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In the paper dedicated to Professor Kiyoshi Noshire ([2]), we studied on
the balayage for logarithmic potentials. On the plane, consider the logarithmic
potential

UAE) = {log g i),

u being a positive measure, P and Q any points and PQ the distance between
P and Q. The measure p is not always assumed with compact support, but
will be bounded to positive measures whose logarithmic potentials are never
—oo. The total mass of such measures is naturally finite, and the logarithmic
potential of such measures is superharmonic in the whole plane and harmonic
outside the support of the measure. Remember the definition of the logarith-
mic capacity of a compact set F. Putting

V = inf sup U*(P) and W = ix:fSSlog Pl_Q d(0)du(P)

for any positive measure p supported by F with total mass 1, we have always
V=W. The logarithmic capacity is given by

C(Fy=eV=¢"

if V=W-< oo and by C(F)=0 if V'=W=0co. A Borelian set E is said of loga-
rithmic capacity positive when it contains a compact set of logarithmic capacity

positive. 'The results putlished in the paper ([2]):

Theorem. Let F be any closed set (compact or non) of logarithmic capacity
positive and p be any positive measure with total mass 1. There exist a positive
measure p' supported by F with total mass 1 and a non-negative constant <, such
that
(1) U¥(P)=U"P)+vu on F with a possible exception of a set of logarithmic

capacity zero, and
(2) U¥(P)SU*(P)+Yu everywhere.
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We shall call ' a balayaged measure of p onto F and 7. a balayage constant.
We can construct a balayaged measure such that the reciprocal relation always
holds:

(3) S(U ¥ yu)dy = S(U Y _4,)du for any positive measure p with total mass

1, any positive measure v of finite logarithmic energy with total mass 1, their

balayaged measures p' and v' and their balayage constants 7. and ..
When the balayage is done so as io hold the reciprocal relation, a balayaged
measure is always unique.

DerFINITION. Let F be any closed set. A point P is called a regular point
of F if the balayaged measure &’ of the Dirac measure & at P onto F (keeping
the reciprocal relation) coincides with & and the balayage constant 7, reduces to
zZero.

Theorem. Two following expressions are equivalant.

[A] A point P is a regular point of F.
[B] Let n be any positive measure with total mass 1, p’ the balayaged measure
of p onto F and v, the balayage constant. Then, it holds that

U¥(P) = U"(P)+%u .

The paper is devoted itself to answer to the question:

“Is there a case when the balayage constant v, always vanishes?” It is
easily seen that, if the complement of F is a bounded open set, the balayage
constant 7, always reduces to zero. The problem consists in the case F is not
so. We shall insist that the balayage constant 7, vanishes whenever F has a
little expanse at the infinity.

DeriNiTION. Let E be a set and P, any point. E is said thin at a point
P, if P, is an outer point of E or if there exists a positive measure yx such that

U*P)<lim U*(P) (P<E).
P>P,

Theorem 1. Let E be a closed set and P, any point. Two following state-
ments are equivalent :
[11 P, s a regular point of F.
[2] F is not thin at P,.

Proof. First, let us prove that P, is a regular point of F if F is not thin
at P,.

Lemma. Let E be any set not thin at a point P, and p any positive measure.
When e is a countable union of compact sets of logarithmic capacity zero, we have

U*P) =lm UXP)  (PEE)
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= lim UYP) (P€E—¢).

P>P,

The result is obvious when U*(Pj)=occ. Suppose that U*(Pj)<<co. Let

e, = {P; Pee, Ppogi}
n

and », a positive measure supported by e, such that U**(P)=oco on e, and
U’n(P,)<co. Taking the total mass of », sufficiently small beforehand, we can
find a positive measure » supported by e— {P;} such that U*(P)=co on e and
U¥(Py)<oo. As the equality

U(Py) = lim U*(P)

holds for points P of E, we have the same for points P of E—e also. Then, we
have

UPo)+U(P) = U(Py) = lim U(P)  (PEE)
— lim U*(P) (PEE—e)
> }%0 UH(P)+lim U*(P) (PEE—e)
> U"EP(,H— U”(Po)o,

thus the result.

Thereupon, let A’ be the balayaged measure of any circular measure A (with
total mass 1) onto F and 7, the balayage constant. As the equality

UY(P) = UNP)+7x

holds on F with a possible exception of a set e (a F,) of logarithmic capacity
zero, we have

U¥(P,) = lim U¥(P)  (PEF, therefore €F—e)
PP,
= UNPo)+7»-
Hence, )\, and 2, being any concentric circular measure (with total mass 1), Aj,
A, & the balayaged measures of \;, A, and the Dirac measure & at P, onto F
respectively and 7,, 7, 7. their balayage constants respectively, we have
[rnde = (Umae—[vnae
~ [ e (@, )ae

_ S(U"—fy,)dxl——s(Ue’—'Ye)dM
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= [oran— v an, = frrrae,
which induces the equality
S fde= S fde'

for any non-negative continuous function f with compact support. Accordingly,
we have £=¢&' and 7v,=0, thus the result.
Next, let us prove that P, is an irregular point of F if F is thin at P,.

