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Introduction. Let %k be an algebraically closed field of characteristic
zero and let D be a reduced curve on the projective plane P such that its com-
plement X:=P;—D has logarithmic Kodaira dimension —oo (cf. litaka [3,
4] for the definition and relevant results). We call such a curve D a projective
plane curve with complementary logarithmic Kodaira dimension —oo, a plane
curve with CLKD —oo, for short. The purpose of the present article is to
give a characterization of plane curves with CLKD —voo. Namely, we shall
prove the following:

Theorem. Let D be a reduced plane curve with CLKD —oo. Then the
following assertions hold true:

(1) There exists an irreducible linear pencil A on P} such that D is a union
of (irreducible components of) members of A, where A satisfies the following pro-
perties:

1° A has only one base point P,, and, for a general member C of A, C—
{Py} is isomorphic to the affine line A}; the point P, is, therefore, a one-place point of
C.

2° All members of A are irreducible, and A has at most two multiple me-
mbers. :

3° Let d be the degree of a general member C of A; if d=1 then A is the pen-
cil of lines through Py; if d>1, let 1, be the tangent line of a general member C,
i.e., a line of maximal contact with C at Py; if dly,c A then di, is the unique
multiple member of A; if dly& A then A has two multiple members aF and bG,
where F and G are irreducible and a, b are integers =2 such that a=deg G, b=
deg F, d=ab and G.C.D.(a,b)=1; D is said to be of the first kind or of the second
kind according as dly= A\ or dly& A, respectively.

(2) There exists a Cremona transformation ¢: Pi— P} of degree d such that:

1° The pencil A corresponds (under @) to the pencil of lines through a point
Oo;

2° if D is of the first kind, the line I, is the unique exceptional curve for @; if
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L, is the line through Q, corresponding to dl, then L, is the unique exceptional curve
or 71,
* 3° if D is of the second kind, the curves F and G exhaust the exceptional curves
for @; if L, and L, are lines through Q, corresponding to aF and bG under @,
then L, and L, exhaust the exceptional curves for @'

Conversely, let A be an irreducible linear pencil on P} satisfying the property
1° of the assertion (1), and let D be the union of (irreducible components of) me-
mbers of A. Then D is a plane curve with CLKD — oo,

If D is of the first kind, the theorem implies that the Cremona transforma-
tion @ induces a biregular automorphism of the affine plane P;—I—>P;—L,
and that X:=P};—D contains an open set which is 1somorphic (under @) to
the affine plane with finitely many parallel lines deleted off. So far, we have
only one example for D of the second kind. That is, a quintic rational curve
with only one cusp of multiplicity 2, which was obtained by Yoshihara [8].
In the final section, we discuss Yoshihara’s example together with some detailed
observations on plane curves D of the second kind with CLKD — oo,

Our termiology and notation conform with those of Miyanishi [5] and
Miyanishi-Sugie [7]. We only modify some of the definitions given in [5] so
as to suit the present situation.

(1) Let V, be a nonsingular projective surface, let P, be a point on V, and
let /, be an irreducible curve on ¥, such that P, is a simple point of /. Let d,
and d, be positive integers such that d,<<d,. Define positive integers d, ***, do
and ¢y, ***, g» by the following Euclidean algorithm:

dy = d g +d, 0<d,<d,

d, = dyg,+d; 0<d;<d,
dm—z = dm-]Qa—1+da 0<da<da—1
Aoy = duqs 1<qs .

Let N=¢,4-:*+¢4. Define the infinitely near points P;’s of P, (for 1=i<N)
and the quadratic transformation o;: V,—V,_; with center P;_; (for 1<i<N)
inductively in the following fashion:

(i) P; is an infinitely near point of order one of P;_, for 1<i<N;

(i) let E;=o7'(P;_,) for 1=i<N and let E(v,j)=E; if i=¢+-+
¢v-1+j with 1I=Sv=<a and 1= j<gq,, where we set ¢,:=0; P; is the intersection
point of the proper transform of E(v—1, ¢,_,) on V; and the curve E(v,j) if
i1=qy++¢,+j with 1=Sv=a and 1=Zj=¢, (1=5)j<¢s if v=a), where we
set E(0, g))=1,.

The composition g=q¢,*+:+oy is called the Euclidean transformation with re-
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spect to a datum (P,,l,d,,d,), or the Euclidean transformation, for short, if the
datum (Py,l,,dy,d;) is clear by the context. The related definitions are given
in Miyanishi [5; p. 92 and p. 214]. In particular, the weighted dual graph
of a7!(l,) is the same as given in [loc. ¢it.; p. 95]. If C is an irreducible curve
on V, such that P, is a one-place point of C with d,=#(C,l,; P,) and d,=mult, C
(=the multiplicity of C at P,), then the proper transform C;:=(o,**'a;_,)(C)
passes through P; so that d,=(C;-E(v,j)) and the intersection multiplicity of
C; with the proper transform of E(v—1,¢,_;) on V; is d,_,—jd,, where 1=i<N
and i=¢y++-+¢,_;+j with 1=v=qa and 1<j=gq,; the smaller one of d, and
d,_,—jd, is the multiplicity of C; at P,, We note that ¢’(C) meets only the
last exceptional curve E(a,¢s) and does not meet the other exceptional curves in
the process o

(2) Let V,, P, and [, be as above. Let 7 be a positive integer. An equi-
multiplicity transformation of length r with center P,, or an EM-transformation,
for short, is the composition ¢=g,***o, of quadratic transformations defined
as follows:

For 1=<i{<r, o; is the quadratic transformation with center P;_, and P;
(for i<7) is a point on o7 (P;_;) other than the point o/(c72:1(P;_,)) No7 (Piy)
(ei(l) Nor'(Py) if i=1). A related notion is the (e,i)-transformation defined in
[loc. cit.; p. 100]. If C is an irreducible curve on ¥, such that P, is a one-place
point with dy:=#(C,l,; P,) equal to d,:=mult, C, P;:=¢{(C)Na7'(P,) differs
from o{(l)NaT'(Py). If diP:=multpoi(C) equals d,=(ci(C)-a7"(Py)) then
P,:=(010,)(C) N oz (P)) differs from o4(oT'(Py)) Nz (Py). Thus, this step can
be repeated as long as the intersection multiplicity of the proper transform of C
with the last exceptional curve equals the multiplicity of the proper transform of
C at the intersection point, and the composition of performed quadratic trans-
formations is an equi-multiplicity transformation with center P,.

1. The pencil A

Let D be a plane curve with CLKD — oo and let X:=P;—D. Then Xisa
nonsingular rational affine surface with logarithmic Kodaira dimension #(X)=
—oo, By virtue of the analogue of Enriques’ characterization theorem of
ruled surfaces (cf. Miyanishi-Sugie [7] and Fujita [1]), X contains a cylinder-
like open set U==U,x A', where U, is a nonsingular rational affine curve. Then
there exists an irreducible linear pencil A on Pj such that, for a general member
C of A, CNX is a general fiber of the canonical projection p;: U—U,. Hence
C N X is isomorphic to the affine line A;. Let d be the degree of C. Since d >0,
A has a unique base point P,, which is a one-place point for a general member
C of A. Let D, be an irreducible component of the curve D. Then D, meets
only at P, with general members of A. Hence D, is an irreducible component
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of a member of A. Therefore, we know that D is a union of irreducible com-
ponents of members of A. If d=1 the pencil A consists of lines through P,
and we have nothing more to show in the theorem; take the identity automor-
phism of P} as the Cremona transformation @. Thus, we shall assume, hence-
forth, that d >1.

Let C be a general member of A and let /, be the tangent line of C at P,,
which is the line of maximal contact with C at P,. Then /; is the tangent line
for almost all members of A. Indeed, if d=2 the pencil A is spanned by a
nonsingular conic C through P, and 2I,, where [, is the tangent line of C at P,
Hence every irreducible member of A has /; as its tangent line at P,. If d>2
then P, is a singular point for almost all members of A. If the assertion does
not hold, after the quadratic transformation o: V'—V,:=Pj}, the exceptional
curve E':=¢7!(P,) is a quasi-section of the pencil ¢’A (=the proper transform
of A by o), (cf. [5; p. 190]). Since P, is a one-place point for almost all mem-
bers C of A and (E’-o'(C))>1, this is a contradiction.

We shall prove the following:

Lemma 1. Let the notations and the assumptions be as above. Then the
following assertions hold true:

(1) Every member M of A is irreducible and M. ..—{P,} is isomorphic to
the affine line Aj.

(2) A has at most two multiple members.

(3) If A has only one multiple member then it is dl,.

Proof. Let C, be a general member of A. Then C, is a curve with
CLKD —oco. In order to prove the above assertions, we may replace D by C,
and assume that D consists of only one general member of A. Then Pic(X) is
a cyclic group of order d, where X=Pf{—D. Then we shall show that the
projection p,: U—U,, U being the cylinderlike open set of X which defines
the pencil, extends to a surjective morphism z: X—T=<A}, whose general
fibers are isomorphic to A;. Indeed, since P, is the single base point of A,
the rational map ®,: P;— P} defined by A is regular outside P,. Hence the
restriction 7:=®, |y is a morphism. Since D is a member of A, the image
T:=mn(X) is isomorphic to the affine line. By construction, general fibers of
7 are isomorphic to A}.

