3], which studies Azéma—Yor pro-
cesses and related drawdown equations. We interpret their results in our pathwise setting.

Given an R-valued cadlag path X, we define its running maximum, denoted by X, through
the formula X, = SUPg<,<; X forall r € Ryo. Then the path X is cadlag and increasing. In this
subsection, we always assume that X is continuous. Recall that this continuity assumption
implies

!
(3.11) f(?s - X,)dX,; =0, teRs.
0
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Proposition 3.8. Suppose that X € QV(I1) satisfies Xy = a and that the running maximum
X is continuous. Let U : [a,o0[ — R be a C? function such that U(a) = a*. (We consider
only right derivatives at a.) Then the function

M{(X) = UX,) - U' (X)X, = X,)

has quadratic variation along 11 and satisfies

!
MY(X) =a" + f U'(X,)dX;.
0

Proof. The function f(a, x) = U(a) — U’(a)(a — x) is clearly belongs to C'?>-class. The
existence of the quadratic variation of MY(X) = f(X, X) follows from Proposition 2.7. Ap-
plying the It6-Follmer formula to f(X, X), we obtain

fX,X)—a" =- f U" (X)X, — X,)dX, + f U'(X,) dX,.
0 0

By (3.11) we see that

! !
f |U” (X)X, - X,)|dX; < sup |[U"(X,)| f X, - X,)dX, = 0.
0 s€[0,7] 0

Hence
!
MUX) = F(RX) = d" + f U'(X,) dX,s.
0

holds for all € Rs. m|

DerNiTioN 3.9. We call the function MY(X) defined in Proposition 3.8 the Azéma—Yor
path associated with U and X.

The following proposition, which was originally proved by [4], is still valid within the
framework of It6-Follmer integration. It is easy to see that the proof of [4, Proposition 2.2]
is pathwise and does not use Itd calculus. So we can replace the word “max-continuous
semimartingale” with “path of QV/(II) with continuous running maximum.”

Proposition 3.10 ( [4, Proposition 2.2] ). (1) Let X, U satisfy the same assumptions
as in Proposition 3.8. Moreover, we suppose that U is increasing. Then MY (X) still
has a continuous running maximum and satisfies MIU (X) = UX,) forallt € Ry.

(ii) In addition to the assumptions of (i), let F be an increasing C* function such that
U o F is well defined. Then, MY (M* (X)) = MU°F(X).

The following is a direct consequence of Propositions 3.10 and 3.8.

Corollary 3.11 ( [4, Corollary 2.4] ). Consider a strictly increasing C? function U defined
on la,co[ such that U(a) = a*. Let V : [a*,U(0)] — [a, o[ denotes the inverse of U
where U(oo) = lim,_,o U(x). Moreover, suppose that X € QV(I1) has continuous running
maximum and satisfies Xy = a. Then, we have X, = M,V (MY(X)). If we define Y, = M,U (X),
X and Y are expressed as follows.
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! !
Y,:a*+f U'(X,)dX;, Xt:a+f V'(Yy)dY,, te€Rs.
0 0

DeriniTion 3.12. Let X be a real-valued cadlag path and w be a real-valued function de-
fined on some subset of R including [Xj, co[. We say that X satisfies the w-drawdown con-
straint if X, A X, > w(X,) holds for all 7 € Rxo.

Let us consider the Azéma—Yor path MY (X) associated with a strictly positive valued X
and a strictly increasing U. We can construct a function w such that MY (X) satisfies the
w-drawdown constraint. Indeed, let V = U~!, h(x) = U(x) — xU’(x), and w = h o V. Then
we have

MYX) A MY(X) = UX) - U X)X, + U (X)X, A Xoo)
> U(X,) - UX)X, = (V(UX,)))) = w(MY (X)).

Conversely, given a “nice” function w, we can construct a cadlag path that satisfies the w-
drawdown constraint as follows.