Lemma 1. Let both p, and p, be positive measures with compact support
and with total mass 1. For any positive number 8, the function

H(P) = inf {U"(P), U"(P)-+ 8}
is the logarithmic potential of a positive measure with compact support and with
total mass 1.

In fact, as there holds

lim {U"x(P)— U*(P)}
Pyoo
L PO (4., PO
— lim {{log £ @)~ {log 15 d(0)}
=logl—logl1=0,
we have

H(P) = U"(P)

outside an enough large disc D, centered at the origine. D, and D, being enough
large concentric discs and D,cCD,CD,, take the Riesz decompositions

H(P) = U(P)+hy(P) in D,
and

H(P) = U*(P)+h(P) inD,.

both v, and v, are positive measures with compact support (C D,) and with total
mass 1, and 4,(P) and A,(P) are harmonic in D, and D, respectively. Suppose
that a disc centered at a point P, contains D, and is contained in D,. At such
points P, we have k,(Py)="h,(P,) as is easily seen. Hence, %,(P) is able to provide
the harmonic continuation outward D,. Therefore, &, (P) (naturally », also) is
independent upon D;. Accordingly, we have

H(P) = U"(P)+-h(P)

in the whole plane, where v is a positive measure with compact support and
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with total mass 1 and A(P) is harmonic in the whole plane. Then, we have
ll’im {HP)—U"(P)} = ll;im {UP)—U"(P)} =0,
s0 A(P)=0 in the whole plane.

Lemma 2. Let F be any closed set of logarithmic capacity positive, u, and
u positive measures with total mass 1, wy and p' their balayaged measures onto F
and v, and vu(=0) their balayage constants. If

U™(P) 1 U“(P)
everywhere, there holds
U*(P)—%u, t U¥(P)— 7
everywhere.

It is since, for any circular measure A with total mass 1, its balayaged
measure A’ onto F and its balayage constant 7,(=0), we have

(s yir = (0 —rdn,
= SU“»dx’—'YA 1 SU"dx’—%
= [ —vydu = [0 —van.

Lemma 3. Let F be any closed set of logarithmic capacity positive, P, a
regular point of F, & the Dirac measure at Py, \, the circular measure with total
mass 1 centered at P, with radius 1/n, N} the balayaged measure of \, onto F and
7, (=0) the balayage constant. When n—> oo, we have N,—€ and 7, — 0.

In fact, as
1
U*(P) 1 log —
(P) 1 log PP,
everywhere, we have

UMP)—1,, 1 log -

PP,
everywhere. For any concentric circular measures A; and A, with total mass 1,
we have
[orani—m, 1t vn)
and

gU*zdx,',—'y,” L UP,),



210 N. NiNnoMmiva

hence we have
£ ani— sy

for any non-negative continuous function f with compact support. So, we
have A;— € and for a point P(5P,) of F

, 1 1
— UM(P)—UM(P) — log —— —log — =0 .
", P) (P) — log PP, og PP,

Now, let F be a closed set thin at a point P,. We are going to prove that
P, is an irregular point of F. Unless it is an outer point of F, there exists a
positive measure x such that

U*(P,)<lim U4P) (P€EF).
P>P,
We may suppose that x is with compact support and with total mass 1, U*(P,)

< a and U*(P)=a at each point P of the set {P; PEF, PP, <r,P+P}. Take
a positive number & such that

1
log — = U%P)+38
OgPPo &)

in the set {P; PEF, PP,=r}. That is possible since the support of u is com-
pact, U*(P) is lower semi-continuous and

im ( UH(P)— L)_
gﬂ(U(P) log 55 ) = 0.

The function

inf <a+8, log %)

0

is the logarithmic potential of a circular measure », with total mass 1 centered at
P,, and the function

inf <log PLPO’ U“(P)—f—B)
is the logarithmic potential of a positive measure », with compact support
and with total mass 1. Let us turn attention to
U(P)=U™(P) in F— {Py}
including

U(Py)> U(Py).
We insist that
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Un(P)< U*(P)

at all regular point P of F, therefore P, is an irregular point of F. On the con-
trary, suppose that P is a regular point of F. X, being a circular measure with
total mass 1 centered at P, with radius 1/, A; the balayaged measure of A,
onto F and v, (=0) the balayage constant, there holds

UM(Py) — Slog Plg dv(Q) = lim S(U""—%”)dvl

027

= lim ([tr1ani—o) S tim ([0 —,,)

= lim ({07, )dv, = [log Plg dv(Q)
> 0

== U “z( PO) ,
which is a contradiction.