By virtue of Miyanishi [6; Lemma 1.1], we have
rank Pic (X)®Q — 3} (sr—1),
P Fer

where up is the number of irreducible components of the fiber 7 }(P) and where
P ranges over all points of T. Since Pic(X) is a cyclic group of order d, we
know that every fiber of = is irreducible; we know also by the same result (loc.
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cit.) that every fiber of 7 is isomorphic to Aj. This implies that every member
of A is irreducible and nonsingular outside the point P,. This proves the
assertion (1). We can strengthen, in effect, the cited result as follows: Let
P, .-+, P, exhaust the points of T such that z*(P,)=az"(P;) with a;,=2 for
1§z§s, then Pic(X) is a finite abelian group with generators &, :+-, &, and
relations @,§,=+.-=a£,=0. Hence a,, ::+,a, are pairwise copiime, and d=
a,-+a,.

If s=1, we know thence that @;=d. Let F, be the closure in P} of the
irreducible curve z7Y(P,). Then dF; is linearly equivalent to C. Hence F,
is a line. Since F; N C= {P,}, we know that F,=/,. Hence dl, 1s a member of
A. This proves the assertion (3).

Let o:V—V,: =P} be the shortest succession of quadratic transforma-
tions with centers at base points (including infinitely near base points) of A such
that the proper transform A of A by & has no base points. Let E be the
exceptional curve obtained by the last quadratic transformation in the process
&. Then Eis a cross-section of A, i.e., a general member of A meets E trans-
versally in a single point. Let F; be the closure in P} of z7(P,), let F'; be the pro-
per transform of F; by & and let T'; be the member of A for which F, is an
irreducible component, where 1=</=<s. Since ¢;=2, T is a reducible member.
Namely, I'; contains other irreducible components by means of which the
component F; is connected to the cross-section E. Those irreducible com-
ponents of T';’s other than F,’s for 1<i<s are exceptional curves obtained by
the quadratic transformations in the process &. The composition & of qua-
dratic transformations is, in effect, a composition of Euclidean transformations
and EM-transformations, which are uniquely determined by a general member
C of A as explained in the Introduction. This is due to the fact that P, is a
one-place point for a general member C of A. By looking at the configura-
tions of exceptional curves obtained by the Euclidean transformations or the
EM-transformations (cf. [5; p. 95]), we know that the totality of exceptional
curves (except £) obtained in the process & is divided into at most two con-
nected components, and that each of (irreducible) exceptional curves (except
E) is contained in a member of A. This observation implies that A contains
at most two reducible fibers. Therefore A has at most two multiple members.
This proves the assertion (2). Q.E.D.

We have also the following:

Lemma 2. Let the notations and the assumptions be as above. Then the
following conditions are equivalent to each other:
(1) For a general member C of A, we have

(C-1) =i(C, l;; Py =d
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(2) dl,eA,i.e., D is of the first kind.
(3) A has only one multiple member.

Proof. (1)=>(2): By assumption, C— {P,} is contained in the affine plane
X,:=P}—1,. Since C—{P,} is isomorphic to the affine line, we may choose
coordinates x, y on X, so that the curve C—{P;} is defined by x=0 (cf. Ab-
hyankar-Moh’s Embedding theorem [5; p. 90]). Let C’ be another general
member of A. Then C'—{P,} is defined by f(x, y)=0, where f(x,y)Ek[x, y].
Since CNC'={P,}, we have f(0, y)=0, i.e., f(x, y)=c+xg(x,y) with cek*:=
k—(0) and g(x, y)Ek[x,y]. Since R[x, y]/(f(x,y)) is a polynomial ring in one
variable over k, there exists an element ¢’ €k* such that x—¢’ is divisible by
f(x,y). Hence we may assume that f(x, y)=x—c’. Since A is spanned by C
and C’, almost all members of A restricted on X are defined by equations of
the form x=c with c€k*. This implies that A is spanned by C and dl,, and
that every member of A except dl is irreducible and reduced.

(2)=(1): Since P, is the unique base point of A, we have

i(C,ly; Py) = (C-l)=d.

(2)=(3): We have shown, in the course of the proof (1)=(2), that dl, is the
unique multiple member of A. The implication (3)=>(2) is proved in Lemma
1. Q.E.D.

Assume that A has two multiple members aF and bG. Assuming, as in
the proof of Lemma 1, that D consists of only one general member of A, Pic(X)
(with X:=P;—D) is a cyclic group of order d generated by [F] and [G] with
relations a[F]=b[G]=0, where [F] and [G] are the divisor classes represented
by F and G, respectively. Then it is clear that b=deg F, a=deg G, d=ab and
G.C.D.(a,b)=1. Therefore, we proved the assertion (1) of the theorem.

2. The Cremona transformation ