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Abstract

This paper studies the zero noise limit for the solution of a class of one-dimensional stochastic
differential equations involving local time with irregular drift. These solutions are expected to
approach one of the solutions to the ordinary differential equation formally obtained by cutting
off the noise term. By determining the limit, we reveal that the presence of the local time really
affects the asymptotic behavior, while it is observed only when intensity of the drift term is
close to symmetric around the irregular point. Related with this problem, we also establish the
Wentzel-Freidlin type large deviation principle.

1. Introduction
This paper studies the following one-dimensional stochastic differential equation:
(1.1) dX? = b(X?)dt + VedW, + BdLY(X®), t€(0,T], X:=0,

where € > 0, 8 € (—1,1), the driving noise (W;);»o is a standard Brownian motion and
(L%(X?));s0 is the (symmetric) local time of X® at 0. Roughly speaking, L)(X?) provides a
singular drift to X* at 0. We are interested in the behavior of X* in the limit as & | 0 when
the drift b is not Lipschitz continuous at 0. We expect that X* approaches to a solution of
the following ordinary differential equation:

(1.2) ¢ =blg), t€OT], ¢ =0

as € | 0. However, (1.2) has infinitely many solutions in general because of the non-
Lipschitz irregularity of b at 0 even if (1.1) has a unique solution. We investigate which
solutions of (1.2) appears in the asymptotic behavior of X® for a class of drifts b carrying
such a situation.

Our main focus is in the case 8 # 0. Indeed, no local time is involved in (1.1) when
B = 0 and this problem has been studied well in such a case. The first result in this direction
is given by Bafico and Baldi [1]. Funaki and Mitome [8] and Delarue and Flandoli [3]
also studied this problem by other means respectively (see also references therein). To
explain why we are interested in the case § # 0, we review the main result of [8]. The
class of drifts b they consider satisfies b(0) = 0, xb(x) > 0 for x # 0 and b(x) behaves as a
fractional power when x | 0 and x T O respectively (see (2.1) for more precise assumption).
They proved that lim.jy X* exists and only two solutions of (1.2) are able to appear in the
limit. These solutions are characterized by the fact that they becomes positive or negative
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immediately. The choice of solutions are completely determined by asymptotic intensity of
the drift b(x) in x | 0 and x T 0. It is particularly interesting that one of these two solutions
are chosen randomly if intensities are comparable in x > 0 and x < 0. Moreover, they
consider the case of nonconstant (uniformly elliptic) diffusion coefficient, but the choice
of diffusion coefficient does not affect the limit. We can guess that the reason why the
asymptotic behavior of X? studied in [8] depends only on the drift term comes from the fact
that the noise W is spatially symmetric at 0. Thus we consider the case 8 # 0 in (1.1) to study
the influence of a spatial asymmetry of the noise to the limit of X®. In our case, the noise
when X® = 0 is biased according to the sign of 8. If » = 0 and & = 1, this process is called
the skew Brownian motion (see, e.g., Harrison and Shepp [10]). In this case, intuitively, the
process enters (0, co0) or (—co, 0) from 0 with probability (1 + 8)/2 or (1 — 8)/2 respectively.

Our result exhibits that 8 affects the limit of X* as we expected. More precisely, the effect
of B # 0 is observed only in the case that intensities of the drift b(x) are comparable in
x > 0 and x < O (see Theorems 2.1 and 2.2 below). As a consequence, we conclude that
asymmetry of the drift term b affects the limit of X* more strongly than asymmetry of the
noise at 0 given by the local time. In addition, related with this result, we establish the full
large deviation principle (Theorem 2.3) in the zero-noise limit which include the explicit
description of the rate function. The case § = 0 can be regarded as a Wentzel-Freidlin
theorem with a less regular drift, and we need additional argument to handle the local time.
Our large deviation estimate does not seem to be studied before in the literature, and hence
it is also interesting in its own right. In a different formulation, there is a closely related
result [9] in large deviation. See Remark 2.4 for a comparison with our result. It should be
emphasized that the case in [9] does not involve the local time.

In general, adding a noise to deterministic differential equations is a source of many
interesting problems. In some cases, we can obtain the uniqueness of the solution by adding
a (small) noise to a differential equation which enjoys no uniqueness. Once it happens, the
next natural and interesting question is how solutions are selected in the zero-noise limit.
As explained above, we discuss such problems in this paper by restricting ourselves to the
simplest one-dimensional (ordinary) differential equation but with a less standard noise.
From the viewpoint of partial differential equation, our problem can be regarded as a sort
of selection problem in the vanishing viscosity limit. See [6] for recent studies to other
(ordinary/partial) differential equations.

The method of the proof of our main results is also an extension of the argument given
in [8]. As for the determination of the zero noise limit, it is based on the large deviation
principle (as mentioned above) and asymptotic behavior of exit time and exit distribution.
As it is well-known, the large deviation principle provides us a powerful tool to study the
asymptotic behavior of X¢ when b is sufficiently regular (see [4, 7] for instance). However, it
is not sufficient for our purpose because of the non-uniqueness of solutions of (1.2). Indeed,
it only ensures that the probability that X¢ is away from the set of all solutions of (1.2)
goes to 0, while it provides detailed information on the exponential rate of convergence. In
order to determine the limit, we investigate the asymptotic behavior of exit problems and
the large deviation estimate is used only in an auxiliary way (see Remark 2.5). Even in our
case, techniques in analysis of one-dimensional diffusion processes such as the use of scale
functions are available. We discuss exit problems in such a way by means of the It6-Tanaka



ZER0O Noise Livit INvoLvING LocAaL TiME 779

formula instead of 1t6 formula since the scale function associated with (1.1) does not belong
to C2(R). As for the large deviation principle, we remove the local time by using a transform
of the process associated with the scale function for the skew Brownian motion (not the one
for X? itself) as did in [12]. Then we can reduce the problem to that in the framework of
[2], where they established the large deviation principle for stochastic differential equations
with an irregular coefficient.

The paper is organized as follows. We introduce the precise statement of our main results
in Section 2. Section 3 is devoted to explain the argument of the proof in [8]. There are two
reasons why we review it in this paper. The first reason is to explain how we give the proof
of our result. Indeed, as explained, our proof is based on the same strategy. As the second
reason, we partially use their result even in our case. Main results are proved in Section 4.
First we reduce the proof of our main theorem (Theorems 2.1 and 2.2) into some assertions
(Theorem 2.3 and Proposition 4.4) on the basis of the preparations in Section 3. We review
known facts on local times in Subsection 4.1, and discuss exit problems (Proposition 4.4)
and the large deviation principle (Theorem 2.3) in Subsections 4.2 and 4.3 respectively. For
completeness, we provide proofs of some results in Section 3 in Appendices.

2. Main results

As stated in Section 1, we consider the stochastic differential equation (1.1) with T €
(0, ). See Subsection 4.1 for the definition of the local time (L?(XS))QO. We suppose that
b : R — R is continuous, locally Lipschitz continuous on R \ {0} and

b b
(21) lim —(X) = Cl, lim (X) =
xl0 XM x10 |x|72

- 2’

with some constants satisfying 0 < y; < y» < 1, C;,C, > 0. In addition, we assume that
b is bounded and b(x) > O for x > 0, and b(x) < O for x < O for simplicity. It looks
restrictive to assume b to be bounded, but we are only interested in asymptotic behavior of
the solution of (1.1) when X? is close to 0. Note that, unlike (1.2), our stochastic differential
equation (1.1) has a pathwise unique strong solution (see [5, Theorem 5]). We can easily
see limgo L?(XS) = 0 by a property of L?(X‘S) (see Proposition 4.3). Thus we can expect
that X® becomes close to the set of solutions of (1.2) as € | 0 by a formal observation. To
state our main results, we prepare some notations for solutions of (1.2). Under our condition
on b, the differential equation (1.2) has a unique positive solution ¢, and a unique negative
solution ¢;, where positive or negative means ¢* > 0 or ¢~ < 0 on (0, c0) respectively.
More precisely, (")~ '(y) = foy(l/b(u))du and (¢7) '(y) = fyo(l/b(u))du. In this case, it is
not difficult to verify that the set of all solutions of (1.2) consists of 0, {o*((t — 10)+)},20 and
(0 ((t = 10):)}ig>0-
Let a, pg € (0, 1) be given as follows:

1/
B+l aCl/( 1)

2.2) a ps = .
2 B «CT (1~ gy I

The following are the first main results of this paper.
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Theorem 2.1. If y| < y,, forany § > 0and T > 0,
limP( sup X2 — /| <6) = 1.
20 og<T
Theorem 2.2. Ify, = v,, forany T > 0 and sufficiently small 6 > 0, we have
limP( sup |X7 — | < 6) = pg, limP(sup X7 —¢;| <6)=1— pg.
el0 o<t € 0<1<T

Theorem 2.1 means that, if |b(x)| > |b(—x)| for x > 0, then X* converges to ¢* in prob-
ability. Theorem 2.2 means that, if |b(x)/b(—x)| € (0, o) asymptotically, then X® goes to
either ¢* or ¢~ and both of them can be chosen with some probability given explicitly in
terms of Cy, Ca,y1(= v2) and a. In particular, if lim,_ |b(x)/b(=x)| = 1, ¢™ or ¢~ is chosen
with probability @ or 1 — a respectively.

To state the second main result, that is, the large deviation principle, we prepare some
more notations. Let Wy := {¢ € C([0,T]) | #(0) = 0} be the Wiener space equipped with the
supremum norm || - || and the Borel o-field, and

H':= {# € Wy | ¢ is absolutely continuous on [0, 7] and ¢’ € L?[0, T1}
is the Cameron-Martin subspace of W).
Theorem 2.3. The family of distributions of (X®).»0 on Wy satisfies the large deviation
principle as € | 0 with the rate function
1 T
3 [ e -aifas oc.
0

0o, otherwise.

1(¢) :=

That is, for every open set G in Wy and closed set F in Wy, we have

—inf I(¢) < limelog P[X® € G] < limelogP[X® € F] < —inf I(¢).
¢eG %10 l0 peF

Note that Theorem 2.3 is shown in [8, Theorem 3.1] when 8 = 0. It is worth mentioning
that our rate function is of the same form as the usual Wentzel-Freidlin theorem and in
particular it is independent of 3.

RemMark 2.4. In [9], they studied a Varadhan type large deviation estimate in the typical
and symmetric case of our problem, that is, 8 = 0 and b(x) = sgn(x)|x|”, v € (0,1). What
they studied is the asymptotic behavior of the transition density pf(0, x) of (1.1). On the
one hand, it is weaker than Theorem 2.3 in the sense that our result is a sample path large
deviation. On the other hand, their result is sharper in the sense that they determined the
precise asymptotic of p{(0, x) in the case (t, x) satisfies x = O (t — ty) for some ty € (0, 1) and
0 € {+,—}. They reveal that it decays with a different rate from the one in the case (¢, x) is
apart from all trajectories of the solutions of (1.2). Such a decay cannot be deduced from
Theorem 2.3.

RemMark 2.5. As we see in the proof of Theorem 2.1 and Theorem 2.2 in Appendix, the
full statement of Theorem 2.3 is not required in their proof, even in the case g = 0 in [8].
What we really use is the fact that the probability that X® is away from the set of all solutions
of (1.2) goes to 0 as € — 0. It is much weaker than the precise upper bound in terms of the
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rate function. In particular, the lower bound plays no role. Nevertheless, we believe that this
assertion would be of independent interest and thus we give a full estimate.

3. Asymptotic behavior of the SDE without local time

As mentioned in Section 1, we briefly review the proof of the main result in [8] which is
the case 8 = 0 as a starting point of our proof in the case § # 0. For £ < 0 < r, define the
exit time 77 =T} (X®) as

77, :=inf{t > 0| X7 € (£,r)}.

Put T}, T as follows:

Y du Y du
T = S >0, T: := —_— <0
. fo bu) x fo b

Note that 77 = inf{r > 0 | ¢; = x} holds respectively. In particular, 7, = T, when £ = ¢.,.
Together with Theorem 2.3, the following two assertions for asymptotic behavior of the exit
time 7 as € | 0 are key ingredients of the proof.

Proposition 3.1 ([8, Proposition 2.3]). Suppose B = 0. Then we have the following:

{pﬁTf +(=pp)T,, vi=12,

LmE[T],]1=1{""
’ Ty, Y1 <2,

el0

L =pg, v1 =72,
0, Y1 <72,

pﬂ’ Y1 =72,

IimP[X7. =r] =
elo o Te {1, Y1 <y,

limP[X7. ={]=
im [X7: ={] {
where pg is the constant given in (2.2).

Lemma 3.2 ([8, Lemma 2.4]). Suppose B = 0. Let r > 0 and = ¢ .. Then, for any
0>0,

lim PII77, - T'| > 6] =0.

Lemma 3.2 follows from Theorem 2.3 and Proposition 3.1, and Theorem 2.3, Proposi-
tion 3.1 and Lemma 3.2 yield Theorems 2.1 and 2.2 (see B for details). Note that these
proofs are independent of a particular choice of the noise as long as we have Theorem 2.3
and Proposition 3.1. Hence we need only the claim corresponding to Proposition 3.1 once
we have shown Theorem 2.3, to extend the result to the case 5 # 0.

In the rest of this section, we review the proof of Proposition 3.1 in [8] in more details,
with keeping the intention that we will follow the same strategy in our case in Subsection 4.2.
Let us define functions fz and s; (scale function) on R, and a measure m; (speed measure)
on R as follows:

1
f3(0) == (1 — @)1 g,c0)(x) + 51{0}()6) + al(—c0 0)(X),

. i 2 (Y . . 1 2 (™
sp(x) = 2[0 fp(y)exp (—;j; b(z) dz) dy, mﬁ(dx) = T exp(;fo b(z) dz) dx

(For later use, we define them for general 5; Recall @ = (8 + 1)/2). Then the following
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identities are well-known (see [11] for instance):

Proposition 3.3. Suppose 8 = 0. Then, for any € < 0 < r, we have
3.D

E TE — _S;(g) " E E £ d s;(r) 0 E E € £ d
5= 50 vt fo 650 = gy mian + s ff ($50) — $5(0) mEdy),

~s5(0) $5(r)
oy P ==
Slg(r) - Sﬁ(f) br S'B(I”) - Slg(f)

Based on these identities, we can discuss the asymptotic behavior of E[T; ] IP[XEF =]

(3.2) PIX;, =r]=

and ]P[X‘8 = (] by studying that of s and m{. Actually, the following asymptotlc estlmates
(Lemma 3 4 and Lemma 3.5) are established in [8].

Lemma 3.4 ([8, Lemma 2.1]). Suppose B = 0. Then, for any € <0 < r,

1
li =14y ge =9 2 -1/d+yo g /Ay | —
im e () = 2f72C) (L + ) T

1
lim &~ VA2 g8py = —2 £.(£)(2C,)~ 1+ (1 =2/(+y2)T
im o550 = 2 f(OCC) (L + ) )

where U is the gamma function.

Lemma 3.5 ([8, Lemma 2.2]). Suppose 8 = 0. Then, forany £ <0 <,

r 0
tim [ 6500 = ssoman =770 tim [ o) - sgomian = 17

Once we know them, Proposition 3.1 follows immediately by applying them to Proposi-
tion 3.3. We will prove Lemma 3.4 and Lemma 3.5 in A since we require them even in our
main result.

RemaRk 3.6. Let 83 := (1 — @)x; — ax_. This is the scale function of the skew Brownian
motion (the solution of (1.1) with b = 0 and & = 1). The function f3 given above is the mean
of the left and right derivatives of §g.

REmMARK 3.7. As mentioned in Section 1, in [8], they deals with a more general diffusion
coefficient o (with uniform ellipticity) than our case oo = 1. Thus all these results in this
section are stated in a more general form in [8].

4. Proof of the main theorems

By virtue of the argument in the last section, the proof of our main theorem is reduced to
show Theorem 2.3 and Proposition 3.1 for 8 # 0. By the definition of SZ and m;, we can
easily see that

4.1) sz(x) = 2f(x)s5(x), mz(dx) = ———my(dx).

2f()

Based on this relation, we can extend Lemma 3.4 and Lemma 3.5 to the case 8 # 0 im-
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mediately. Thus, in the same way as mentioned in the last section, Proposition 3.1 will be
extended to the case 8 # 0 once we show that the assertions in Proposition 3.3 is valid even
when g # 0. It will be done in Subsection 4.2 after reviewing some properties of the local
time in Subsection 4.1. The proof of Theorem 2.3 will be given in Subsection 4.3. Then the
proof of Theorems 2.1 and 2.2 will be completed by gathering them with the observation in
the last section.

4.1. Basic properties of local time.

Derinition 4.1(LocaL Time). For a continuous semimartingale X and a € R, define right
or left local time L** = (L#*(X));»0 and symmetric local time L* = (L{(X)):»0 as follows:

t
L7 (X) == (Xi —a)y — (Xo — @)+ — f 100 (X5) dX,
0

L (X) = (X, — a)- -~ (Xo —a)- + f 1won(X) dX,.
0
1
L{(X) := S(LF(X) + L (X)).

We refer to [11, Section 3.7] and [13, Chapter 6] for the proof of properties of them
reviewed below. Note that they study only the right local time. The corresponding properties
for L&~ follow by considering —X; instead of X;. Indeed, L¢~(X) = L"*(~X) holds. Our
argument in Subsections 4.2 and 4.3 are based on the following.

Theorem 4.2 (It6-Tanaka formula). If X is a semimartingale and f : R — R has left and
right derivatives which are of bounded variation, then we have the following:

(1) Fort >0,

! 1 -
J(X) = f(Xo) + fo Dif(Xs)dXﬁz fR LT (XOps(dx),

where D, f and D_f are left and right derivatives of f respectively, and iy is a
signed measure corresponding to second derivative of f in the following way

ur([€,r)) = D_f(r) = D_f(£) foranyl<r.
(1) Fort >0,

"1 1
J(Xp) = f(Xo) + fo 7 (D+f(Xs) + D_f(X)) dXs + 5 fR L (X (dx).

We obtain (ii) by combining two formulas in (i).

It is well-known that # — L¢* is non-decreasing and continuous for each @ € R, and
a — L{* is right continuous for each a € R. L{~ satisfies the corresponding properties, and
a +— L7 is indeed left continuous instead of the right continuity. Moreover we have the
following:

Proposition 4.3. (i) L{*(X) or LY(X) can increase only on the set {t € [0,T] ; X, =
a} as a function of t. In particular, for any measurable g : R - R, a € Rand t > 0,
we have
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fo 9(Xs)dL(X) = g(a)L{(X).

Here the integral in the left hand side is the Stieltjes integral by s — Li(X).
(i1) Let g : R — R be bounded from below and measurable. Then, fort > 0,

ng(X)Lfi(X)dx=ng(X)Lf(X)dx=fog(Xs)d<X>s.

In particular, for a € R and t > 0,

!

1 1 !
lim— 1i4006(Xs) d{X), = L (X), lim = 15X d{X)s = LY (X),
(%R)lé | [a,a+6)(Xs) d(X), : (X ;P([Jléj(; (a-5,a1(X5) d(X), : (X)

1 !
lim— | 1-sar0(Xs) d(X)s = L}(X).
5(1)126 . (a-s.a+8)(Xs) d(X) ¢ (X)
4.2. Extension of Proposition 3.3 to the case 8 # 0. The goal of this section is to show
the following:

Proposition 4.4. (3.1) and (3.2) in Proposition 3.3 hold even when 3 # 0. In particular,
the conclusion of Proposition 3.1 is valid even when 8 # 0.

The latter assertion is already discussed at the beginning of this section and thus we
prove only the former one. Though it is more or less standard, we will give a proof for
completeness.

In this section, we abbreviate superscript & for s, mg, T;, and X* for simplicity of nota-
tions. That is, we denote 52, mg, Tzr and X® by sg, mg, T¢, and X. We also denote L;(X)
by L; for simplicity. We prepare two lemmas (Lemma 4.5 and Lemma 4.6) for the proof of
Proposition 4.4

Lemma 4.5. s5(X)) is a local martingale localized by (T, ;) pen.

Proof. Let us define S by

D, sp(x) + D_sp(x)
> .

S() = 2f,(x) exp (—% fo b2) dz) _

Let us denote T_, , by 7. By applying the It6-Tanaka formula (Theorem 4.2) to sg(X;), we
obtain

(4.2) Sﬁ(Xm)=sﬁ(Xo)+\/5f TS(Xs)dWs+f TS(Xs)b(Xs)ds
0 0

INT 1
+ f S(Xs)dL§+§ f Ly 7 sy (d).
0 R

By Proposition 4.3, we have

INT
(4.3) f S(X,)dL? = SO)LY,, = L,..
0

To proceed, we calculate Us,- For x € R, we have
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2 X
D_sp(x) = 2exp (—; f b(2) dz) (@1(—o0,01(%) + (1 — @)1(0,00)(X))
0

2 X
=2 (eXp (—; ‘f(; b(Z) dz) — ])fg(x) +2 (a/l(_oo’o](x) + (1 — a)l(o,m)(x)) .

Thus, for an interval [£, ), the definition of Mg, yields

4 2 (*
) f b(x)exp(—— f b(z)dz)fﬁ(X)dX+2(1—2a)6o([€,r))-
€ Jien € Jo

Here we have used the fact that fz is constant on (0, c0) or (—o0, 0) respectively. By rephras-
ing the last identity,

M, (dx) = —%b(x)S (x)dx +2(1 = 2a)dp(dx).

Note that Ly, . = 0 if |x| > n by Proposition 4.3 (i). Since (X®); = es and @ = (6 + 1)/2, by
Proposition 4.3 (ii), we obtain

@h 5 [ B == [ L bsedr+(1-2a) [ L b
2 R € Jr R
- f BX)S (X,) d(X)s + (1 = 20)L0.
0

= _f Tb(XS)S (X,)ds - BLy,..
0

Thus the conclusion follows by substituting (4.3) and (4.4) into (4.2). m]

Next we consider a function ¢ : R — R given by

Y(x) = f (S,B(x) - Sﬁ(!/))mﬁ(dy)-
¢
Lemma 4.6. /(X;) — ¢ is a local martingale localized by (T, )nen.

Proof. Set /(x) := fox(sﬁ(x) — 5g(y))mg(dy). Then we have

0 0
W) = B + 553 ff ms(dy) + f[ ssmy(dy).

Thus, by virtue of Lemma 4.5, it suffices to show (X,) — ¢ is a local martingale. By (4.1),
we know i is independent of 8. Thus, by a standard argument in the case 8 = 0, we can
verify € C2(R), ¢’ (0) = 0 and

& T 7/

i (xX) + b)Y (x) = 1.

Hence the It6-Tanaka formula together with Proposition 4.3 (i)(ii) implies the conclusion.
|

Proof of Propositon 4.4. We first prove (3.1). Let us define M : R — R by

sp(x) — sg() (T
s5(r) — s5(0) fl, (sp(r) = sp(y))mg(dy).

Note that M(€) = M(r) = 0. Then Lemma 4.5 and Lemma 4.6 yields

M(x) := —(x) +
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E[M(Xiat,,)] = M(0) — E[t A T .
By the monotone convergence theorem, we obtain

E[T,,] < M(0) — min M(x) < oo.
x€[l,r]

Thus Ty, < oo a.s. Hence we obtain E[T¢,] = M(0) — E[M(Xr,,)] = M(0) by the dominated
convergence theorem because M({) = M(r) = 0. By an easy rearrangement, we conclude
(3.1).

Next, by Lemma 4.5,

E[Sﬁ(Xt/\Tf,r) - Sﬁ(f)] o =sp(0)
sg(r) — sp({) sp(r) — ()
Since Ty, < oo a.s., the dominated convergence theorem yields that the left hand side con-

verges to P[X7, = r]. Thus we obtain the former half of (3.2). By using the fact T, < oo
a.s. again, we obtain P[X7, = r]+P[X7, =[] = 1. Hence the latter half of (3.2) holds. O

4.3. Large deviation principle. In the case 8 = 0, our large deviation principle corre-
sponds to the Wentzel-Freidlin theorem. It is based on the Schilder theorem which deals
with the case b = 0. Even in the case § # 0, there is a result corresponding to the Schilder
theorem by Krykun [12]. The idea in [12] is to use the scale function §3 of the skew Brow-
nian motion (see Remark 3.6) to transfer the problem to the one with irregular diffusion
coefficient and no local time. We show Theorem 2.3 by following this idea. Even in the
case 8 = 0 studied in [8, Theorem 1.3], the assertion is less trivial in the sense that b is not
smooth but just continuous. See Remark 4.10 below for more details of the proof in [8].

We apply the Itd-Tanaka formula to §5(X7). It is easy to verify us, = —f6o. Thus, with
the aid of Proposition 4.3 (i), we obtain

Sp(X7) = 35(X5) + Ve fo fa(XE)YdW, + J; b(X®) f,(X?)ds
! 1
+p f fa(Xi)dL?(Xs)+5 f Ly (X)), (dx)
0 R

! !
= \/Ef Ja($p(X5)) AW + f(b - fa) © 85 (85(X9)) ds.
0 0
Let Y? := §3(X®) and b* := (b - fp) o %1. Then the above computation implies that Y is a
solution of the stochastic differential equation
4.5) dy? = \Vefp(YO)dW, + b*(Y?)dt, t€(0,T], Y5 =0,

with a discontinuous diffusion coefficient v/ef3 but without local time. Therefore if the law
of Y? satisfies the large deviation principle on W, then the contraction principle yields that
the law of X® = El (Y?) also satisfies the large deviation principle.

Remark 4.7. We can use s; instead of §g if we merely want to delete the local time.
However, it is not suitable for our purpose since s depends on &.

Since b* is not smooth, we approximate it by smooth functions. For 7 > 0, let us define
functions g, and 5* on R by g.(x) := (2n7)""/?exp(~|x|*/(27)) and b*(x) = bi(x) := b* *
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g-(x) — b* * g-(0). Note that b* converges to b* uniformly as 7 — 0 on any compact set of R
since b* is continuous. Then we consider a solution ¥# of the stochastic differential equation
obtained by replacing b* in (4.5) with b*. That is,

(4.6) dY? = Vefy(Y7)dW, + b*(¥))dt, t€(0,T], Y:=0.

Proposition 4.8. The law of Y satisfies the large deviation principle with the rate func-
tion J given by

| A T
z b* J) — ;2611, Hl,
J9) = 2L.ﬁwd (G =dbds, o€

00, otherwise.

4.7)

Before entering the proof, we remark that, for ¢ € H I
(4.8) Leb({r € [0,T] | ¢(r) = 0, ¢'(2) # 0}) = 0,

where Leb(A) stands for the Lebesgue measure of A C R. Indeed, the set of ¢ € [0, T'] with
¢(t) = 0 and ¢’(#) # 0 has no accumulation point. Proof. In order to apply [2, Theorem B],
we claim that ¥# solves the following stochastic differential equation:

(4.9) d¥f = Nefo(¥7)dW, + b*(¥))dr, 1€ (0,T], ¥5=0,

where f; = (1 = @))(00) + @l 0). Though it is almost obvious, we give a proof for
completeness. Let us define N, by

!
N, :=f1{0}(Y;)dWs-
0

Once we show (N)r = 0, then N = 0 by a basic property of martingales and hence (4.9)
holds. We can easily see that the following holds:

T
(4.10) (N)r = Leb({s € [0, T] | Y* = 0}) = lgg))f 1j0.6(Y?) ds.
0
Since ¥; is a semimartingale, by Proposition 4.3 (ii), we have
1t 5 & e (7 Ty 12/ 0+
lgf(l)l g . 1[0’5)(Y§;) d<Y€>§‘ = 1;?01 5 L 1[0’5)(Yf)f;3(Yf) ds = LT+(Y8) <00 a.s.

It implies that the right hand side of (4.10) is O since fz > (1 — @) A @. Hence our claim
holds.

By virtue of the above claim, V¢ fulfills the assumption of [2, Theorem B]. Thus it yields
that the law of ¥? satisfies the large deviation principle with the rate function given by
replacing fz in (4.7) with fa By (4.8) and the fact b*(0) = 0, for ¢ € H', we have

1 . 1 .
——|b*(¢,) — 43 = 6" () — &
P09 129
for a.e. s € [0, T']. Thus the desired assertion holds. O

We now turn our attention to Y# from Y.

Proposition 4.9. The law of Y? satisfies the large deviation principle with the rate func-
tion J given by
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1 71
—_ b* s) = ;Zd, H17
. 2fo gy 0= 0Fds. o

00, otherwise.

Proof. We first prove the lower bound. Take an open set G C W and ¢ € G. Since G is
open, there is & > 0 such that B(¢,9) C G, where B(¢,0) is the d-neighborhood of ¢ with
respect to || - ||e. It suffices to show

.11 limslog P[Y? € B(¢, )] > —J(¢),
el0

since P[Y? € G] > P[Y® € B(¢,0)] and ¢ € G is arbitrary. We may assume J(¢) < co since
the claim is obvious if J(¢) = oo.
Fort € [0,7T] and u € R, let p, and Z,(u) be given by

. 1
()

u t 2 :
Z,(u) ::exp($f0pdes—2—gj;psds).

Note that Z,(u) is integrable and E[Z;(1)] = 1 since (p)sej0,r] is bounded. We denote Z;(1)
by Z, for simplicity of notations. We also define a measure P on W) by dP := Z;dP. Set
W, =W, -2 fot psds. By the Girsanov formula, W, is a Brownian motion under P. By a
rearrangement of (4.6),

ot (b*(YF) = b*(Y?)),

Yf:ﬁffﬂ(f/f)dWﬁffﬁ(f/f)psdﬁf13*(175)615
0 0 0
:\/Effﬁ(Yf)dWs+fb*(Yf)dS~
0 0

Therefore ¥ 7 solves (4.5) under P.
In order to reduce the claim to that for Y%, we prepare an estimate for Zy. Take p,q €
(1,00) with p~' + g7! = 1 and ¢ > p. Then, by a rearrangement,

1/q T
- 1
ZTI/P =7r (_ﬁ) exp(— (z - l)f 0> ds).
p 2pe \p 0

Set My := ||¢lleo + 6 and 1o = SUP¢(_pg,.00] |b*(x) — b*(x)|. Then, on {¥* € B(¢,0)}, we have
SUPg<,< s < mollf Y|e. Therefore, by applying the Holder inequality, we obtain

P[¥° € B(¢,6)] = E [13@,5)(178)2;“’ -z;””]
1/q
~ T q 5
<E|1 yeyzi/rz (4 L[, 12 2
< [B<¢,5)( )Z; T( o) 1P e ) [l

Se lp T (q )
SE[13(¢,5)(Y )ZT] CXP(2PT(9 (;— 1)||fﬁ ||oo’70)

T
=P[Y® € B(¢, 6)]”” exp(leeg (% - 1) ||Jfgl||§o775)-

Here we used the fact that the law of Y2 under P is the same as that of Y# under P in the last
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equality. Consequently, by virtue of Proposition 4.8, we obtain

(4.12) - J(¢) < limelogP[¥* € B(¢,6)]
&l0

1 T
< —limelog P[Y* € B(¢,0)] + ~— (Z - 1) [Vl 7
£l0 2p\p

To replace J in the left hand side with J, we provide an estimate of |J(¢) — J(¢)| as follows:

4.13) |J(¢) ~ J(¢)| =

| A B s
3 f (b" () = b* (P ))(D" (@) — b" (@) + 2(b" (@) — @) ds
0 ¢s)

7
T 2 T
S@f llb*s—'2d @f&
o B SRR RE R M-
15 T (1 + 10)
<no 2 +J(@)].

Thus by combining (4.13) with (4.12), we obtain

g BTPm ) T (g N s
2 2\p p NleoTlo:

limelogP[Y? € B(¢,0)] > —p(1 + n9)J(p) —
el0

Since 79 — 0 as 7 — 0, (4.11) holds by taking 7 — O and p | 1 after it.

We next show the upper bound. Indeed, it goes in a similar way as the lower bound,
while we additionally need a tail estimate of ¥? in order to apply a sort of localization.
Take a closed set F ¢ W),. We denote the expectation with respect to P by EF. Then, for
p.q € (1,00) with p~' + ¢g7' = 1 and ¢ > p, the Holder inequality yields that

(4.14) P[Y® € F] = P[Y? € F]
<EP [IF(YE)Z;l]'/P BF [Z;/p]l/q

= P[7* € F1'"E[z1] "

B q 1 1 l/q
= P[Y® € F]''’E [ZT Qq)'? exp(— (q -~ E)f pfds)]
2 0

B 2 1 ! 1/2q)
< P[F* € F]'PE [exp(—q (q - —)f p%ds)] .
& 2 0 ’

To estimate the remainder term, we prepare an estimate of P[||Y?||., > M;] for a sufficiently
large M > 0, which will be specified later. By Proposition 4.8, we have

4.15 limelog P[||¥?]le = M1 < — inf J(¢).
(4.15) lim £ log el 1] P (®)

For ¢ € H' with ||¢|l > M,
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1 fT 7 2 1 1 ' 2 2
b*(¢5) — #1ds > (— sup f |17 ds — TIIb*|I%
205115 Jo ’ 201512 \2 0zrsr Jo
~T|b"|%, | >

t 2
ds oo) >
L 2|1 f511%

Let ny:= SUpci—pm, .My |b*(x)—b*(x)|. Then, by dividing the range of the expectation in (4.14)
by {|I¥?]l > M} and its complement, we obtain

2 AW
o2l
& 2 0
2q 1 T,
=Elexp|Tla—5) ) pads (Tyrenasmn + Lypeen)
1

- 8qT 1 _ ; 2qT _
< P[Pl > Mﬂexp(% (q - 5) 15 1216 ||i,) ¥ exp(i (q - 5) I ‘||i,n%)-

4.16) J(¢) >

2
My TIb*|I% | =: M.
2T i

1 1
> — Su
21515 [2T ot

&

1 .
Take M, > 0 so large that M, > 8¢T (q - E) I1/5 11 1I6*]I2,. Then, by virtue of (4.15) and
(4.16), we have

limelogE |exp 249 q—1 pr2ds <2qT q—l £ 1 mr.
€10 € 2] )y 7 - 2) VA e

With keeping this estimate and Proposition 4.8 in mind, by (4.14), we obtain

e & 1 . 7 1 —1112 .2
(4.17) gfgslogP[Y €eF]< > égﬁ J(@) + T(q - 5) 15 llsomy-
By (4.16) again, we have
(4.18) gelg J(p) = gelg J(P) A gelg J(p) > (}Ielg J(@) A M.
[llleo <M, lllleo =M, lllleo <M,

The same argument as in (4.13) implies

I T (1 + 1)

(4.19) ;gg J(¢) = - +(1=m) ;Eg J(9).

2
[lplloo <M llllco <M
Then, substituting (4.18) and (4.19) into (4.17), letting 7 — 0, M; — oo and finally p | 1,
we obtain the desired estimate. m]

Proof of Theorem 2.3. We can extend %1 to a map from W to itself. Then we can apply
the contraction principle (see [4, Theorem 4.2.1] for instance) to X* = EI(Y ) to obtain the
large deviation principle for the law of X* from Proposition 4.9. The rate function is given
by J o §g. By virtue of (4.8), it is straightforward to verify this function coincides with 1.

O

REmARK 4.10. The proof of the upper bound of Proposition 4.9 is similar to that of [8,
Theorem 1.3]. Our proof of the lower bound is based on the same spirit, while the proof in
[8] goes in a different way.
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Appendix A. Proof of Lemmas 3.4 and 3.5

Here, for completeness, we give the proof of Lemmas 3.4 and 3.5, which is shown in [8].
Proof of Lemma 3.4. By symmetry, it suffices to show only the first assertion. Note first
that, for each ¢ € (0, r), there exists ¢s > 0 such that

fr exp (—% fy b(u) du) dy < (r — 8)e ™/,
5 € Jo

Since the right hand side decays faster than £'/0*") we may assume r to be sufficiently
small without loss of generality. Thus, for any C},C{ > 0 with C| < C; < C{, we may
assume

Ciu" < b(u) < C{u"

for u € [0, r]. Therefore, the problem can be reduced to show the following: for C > 0,

4 Cyl'n Cc-1/a+y) 1
(A.1) 1ima—1/<1+%>f exp (-2 dy = r .
£l0 0 & 1+ 14+

By the change of variable u = Cy'*”1 /&, we have

r C 1+y, C—l/(l+)’1) Cri* /e
8—1/<1+y1>f exp (_ y dy = = f WY/ eu g,
0 € v Jo

and hence (A.1) follows immediately from this expression. m|

Proof of Lemma 3.5. As in the proof of Lemma 3.4, we show only the first assertion. By
the definition of sg and mg,

r 2 r r 2 4
f (so(r) = so(9) mg(dy) = — f f eXp(—— f b(u)du) dz dy.
0 &Jo Jy & Jy

By the change of variable 7/ = 2(z — y)/¢ in z-variable, we have

2 r 2 < 00 2 y+ez' |2
- f exp (—— f b(u) du) dz = f L02(—y)/e1(2") €XPp (—— f b(u) du) dz7 .
& Jy e Jy 0 £ Jy

By the definition of b, there exists C > 0 such that b(u) > Cu”" for u € [0, r]. This lower
bound of b implies

y+ez’ 2
110.2(—y)e1(2") €xp (—; f b(u) du) <exp(-CZy").
y

Since the right hand side is integrable on (y, ) € [0, r] X [0, c0), we can apply the dominated
convergence theorem to conclude

lim f (sg(r) = so(y) mg(dy) = f f exp(-Z'b(y))dz dy =T .
£l0 Jo o Jo
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Appendix B. Proof of Theorems 2.1 and 2.2

Here we show our main theorems in the case 8 = 0 on the basis of Theorem 2.3 and
Proposition 3.1 by following the argument in [8]. We first prove Lemma 3.2 and the main
theorem will be shown after it. We provide the proof for completeness so that we can verify
that the proof in the case 5 # 0 goes in exactly the same way.

To begin with, we prepare some notations. Set ¢! := ¢y, forn € {+,—}and 1 > 0.
Fort;,t, € [0, T] witht; < t, and § > 0, we define A” ](6) (n € {+,-}) and G(0) as follows:

[11,12

A, (0) == {¢ €W | dnf llg - @™l < 6},
G() 1= Ay 11(6) U Ay 7(6).
Proof of Lemma 3.2. We first prove
(B.1) E{gP[TZr <Tf-6]=0.
Take 61 > 0 so small that ¢, ; < ¢, < tp;’+ s holds for any ¢ € G(6,) and ¢ € [0, T]. Then it
implies inf {t > 0 | ¢; ¢ (¢,7)} > T — 6 (Recall T;Y = T in this case). Thus
PIT;, < T} - 6] <PIX® ¢ G(61)]

and hence Theorem 2.3 yields (B.1). Next, we prove
(B.2) lgifglP[Tzr >T5+6]=0.
Take 6; > 0. By (B.1), we have

%P[Tﬁr >TF+6] = %P[Tﬁr >TF+6|T;, 2T - 61
Then, the Chebyshev inequality, (B.1) and Proposition 3.1 yield

@P[Tzr >T +6|T;, 2T, - 61] S@ﬁE[T@—Tﬁ +01|T;, 2T} - 6]

01
0+ 0

— 1
= lim ——E[T}, - T, + 6] =

(again, recall 7" = T,). Thus (B.2) holds since ¢; > 0 is arbitrary, and hence the proof is
completed. O

RemMark B.1. (i) A similar result as Lemma 3.2 is also discussed in [1]. (ii) When y; < >,
the conclusion of Lemma 3.2 holds for arbitrary ¢ < 0 instead of £ = ¢Z.,, since P[X7, =
r tr

{] — 0 by Proposition 3.1.

Proof of Theorems 2.1 and 2.2. For 6 > 0, take t;, > 0 and &y > O so small that the
following holds for any ¢’ € (0, dp):

Al @) g e | llp— ¢l <61 m e f+,—).

Let r € (0,¢7) and € := ¢, € (¢7,0). For 61 € (0,6p) and 6 € (0, T — T}F), we consider the
event E, (c € {r, {}) given by
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E.:={X* € G} N {ITZr — T,+| <&inN {Xsf =ch

If 0, is sufficiently small, then X%, = r never occurs on A[_o T]((S 1). Furthermore, we can take
lr ’

61,02 > 0 so small that [T — T| < &, never occurs on AE;O TJ(61). Thus, for appropriately
chosen 61, 05, we have

(B.3) E, C{X® € Al (00} C{IX° = 9" [l < 6.
By the same argument, we also have
(B.4) E¢ C{X® € Ay, (0D} CHIIXT = ¢ |l < 6}

by taking smaller 61, 0, if necessary (recall T, = T,7). When y; < y,, Theorem 2.3, Propo-
sition 3.1 and Lemma 3.2 yield P[E,] — 1 as & | 0 and hence the assertion of Theorem 2.1
follows from (B.3). Similarly, when y; = vy,, we have P[E,] — p and P[E;] — 1 — p as
¢ | 0 and hence (B.3) and (B.4) conclude Theorem 2.2. O
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