Proposition 3.13. (i) Let X € QVD) satisfy Xy = a and X, A X,_ > 0. Suppose
that its running maximum is continuous. We consider a function w: [a*, o[ — R of
C'-class satisfying y — w(y) > 0 for all y € [a*, oo[. Moreover, we define

V(y):aexp(f _1 ds), y € [a*, o]
la'y] S w(s)

and U = V~'. Then MY (X) is the unique solution of

"Y,. —w(Y,
(3.12) vo=a+ [ Lo e
X
0 s—
that satisfies the w-drawdown constraint and has continuous running maximum.
(i1) Let Y € QV(I). Suppose that Y satisfies the w-drawdown constraint, Yy = a*, and

its running maximum is continuous. Then, X, = M (Y) is the unique cadlag path
of QV(I1) such that X is continuous, Xy = a and X satisfies (3.12).

The integral equation (3.12) is called a drawdown equation. The terminology “solution of
(3.12)” means an admissible integrand of X that satisfies equation (3.12). To prove unique-
ness, we use the following lemma.

Lemma 3.14. Suppose X and Y of QV(I1) satisfy X, X;—, Y;, Y, > 0, Xy = Yy and

ff dX, f’ dy,
0 Xs— 0 Y K

forallt € Rsg. Then X =Y.

T dX " dY,
Zl = f - = f . N 1 e RZO.
0 Xs— 0 Ys—

Then we can easily check that both X and Y are admissible integrands of Z. Theorem 2.19
implies that X/X, and Y/Y, are solutions to the homogeneous linear equation driven by Z

Proof. Let
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with initial value 1. Hence, by Proposition 3.1, we obtain X = Xo&(Z) = Yp&E(Z) =Y. O

Proof of Proposition 3.13. (i) We first prove that Y = MY(X) satisfies (3.12). By
definition, the derivative of V is V'(y) = V(y)/(y—w(y)) and the derivative of Uis U’ = 1/V".
Therefore, by Proposition 3.10 and Corollary 3.11, we have

Yo —w(¥) =Y, - UX)+UX)VUX)) = U X)X,-.

This proves

s _ tYs— _ ?s
Y, = f U'(X)dX, = f Yoo — 0 iy
0 0 Xs—

The It6-Follmer integral of this equation is well-defined since U’(X) has locally finite vari-
ation.

Next, we show uniqueness. Suppose that Y is a solution of (3.12) satisfying the w-
drawdown constraint and that the running maximum Y is continuous. Since Y satisfies the
w-drawdown constraint, M,v (Y) and M,‘ﬁ (Y) are strictly positive. It is easy to see that Y_+(Y)

is an admissible integrand of X, and y_;@) is an admissible integrand of X. Then we have

ff dy, f’ 1 Yo —w(Y,) X = ff dX,
0 Y _w(?s) 0o Yy _w(?s) Xs- ' 0 X

thanks to Theorem 2.19. Moreover, we see that

f[ vy, _ ("V{Xy . (TdMI)
0 Yy —w@¥y) Jo M)y Jo MY(v)

The second equality follows from Theorem 2.19. Hence,

f’ dX, (" dM(Y)
0 Xeo  Jo ML(Y)’

This proves X = MY (Y) because of Lemma 3.14. Then we can deduce that ¥, = MtU (X)
from Corollary 3.11.

(i1) Suppose that Y € QV/(II) satisfies the w-drawdown constraint and Yy = a*, and that
the running maximum Y is continuous. Let X := MY (Y). Then, Y is an admissible integrand
of X due to Corollary 3.11 and the definition of an Azéma—Yor path. Hence I;V;‘l,”((yy))
admissible integrand of X. By the associativity of It6-Follmer integrals, we have

is also an

'Y, —w(Y 'Y —w(Y) , — MY (Y

K VU)( s)sz/(Y) — s VIU( s)v,(YS)dYS :f i/—( )

o M(Y) o M(Y) 0o Mg (Y)

Therefore X = MY (Y) satisfies (3.12). Let Z be any cadlag path of QV(II) satisfying (3.12)
such that Zy = a and Z is continuous. Then we can show

ff dZ,  ("dM](Y)
0 Zoo  Jo ML(Y)’

dYS:Yt_YO'

in the same way as the proof of the first part. Consequently, we obtain MY (Y) = Z. |
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3.4. Applications to Finance.

3.4.1. Model-free CPPI with jumps. As an application of the results for linear integral
equations, we consider model-free constant proportion portfolio insurance (CPPI) and dy-
namic proportion portfolio insurance (DPPI) strategies with jumps, which extend the results
of [38].

Throughout this section, we will fix a sequence of partitions II = (71,,),,eny such that |m,| —
0 as n — oco. Assume that there is one riskless asset and one risky asset in the market. The
price process of the riskless asset B is a cadlag path of locally finite variation with By = 1.
The risky asset price process S belongs to QV(IT). We suppose that both B and S are strictly
positive valued and that B,_ and S, are also strictly positive. We consider a portfolio that
consists of & units of the risky asset and 7, units of the riskless asset at time t. We will
assume that € is an admissible integrand of S and 7 is a cadlag path. The pair (¢, 1) is called
a trading strategy. The value of the portfolio at time ¢ is defined by V; = &S, + n:B;. A
strategy (&, n) is self-financing if

t !
Vi=Vo+ f & dS s+ f ns—dBy
0 0
holds for all ¢.

Let K be a nonnegative cadlag path of locally finite variation. A DPPI strategy, introduced
by [38], is a trading strategy given by
_ m(V; — Ky) _ Vi— &S,
S . ’ 77[ Bt B
where the multiplier m: Ryo — R is an admissible integrand of X. When m is constant, this
is a so called CPPI strategy. Our aim is to construct a self-financing DPPI strategy satisfying

V: > K, for all t € R(. From now on, we assume that K has the form K = LB, where L is a
nonincreasing cadlag function.

(3.13) &

Proposition 3.15. Let S € QV(I1) be a price process of a risky asset, B € FV\y. be that
of a riskless asset and Vy > 0 be the initial wealth. Suppose that S, S _, B, B_ are strictly
positive and L is a nonincreasing path such that Vy > Lo. For an admissible integrand
m: Rso = Rof S, we define a path X by

! !
. 1 —m,
Xt=fm dSs+fﬂst.
0 S s- 0 B;-

If m satisfies AX; # —1 for all t, the DPPI strategy given below is self-financing.

‘B, B, AL
V,:LtB,+8(X),(VO—L0—f S dLE - Z s s
0

EX,- T AL EX),THAX, )
£ = my(V; — L;B;) _ Vi = &S
t St B t Bt .

Moreover, if the condition AX, > —1 holds for all t > 0, the value process of this portfolio
satisfies V, > LB, for all t.

Proof. Let K, = L,;B,. If the DPPI strategy (£,n) given by (3.13) is self-financing, the
value process must satisfy
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g (V. — K, Ve —my (Vs — K,
(3.14) vV, — Vo :f udsﬁf = = - ) 4B,
0 S s- 0 B

t f1 t
xt:f &dss+f d=me),p thvo—st_ ax. - ——aB.|.
0 Ss— 0 B 0 B

These paths are well-defined by assumption. Then (3.14) can be rewritten as

Set

!
(3.15) Vt = H[ + f stdXS.
0
Because X satisfies AX; # —1 for all ¢, the equation (3.15) has the unique solution
" dH, "d[H, X]¢ 1  AHAX;
0 EX) Jo EX T A EX), T+AX,

by Proposition 3.4. Consequently, if V is given by (3.16), the DPPI strategy of (3.13) is
self-financing. Using Lemma 3.3, Corollaries 2.21 and 2.9, and (3.16) we have

Vi K; f’ B, By AL
3.17 - =Vy—Ly— dLf — . .
G1D g, -l ) BB 2 o TraN,

O<s<t

This proves the first part of the assertion.

Now suppose that AX; > —1 holds for all # € R.(. Then by Proposition 3.2 we see that
E(X); is strictly positive. (3.17) implies that V;/E(X); — K;/E(X), > 0 holds for all ¢ since L
is nonincreasing and satisfies Vy > Ly. Hence V, > K, holds for all 7 € R. O

Let us consider a case where the multiple m is constant in Proposition 3.15. If m; = m for
all ¢, the process X in the proposition is

o o
Xt:%f dSS+(1—%)f dB,.
0 Ss— 0 B

_AS, __AB;
AX, =m——+ (1 —-m)—.
t mS ( m)B

- -

Then we have

By the assumptions S, S _, B, B_ > 0, the conditions AS;/S,- > —1 and AB;/B;- > —1 are
always satisfied. If we choose m such that 0 < m < 1, we have AX;_ > —1. In this case, the
value process V always satisfies V; > K;.

3.4.2. Portfolio strategies satisfying drawdown constraint. In this subsection, we will
consider portfolio strategies satisfying the drawdown constraint as an application of obser-
vations about drawdown equations. Let S, B be the same paths as in Section 3.4.1, V; be
initial wealth and w be a function satisfying the assumptions of Proposition 3.13. Our pur-
pose is to find a self-financing trading strategy satisfying the w-drawdown constraint. First
we show the following characterization of the self-financing condition. This equivalence is a
well-known result in the classical 1t6 calculus framework. It also holds within our pathwise
framework.
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Proposition 3.16. Let S € QV(I1) be a risky asset, B € FV\y. be a riskless asset with
initial price By = 1 and Vy > 0 be an initial wealth. Suppose that all of S,S _, B, B_ are
strictly positive valued. Define V =V/Band S = S/B. Then for a trading strategy (¢£,1),
the following two conditions are equivalent.

(1) The trading strategy (¢£,n) is self-financing.
(1) For all t € Ry,

!
(3.18) V, = V0+fgs_dss.
0

Proof. We first show that an admissible integrand ¢ is also an admissible integrand of S,
Fix T > 0 and choose A € FV"_and a function F of C'?-class that satisfies & = - F(A,, S )
(t € [0,T]). Then £ can be represented as & = %g(At, B;, §,), where g(a, b, x) = F(a, bx)/b.
This means that £ is an admissible integrand of S'.

Next we prove that (i) implies (ii). By Corollary 2.21, we have

V., Vo ¢ 1 1 1
1 MU s, d|=| + —ds,+d|s, ~
a9 e [e(sealg) «grasalsg)
1 1 1 1
+f My (Bs_d(—) + —dB,+d B,—] )
0 B s B;_ B s
— S d 1 L 1
(3.20) t:—°+fSS_d - +f —ds,+|S,~|.
B Jo B),  Jo B, B|,

! 1 |
st—d(—) +f —dB; +
0 B s 0 Bs—

Combining these three equations, we obtain (3.18).
It remains to prove that (ii) implies (i). Using condition (ii), Corollary 2.21, Theo-
rem 2.19, (3.20) and (3.19), we get

1
B,—| =o0.
3|

! ! ! 1 1 1
Vi=Vo+ f &-dS +f ns—dB; + f &s- (Bsd[S, = + d[S,Bls +d||S, —] ,B] )
0 0 0 B B B,_ B s
The integrator of the last term satisfies
! 1 "1 1
B, d|S,—=| + dis,Bl;+||S,—=|,B
0 B, Jo Bs- B ;

11 1
= > As, (BS_AES + 5 0B+ AEABS) = 0.

O<s<t §

Therefore, V satisfies the self-financing condition. |

According to Proposition 3.16, we can assume that B = 1 identically when we consider
a self-financing portfolio. Now we apply the results about Azéma—Yor paths and drawdown
equations to trading strategies.

Proposition 3.17. Suppose that the running maximum of the risky price process S €
QV() is continuous and that the riskless price process is identically 1. Let Vo > 0 be an
initial wealth, and suppose w: [Vy, o[ — R satisfies the same assumptions as in Proposi-
tion 3.13. Functions U and W are defined as
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1
W(y) = Soexp (f ds), y € [Vp, ool
Vol § = W(S)

and U = W~ If we set

&=U'S), m=M'S)y-&S
the trading strategy (¢£,n) is self-financing. Furthermore, the value of portfolio V := £S +n
satisfies the w-drawdown constraint in the sense of Definition 3.12.

Proof. The self-financing property of the strategy (£,7) follows from Proposition 3.8.
Moreover by Proposition 3.13, we see that V = MY(S) satisfies w-drawdown constraint.
O

Appendix A On the convergence of a sequence of discrete measures on R

Let us consider a sequence of measures (u,) of the form
(A1) fn = ) dloy,
>0
where a! > 0 and 7, = ();a is a partition of Ry.
Lemma A.1. Let I1 = (7,),en be a partition of Ry satisfying |m,| — 0. Suppose that, for
each n € N, w, is a locally finite measure of the form (A.1) and the distribution functions

of (u,) converge pointwise to that of a positive locally finite measure p with u({0}) = 0.
Moreover, we assume the following condition.

(%) Foreacht € Ry take a sequence (i) such that t € ]tf’” 0 11 Then (afn )n converges
1o pu({1}).
Then for all f € D(Rxo,R) and all t € Ry, we have

lim f(ua(ds) = S(s—)u(ds).
=0 J10,1] [0,1]

Remark A.2. Condition () is true if (u,) is given by

= Y uQe 1 DS

This condition is also satisfied if u, = ,u’;(” for X € QV(I). In this case, Condition (x)
corresponds to Condition (ii) of Definition 2.1.

Proof. Let D, = {s € [0,¢] | Af(s) # O} and D} = {s € D, | |[Af(s)| > 1/n}. For m € Ny,
define finite positive measures on [0, 7] by
Hm(E) = p(Df' N E),  py(E) = p(E) — i, (E) = u(E \ Dy"),

Mo = D Lapegs JenD0e. Mo = fin = b

1<t
i

We can deduce from the finiteness of D}* and the condition () that

(A2) tim [ f(s)u),(ds) = L s

e J10.]



658 Y. HirAl

Moreover, we see the distribution functions of (u;, ), converge pointwise to that of x;, on
[0, ]; similarly the distribution functions of (uj, ,), converge to that of x;;.

Let C = sup, 1, ([0, 1) + ([0, ]). Now we fix an arbitrary 6 > 0 and pick m such that
1/m < 6/3C. Take a function g of the form

g = f(0)l + Z bi_ilys 51, O0=sp<s <---<sy<t,
1<ieN

such that |g(?) — f(t—)| < 6/3C on [0, ¢]. Then, we have

] F()ya(ds) = f(s=)u(ds)

(0]

[0,¢

<

+

f () F(s) pln(ds)
[0,7]

f (f(52) = g} in(ds)
[0,7]

+ +

L ]g(S)ﬂ,’é,n(dS)— f g(s)(ds)

(0]

| {g(s) = f(s=)} py(ds)

[0,z
=hLh+hL+15L+14.

By assumption we see that, for sufficiently large n,

1 5 5 ) ) 5
I < — 0,1h)< =, L<— 0,1) <=, I+ <—u(0,1] < —.
1_m51ipﬂn([ , ])_3, 2_3ngpun([ , ])_3, 4_3Cu([ , ])_3

Furthermore we have lim,_,., /3 = 0 by assumption. Consequently,

(A3) | [ fomia @~ [ so-ppan| <o
e Jio [0.1]
Combining (A.2) and (A.3), we obtain
im | | f(ualds) = | f(s=)u(ds)| < 6.
e Jiog [0.1]
Because ¢ is chosen arbitrarily, we have the desired result. O

AckNOWLEDGEMENTS. The author thank his supervisor Professor Jun Sekine for helpful
support and encouragement. The author also thank the referee for many useful comments.

References

[1] A. Ananova and R. Cont: Pathwise integration with respect to paths of finite quadratic variation, J. Math.
Pures Appl. 107 (2017), 737-757.

[2] G. Baxter: A Strong Limit Theorem for Gaussian Processes, Proc. Amer. Math. Soc. 7 (1956), 522-527.

[3] K. Bichteler: Stochastic Integration and LP-theory of Semimartingales, Ann. Probab. 9 (1981), 49-89.

[4] L. Carraro, N. El Karoui and J. Obt6j: On Azéma—Yor Processes, Their Optimal Properties and The
Bachelier—Drawdown Equation, Ann. Probab. 40 (2012), 372—400.

[5] S. Cohen and R.J. Elliott: Stochastic Calculus and Applications, 2nd ed., Birkhéuser Basel, 2015.

[6] R. Cont and D. Fournie: A functional extension of the Ito formula, C.R. Math. 348 (2010), 57-61.



REMARKS ON FOLLMER’S PATHWISE ITO CALCULUS 659

[7] R. Cont and D.-A. Fournié: Change of variable formulas for non-anticipative functionals on path space, J.
Funct. Anal. 259 (2010), 1043-1072.
[8] R. Cont and D.-A. Fournié: Functional Ito calculus and stochastic integral representation of martingales,
Ann. Probab. 41 (2013), 109-133.
[9] M. Davis, J. Obt6j and V. Raval: Arbitrage Bounds for Prices of Weighted Variance Swaps, Math. Finance
24 (2014), 821-854.
[10] M. Davis, J. Obt6j and P. Siorpaes: Pathwise stochastic calculus with local times, Ann. Inst. Henri Poincaré
Prob. Stat. 54 (2018), 1-21.
[11] C. Dellacherie and P.-A. Meyer: Probabilities and Potential, North-Holland Publishing Co., Amsterdam-
New York, 1978.
[12] H. Doss: Liens entre équations différentielles stochastiques et ordinaires, Ann. Inst. H. Poincaré Probab.
Stat. 13 (1977), 99-125.
[13] J. Duan and J.-a. Yan: General matrix-valued inhomogeneous linear stochastic differential equations and
applications, Statist. Probab. Lett. 78 (2008), 2361-2365.
[14] B. Dupire: Functional It6 Calculus, Bloomberg Portfolio Research Paper No. 2009-04-FRONTIERS
(2009).
[15] H. Follmer: Calcul d’It6 sans probabilités; in Séminaire de Probabilités XV 1979/80, Springer, Berlin
Heidelberg, 1981, 143-150.
[16] H. Follmer: Dirichlet processes; in Stochastic Integrals: Proceedings of the LMS Durham Symposium,
July 717, 1980, Springer, Berlin Heidelberg, 1981, 476-478.
[17] H. Follmer and A. Schied: Probabilistic aspects of finance, Bernoulli 19 (2013), 1306-1326.
[18] I. Fonseca and G. Leoni: Modern Methods in the Calculus of Variations, L” Spaces, Springer-Verlag, New
York, 2007.
[19] P.K. Friz and M. Hairer: A Course on Rough Paths, With an Introduction to Regularity Structures, Springer
International Publishing, Cham, 2014.
[20] PK. Friz and A. Shekhar: General rough integration, Lévy rough paths and a Lévy-Kintchine-type formula,
Ann. Probab. 45 (2017), 2707-2765.
[21] L.C. Galane, R.M. Lochowski and F.J. Mhlanga: On the quadratic variation of the model-free price paths
with jumps, preprint (2018), arXiv:1710.07894v2.
[22] M. Gubinelli: Controlling rough paths, J. Funct. Anal. 216 (2004), 86—140.
[23] S.-w. He, J.-g. Wang and J.-a. Yan: Semimartingale Theory and Stochastic Calculus, Science Press and
CRC Press, 1992.
[24] Y. Hirai: [t6-Féllmer Integrals and their Applications to Finance, Master thesis, Osaka University, 2016
(in Japanese).
[25] J. Jacod and A.N. Shiryaev: Limit Theorems for Stochastic Processes, Springer-Verlag, Berlin, 1987.
[26] S. Jaschke: A Note On the Inhomogeneous Linear Stochastic Differential Equation, Insurance Math.
Econom. 32 (2003), 461-464.
[27] R.L. Karandikar: On pathwise stochastic integration, Stochastic Process. Appl. 57 (1995), 11-18.
[28] R.M. Lochowski: [Integration with respect to model-free price paths with jumps, preprint (2015),
arXiv:1511.08194v2.
[29] R.M. Lochowski, N. Perkowski and D.J. Promel: A superhedging approach to stochastic integration, Sto-
chastic Process. Appl. 128 (2018), 4078-4103.
[30] T.J. Lyons: Differential equations driven by rough signals, Rev. Mat. Iberoam. 14 (1998), 215-310.
[31] P. Medvegyev: Stochastic Integration Theory, Oxford University Press, Oxford, 2007.
[32] P.A. Meyer: Un Cours sur les Integrales Stochastiques; in Séminaire de Probabilités X Université de
Strasbourg, Springer, Berlin Heidelberg, 1976, 245-400.
[33] Y. Mishura and A. Schied: Constructing functions with prescribed pathwise quadratic variation, J. Math.
Anal. Appl. 442 (2016), 117-137.
[34] M. Nutz: Pathwise construction of stochastic integrals, Electron. Commun. Probab. 17 (2012), 1-7.
[35] N. Perkowski and D.J. Promel: Pathwise stochastic integrals for model free finance, Bernoulli 22 (2016),
2486-2520.
[36] P.E. Protter: Stochastic Integration and Differential Equations, 2nd ed., Springer-Verlag, Berlin Heidelberg,
2005.
[37] F. Russo and P. Vallois: Elements of Stochastic Calculus via Regularization; in Séminaire de Probabilités
XL, Springer, Berlin Heidelberg, 2007, 147-185.
[38] A. Schied: Model-free CPPI, J. Econom. Dynam. Control 40 (2014), 84-94.



660 Y. HirAl

[39] A. Schied: On a class of generalized Takagi functions with linear pathwise quadratic variation, J. Math.
Anal. Appl. 433 (2016), 974-990.

[40] D. Sondermann: Introduction to Stochastic Calculus for Finance, Springer-Verlag, Berlin Heidelberg, 2006.

[41] C. Stricker: Variation conditionnelle des processus stochastiques, Ann. Inst. Henri Poincaré Probab. Stat.
24 (1988), 295-305.

[42] H.J. Sussmann: On the Gap Between Deterministic and Stochastic Ordinary Differential Equations, Ann.
Probab. 6 (1978), 19-41.

[43] V. Vovk: Purely pathwise probability-free It6 integral, Mat. Stud. 46 (2016), 96-110.

[44] V. Vovk: Continuous-time trading and the emergence of probability, Finance Stoch. 16 (2012), 561-609.

[45] V. Vovk: Ité Calculus without Probability in Idealized Financial Markets, Lith. Math. J. 55 (2015), 270—
290.

[46] W. Willinger and M.S. Taqqu: Pathwise approximations of processes based on the fine structure of their
filtrations; in Séminaire de Probabilités XXII, Springer, Berlin Heidelberg, 1988, 542-599.

[47] W. Willinger and M.S. Taqqu: Pathwise stochastic integration and applications to the theory of continuous
trading, Stochastic Process. Appl. 32 (1989), 253-280.

Graduate School of Engineering Science
Osaka University

1-3 Machikaneyama-cho, Toyonaka
Osaka 560-8531

Japan

e-mail: hirai@sigmath.es.osaka-u.ac.jp




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.00000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.53333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 150
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /JPN <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


