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Abstract
We investigate the arithmetic properties of the coeffidefdr the normalized
conformal mapping of the exterior of the Multibrot set. Insthgaper, an estimate of
the prime factor of the denominator of these coefficientsivery Bielefeld, Fisher
and Haeseler [1] presented Zagier's observation for thevipref the denominator
of the coefficients for the Mandelbrot set, and Yamashita [effied it. Our study
takes into consideration both Zagier's observation and a&rita’s estimate.

1. Introduction

Let C be the complex planel the Riemann spherd the open unit diskD* the
exterior of the closed unit disk, and* the set of non-negative integers. We denote
the n-th iteration of polynomialP by P°", which is defined inductively byP°("+1) =
P o P°" with P°°(z) = z. The Julia set Jp of P is the set of allz € C such that
{P°"} 4 is not normal in any neighborhood af We consider the complex dynamical
systems of the polynomials given B ¢(z) := z¢+c on C, wherec € C is a parameter
andd € N\ {1} is fixed. TheMultibrot set My of degreed is the set of all parameters
¢ € C for which Jp, is connected. The origind¥landelbrot setis derived in the case
d = 2. It is known thatMg is compact and is contained in the closed disk of radius
2Y/@-1) with center 0O (see e.g. [11, pp.20-22] and [8]).

Constructing a conformal homeomorphisd,: C \ M, — D* that satisfies
®,(2)/z — 1 asz — oo, Douady and Hubbard [2] proved the connectedness of the
Mandelbrot set. The statement can be generalized 02 in the same way. For more
details, see [1] fod = 2 and [14, 12] for the generalized statement.

Theorem 1.1([2, Theorem 2]) There exists a conformal homeomorphism
®@q: C \ My — D* that satisfiedim,_.., ®4(2)/z = 1.
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We define the map¥y: D* — C \ My by W4(2) = d7%(2), where &3 is the
inverse map ofd4. Let by, be the coefficients of the Laurent expansiondgf as

Wa(2) =2+ ) bamz ™

m=0

If Uy extends continuously to the unit circle, then, accordingCarathéodory’s con-
tinuity theorem, the Mandelbrot set is locally connecteck (sgg. [11, p.154]). There
is an important conjecture which states that the Mandelbebtiss locally connected;
actually, this conjecture includes the conjecture for teesity of hyperbolic dynamics
in the quadratic family (see [3, p.5]). It should be notedt tthee convergence of the
Laurent series on the unit circle implies thatly is locally connected. With this in
mind, we investigate the arithmetic properties of the akstated coefficient®y m.

2. Zagier’'s observation of the denominator

Jungreis [7] presented a method to compute the coefficibrgs of W,. Levin
[10] showed an algorithm for computing the coefficients @ thinction ®,/®,. Using
Levin's algorithm, b, ,, can be computed.

Jungreis’s method can be generalizeddte N \ {1} similarly (see [13, 14, 12]).
We can make a program for this procedure and derive the exdut wfby ,,, because
the following proposition holds. We call a real numberd-adic rationalif there exist
ke Z andn e Z* such thatx = kd™".

Proposition 2.1 ([7]). The coefficients &, are d-adic rational numbers.

Moreover, Jungreis [7] showed that some of these coefficiam, which we call
zero-coefficientsSeveral detailed investigations &g, are presented in [1, 4, 5, 9] for
the casad = 2, and in [10, 8, 13, 14] for generdl. In particular, Bielefeld, Fisher and
Haeseler presented Zagier's observations in [1, pp. 32-Q8E of the observations is
the necessary and sufficient condition for the coefficidntg to be zero. Some infor-
mation about the zero-coefficients can be found in [1, 9, 1038 14]. However, the
necessary and sufficient condition for the zero-coeffisigatstill unknown. The other
observations are related to the growth of the denominatdo,@f In this paper, we
focus on the denominator ddy m.

We prepare the notation about tipeadic valuation. For any prime numberand
every non-zero rational number, there exists a unique integersuch thatx = p’r/q
with integersr andq that are not divisible byp. The p-adic valuationv,: Q\ {0} — Z
is defined asyp(x) = v. We extendv, to Q as follows:

v for xeQ\ {0},
+oo for x=0.

vp(X) = {
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For any real numbex, we set the floor functior|x| := max{m € Z: m < x}. We
would like to note that the floor function and theadic valuation have the following
properties (see e.g. [6, pp.69—72, and pp.102-114]).

Lemma 2.2. Let x,y € R and p be a prime number. The floor function and the
p-adic valuation satisfy the following

(2.1) IX] +m<|x+m|] for meZz*,

(2.2) [x] + Lyl = [x+y],

(2.3) ULmJJ = L%J for mez™,

(2.4) vp(mn) = vp(m) +vp(n) for m,neZ,

(2.5) vp(m/n) = vy(m) —vp(n) for meZ, neZ)\ {0},
(2.6) vp(M + n) = min{vp(m), vp(n)} for m,n e Z,
@.7) vp(ml) = iLgJ for mez*.

=1
Zagier's observation for the growth of the denominator iakws:
Observation 2.3 ([1, Observation (ii)]) For 0 < m < 1000,
—va(bz,m) < v2((2m + 2)Y)
holds. Furthermorgequality holds if and only if m= 0 or m is odd.

We would like to note the following inequality presented bwikg and Schober
in [5].

Theorem 2.4 ([5, Theorem 1]) For any me Z*, —vy(bam) < 2m + 1 holds.

Furthermore Levin [10] showed that equality holds in Zagiebservation ifm
is odd.

Theorem 2.5([10, Theorem on p.352Q]) If m € Z* is an odd integer then
—vo(b2m) = v2((2m + 2)!) holds.

Yamashita [14] defined the order of integers with resped toN \ {1} and gave
an estimate of the growth of the denominatorbgf,, (see [14, Theorem 4.30]). How-
ever, the theorem was incorrect. We learnt from Yamashita there was a mistake
in the calculation. However, if we restrict to be a prime number, his result is valid.
Using the p-adic valuation, his statement can be presented in thewiifp way.
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Theorem 2.6 ([14, Theorem 4.30]) Let me Z* and p be a prime number. If
(p—1) | (m+ 1),
I
—vp(bpm) < {MJ

p—1

holds. Otherwise—vp(bpm) = —co holds. Furthermorgif (p — 1) | (m + 1), equality
holds precisely when r&= p—2 or p { m.

Hence Observation 2.3 holds for general In this paper, we give an estimate
for the prime factor of the denominator bf . Our estimate includes Observation 2.3
and is equal to Yamashita’'s estimatedifis a prime number. Actually the general state-
ment of Observation 2.3 and Theorem 2.6 are given as a corafaour main results.
Furthermore we obtain another corollary for the growth & ttenominator obg m.

3. Main result

First, we introduce Ewing and Schober’s coefficients foanfdr generald. The
result ford = 2 is given in [4]; however, the argument can be generalized to 2
similarly. For more details, see [14, Lemma 4.18].

Lemma 3.1 ([4, Theorem 1]) Forne Z*, let1<m<d"*! -3 and R> 0 be
sufficiently large. Then

1

A = -
3-1) Bam 2zmi

/ P (2™ dz.
[z2=R

Using the recursiorPgt(z) = (Pd"’(c”_l)(z))d + ¢ for (3.1), we obtain the following
formula for coefficients in the same way (see [14, Corollar30}). Let C;(a) denote
the general binomial coefficient, i.e.,

a@—1)@-2)---(a—j+1)
Ci(a) = — .
: iG-1310-2---

for anya € R and j € N with Cy(a) = 1.

Corollary 3.2 ([5, Corollary]). Letne N and1<m<d"!—3. Then
1 m m . m . .
bd,m = _E Z le(§)ch(w — d]l)ch(w — d2]1 — djz) A
m . . .
X Cjn(g —d"tj—d" P = — dJn_l),

where the sum is over all non-negative indices.j., jn such that(d" — 1)j; +
(@t —1)jp+ (d" 2= Djs+ -+ (d—1)jn=m+ 1
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Levin [10], Lau and Schleicher [8], and Yamashita [13] pmbvihe following
lemma independently. Furthermore, using Corollary 3.2mashita presented an al-
ternative short proof of Lemma 3.3 in [14].

Lemma 3.3 ([10, Theorem on p.3515], [8, p.47], [13, Theorem.2] et d > 3
and me Z*. If (d—1) 4 (m+ 1), then kyn = 0 holds.

Our main result is given as below.

Theorem 3.4. Let de N\ {1}, m € Z* with (d — 1) | (m + 1) and set a=
(m + 1)/(d — 1). Assume that d is factorized as € p;p7... pk, where se N,
t1,t,...,tse N and p, p2, ..., ps are distinct prime numbers. Then

—vp (bg,m) = vp (@) +ta

holds for any pe {p1, p2, ..., Ps}. Furthermore equality holds precisely when m
d—2or p tm.

REMARK 3.5. We disregard the casé { 1)  (m + 1) because-vy (bgm) =
—oo holds for anyp; by Lemma 3.3. There are some zero-coefficients which are not
included in Lemma 3.3 (see [13]).

Proof of Theorem 3.4. Lem € Z* and assume thal is factoraized asd =
pLps--- ps wheres € N, ty, tp, ..., ts € N and py, p, - .., ps are distinct prime
numbers. From direct calculatioiv, o = —1/2 (see [7, 1]). Furthermorbqo = O for
d > 3 by Lemma 3.3. Hence, the statement holdsrfos 0.

For fixed p; € {p1, P2,--., Ps}, we taken € N such thatm < d"*1—3 andv,, (m) <

ntg. We define the sef as:

I ={(jz J2r -+, i) € (@)™
@d" = j1+ @ =1)ja+---+(d—1Dja =m+ 1}.

Letke{1,2,...,n}, (ji, J2r - - -, jn) € J and set
o = m/dn—k+l _ dk—ljl _ dk—2j2 R djk—l
and
B = dn—k+1a =m- dnjl _ dr‘l—lj2 L dn_k+2jk—1-

Then we have

al@—De=2)--- (= (k= 1)

Ji!

_ BB —dM (B — 2dM K - (B — (i — 1))
a djk(n—k+1)jk! .

Cjk(a) =
3.2)
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The denominator of the fractional expression (3.2) safisiie following equality:

(3.3) v (@O B Gt 4 jii(n — k + 1),
On the other hand we have

vp (B — (I — 1)d"*+
= Vpi(m_dnjl—dn_ljz—--- dn k+2lk 1— ( _1)dn—k+1)

= vp (M —d"* (At —d* 2 — - —djicr — (1 = 1))
@6)
> min{vy (M), (N — Kk + 1)}

forall | €{1,2,...,jk}. Hence the numerator of the fractional expression (3.2%f&zt
the following inequality:

vp (B(B — d" (B — 2d" ) - (B — (ji — 1)d" )
(3.4) 2
> jk min{vp (M), ti(n —k + 1)}

Combining (3.3) and (3.4), we obtain

—vp (Cj(@)) (255) vp (k) + jkti(n — K + 1) — jx min{vy, (M), t(n — k + 1))
= vy (jk!) + ik max{t(n —k + 1) — v (m), 0}.

(3.5)

By Corollary 3.2 and (3.5),

(J1rj2s- Jn)€T

—vp (bg,m) = vp (M) ‘|‘ - max {Z Vp.(Jk')}

+ (i1 j20mmms Jn)EJ{Z Jk max{ti(n —k + 1) — vy (M), 0}}

Due to

(3.6) @ = Djr+ @ =Djo+---+(d-Djn=m+1
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for all (j1, j2,---, jn) € J and (2.2), we have
n
. 2.7 ]
3 vp (i) & ’ZZ{ kJ
k=1 k=1 1=1
@2 {J1+ | -+ JnJ
=1 P
@6 | m+1 J
<
B ;Ld 1)p|
@Dy, (a)
forall 1<k =<n. Equality holds ifj; = o=+ = jh.1 =0, jh =(M+1)/(d-1) =
a. Conversely if equality holds, thefy = j, = --- = j,-1 = 0, jn» = &, because
(J1, J2, - - -+ In) € J satisfies
. . . m+1
@ +d" P+ Djr 4+ (d+ Djnoa + o = 9-1
and hence
max {4 - +.}_m+1
{j1,-sJn)€d h Int = d-—1
is valid precisely whenj; = j, =---=j,1 =0, jp =a.

We consider the case g + m. Sincevy(m) =0 for p; + m, we have

> jkmax(t(n —k + 1) — vy, (M), 0}

k=1

=ijti(n—k+1)

k=1
dn k+1 -1
= Z ]ktl
(3_6)t
I
for all (j1,]j2,...,jn) € J. Further, equality holds if and only ify = j,=--- = j,_1 =0,
jn=a. We note that ifj; = j,=---= jh.1 =0, jn» = a, then

Co(m/d")Co(m/d"™) - - - Ca(m/d) = Ca(m/d) # 0.

Considering the elements of the sum in the formula in Compl&a2, we haveby , # 0
and —vy, (bgm) = vy (@) + ta.
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We consider the other cagg | m. Sincevy (M) < nt, there exists & n" < n and
(s Jos - - -, jn) € J such that

{Z jk max(t (n — k + 1) — vy (M), O}}

(Ja, Jz ..... Jn)eJ

- Z jkt(n =K+ 1) — vy (M)

k=1
n n

=D i —k+1)= > jwp (m).
k=1 k=1

On the one hand,

n n
ditin—k+1) <> jti(n—k+1)

k=1 k=1
dn- k+1 -1
ti—————
(J1 j25ees Jn)GH{Z g7 }
= tja.
Thus, equality holds if and only if; = jo =+ = jn—1 = 0, j» = a. On the other hand,
n/
D Jkvp (M) = vy, (m).

k=1
The necessary and sufficient condition for equalityjist j» +--- + jn = 1. Hence,
n n
Yot —k+1)= ) jvp (M) < tia— vy (m).
k=1 k=1

Equality holds if and only ifj; = jo = --- = jo_1 = 0, jn = 1, which means that
m = d — 2. Therefore, ifp; | m,

—vp (bgm) < v (M) + v (@) +tia—vp (M) = vy (@) +tia,
and equality holds if and only ih=d — 2. ]

Considering Theorem 3.4, we can verify Observation 2.3 fer denominator of
nonzero-coefficients and Theorem 2.6 by the same calcnlatiovamashita [14].
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Proof of Observation 2.3 and Theorem 2.6. Lpt be a prime number. By
Lemma 3.3 and thal, o = —1/2, we may assumep(— 1) | (m+ 1). We obtain

m+1 m+1
—vp(bp,m) < D1 + Vp( p—l!)

from Theorem 3.4. By the direct calculation which is the saseYamashita's calcu-
lation in [14],
m+1+ m+%
v :
p-1 P"lp-1

enm+1 Oo{ m+1 J
= —+ P
p-1 ; (p—1)p

e3ym+1 1 K|m+1
B p—ljﬂp—lzl p H

=1

gl

@) {vp((r;rrlvtl IO)!)J_

]

Furthermore, we obtain the following estimate for the gitowf the denominator
of by m. For any real numbex, we set the ceiling functiofix] := min{m € Z: m > x}.

Corollary 3.6. Letme Z*,deN\{1}, d-1)| (m+1)and a= (m+1)/(d—1).
Assume that d is factorized a§ p?- - - p&, where se N, ty,tp,...,ts € N and p, pz,---, Ps
are distinct prime numbers. Then

by md*™ € Z,

where

x(m) := max[

1<is<s

vp (@) + tia"
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