DEFINITION. A set E is said thin at the infinity when E is bounded or
when there exists a positive measure x with total mass 1 such that for a point P,

. 1
] (U“P —log L )>0 (PeE).
lim(U"(P)~log 7 )>0  (PEE)

In this time, we have
1
PP’

lim (UH(P)—log 2 )>0  (PE)

for any point P’, since

. 1 1y
gﬂ<1og pp. 1% p) = 0.

Theorem 2. Let E be any set, P, any point and E' the inversion of E with
respect to the circle centered at P, with radius R. E is thin at the infinity, which
is the same to say that E’ is thin at P,.

Proof. We have
E' — {P'; P,P-P,P' = R, arg P,P = arg P,P’, P<E}
and
P,Q' _ PP _ PO
PP PO PO

(P, Q€E and P, Q'€E’).

Let p be any positive measure with total mass 1 which charges no positive mass
at Py and p’ the positive measure (with total mass 1) defined by du'(Q")=du(Q).
Then, there holds
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U*(P)—log 1% = U¥(P)—U"(P,) (P€Eand P'€F’),
0

which naturally induces the result.

Theorem 3. Whenever a closed set F is not thin at the infinity, the balayage
constant of the Dirac measure at any point onto F always reduces to zero.

Proof. Let & be the Dirac measure at a point Py, & the balayaged meas-
ure of € onto F and 7,(=0) the balayage constant. If P, is a regular point of
F, we have &'=¢ and v,=0. If P, is an irregular point of F, & is a positive
measure supported by F— {P;} with total mass 1 and there holds

U¥(P) = log 1_31? T,
0

on F with a possible exception of the countable union e of compact sets of log-
arithmic capacity zero. We are going to prove ¥,=0. Let F’ and e’ be the
inversion of F and e with respect to the circle centered at P, with radius R re-
spectively. We have
PQ" _ PP PO’
PP PQ PQ

(P,Q€F,eand P, Q'EF’, ¢')

and e’ is the countable union of compact sets of logarithmic capacity zero. De-
noting by &€* the positive measure defined by d¢*(Q')=d¢€’(Q) supported by
F' with total mass 1, we have

im (U¥(P)—log 1 —
lim (U*(P) logpp0 v (PEF)

= lliLn (U™(PY—U™(Py)—7.) (P'EF),
F’ being not thin at P,
:1}/1_rr_; (U(P)—=U*(Py)—%e) (P'EF'—¢')
>%o
—0,
while
U™(Py) =Pl/i_r_2 U= (P (P’EF' or PPeF'—¢').
kgl
Thus, we have —v,=0.

Corollary. Let F be a closed set not thin at the infinity. Suppose that u
is a positive measure with total mass 1 whose logarithmic potential is finite and
continuous on F, or is the increasing limit of its restrictions p, whose logarithmic
potentials are finite and continuous on F. Then, the balayage constant of such
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measures p onto F is always equal to zero.

For instance, suppose that U*(P) is finite and continuous on F. Take a
point P, where x charges no positive mass. Denote by u’ the balayaged meas-
ure of u onto F, by 7. the balayage constant and by F’ the inversion of F with
respect to the circle centered at P, with R. Then, we have

U¥(P)— U*(P)— s (PEF)
= {U*(P")—U"(Po)} — {U*(P")— U*(Po)} —Yu
(P'eF),

where p* and p* are the measures defined by the inversion of x’ and u respec-
tively, and their total mass both are equal to 1. Observing that U*(P) on F,
U*(P) on F’, both are finite and continuous, the proof is gone forward alike
to the theorem.

ReMARK. The condition of Corollary is satisfied in case a positive measure
 with total mass 1 is such that
(1) p is of finite energy:

[vran = [fiog p% du(Q)du(P) <o ,

more generally,
(2) p charges no positive mass on the set {P; U*(P)=oo}.

Finally, we should like to terminate the paper by giving a few words on
closed sets that support the equilibrium measure.

DeFINITION. Let F be a closed set. A positive measure A supported by
F with total mass 1 is called the equilibrium measure on F when UNP)=V (a
constant) on F with a possible exception of a set of logarithmic capacity zero
and <V in the whole plane. As is well-known, every compact set F of log-
arithmic capacity positive supports the equilibrium measure, which is unique.
In that case, the constant value V' of the equilibrium potential is equal to

. I
Ve = inf sup slog 75 (O
and

Wy — inf {{log PLQ du(Q)du(P),

sup taken in the whole plane and inf taken with respect to positive measures
w supported by F with total mass 1.

DEFINITION. A Borelian set E is said of logarithmic capacity positive when
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it contains a compact set of logarithmic capacity positive, otherwise is said of
logarithmic catacity zero. Further, E is said of logarithmic capacity finite when
the logarithmic capacity of all the compact sets contained in E is bounded from
above.

Then, we have

Theorem 4. Any closed set F which supports the equilibrium measure is
thin at the infinity.

Proof. Let A be any positive measure with total mass 1, P, a point where
A charges no positive mass and F’ the inversion of F with respect to a circle
centered at P, with radius R. Taking a positive measure A’ defined by d\'(Q")
=d\(Q), we have

1
PP,

UNP) = U¥(P’)—log —UN(P)—2log R

for P of F and P’ of F'. Here, UN(P,) is necessarily finite since UNP)z oo
and >—oo, Now, for the equilibrium measure A on F and the constant value
V of the equilibrium potential, A’ is a positive measure supported by F’'— {P}
with total mass 1. We have

UNP)—V =0
on F with a possible exception of a set of logarithmic capacity zero, which in-
duces

1
P'P,

U (P')—log —(U¥(P)+V+21log R) =0

on F’ with a possible exception of a set of logarithmic capacity zero. There-
fore, A" is the balayaged measure of the Dirac measure € at P, onto F'. As
A€, P, is an irregular point of F’ and the balayage constant is given by

v = U¥(P)+V-+2logR.

Theorem 5. A necessary and sufficient condition in order that a closed set
F supports the equilibrium measure is that F is of logarithmic capacity finite.

Proof. Let A be the equilibrium measure on F. Take any compact set
F, contained in F, the balayaged measure A{ of A onto F, and the balayage
constant 7,(=0). Then, A{ is the equilibrium measure on F; and there holds

UN(P)=UNP)+7,2 UNP)

on F; with a possible exception of a set of logarithmic capacity zero. So, de-
noting by V' the constant value of UM P), we have
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Vi, = SU*iszSU*dM —v,,

hence
C(F) = e VF,<eVF.

Conversely, suppose that F is a closed set of logarithmic capacity finite. We
are going to construct the equilibrium measure » on F. Let F, (n=1, 2, 3, ---)
be compact sets monotone increasing toward F, P, an outer point of F, S a
circle centered at P, with radius R which contains no point of F, Fj and F’
compact sets which are the inversion of F, and F with respect to S. 2\, being
the equilibrium measure on F,, denote by \; the inverse measure of A, with
respect to S

ANYQ') = d\,(0)  for O of F, and Q' of FJ.

Then, we have

1
P'P,

UM(P) = UM(P')—log ———UM(P)—2 log R,

P and P, being inverse each other with respect to S. The constant values 7,
of the equilibrium potential on F, produce a monotone decreasing sequence
bounded from below. Let V ke the limiting number. 7V is finite. Put

Vo=V, +UMP)+21og R.

Then, the measure A, supported by F; with total mass 1 is the balayaged
measure of the Dirac measure at P, onto F, and v, is the balayage constant.
The functions

UMPY—y, (n=1,2,3, )

produce a monotone increasing sequence at each point P’ and the non-negative
numbers 7, a monotone decreasing sequence, therefore the sequence

{UM(PH} (n=1,2,3,-)

converges at each point P’ ([2], see p. 236). We may suppose that the sequen-
ce of positive measures A; with total mass 1 supported by the compact sets
F; (CF’) converges vaguely. Then, the limiting measure A\’ is a positive measure
supported by F’ with total mass 1, and there holds the ineguality

U¥(P')< lim UM(P')

at each point P’ and the equality with a possible exception of a set of logarith-
mic capacity zero. Let us remark that UY(P,) is finite. It is since we have
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U¥(Py) < lim US(P,)

. / 1
< lim {U™(P")—1 —2log R—V,
= lim {U(P) %8 prp, 218 }
for any point P’, therefore
U¥(P) < U¥(P")—log P,Po—z log R—V

for a point P’ which does not belong to the exceptional set and such that
U¥(P')<oo. Making v, | 7(=0) and putting

V = y—2log R—U¥(P,),

we have

U¥(P)—log ———U¥(P)—2logR=V

’

0

on F’ with a possible exception of a set of logarithmic capacity zero and <V
everywhere. Then, the inverse measure A of A\’ with respect to S is a positive
measure supported by F with total mass 1, and we have

UNP)=V

on F with a possible exception of a set of logarithmic capacity zero and <V
everywhere. Thus, A is the equilibrium measure on F.

QuestioN. Is the converse of Theorem 4 correct? That is, does any
closed set F thin at the infinity always support the equilibrium measure? If
the question should be affirmative, for any closed set, three expressions — the
existence of the equilibrium measure, the finiteness of the logarithmic capacity
and the thinness at the infinity — are all equivalent. In the Newtonian case,
these expressions are equivalent ([1], see n°14 and n°29), but how about the
case of the logarithmic potential ?
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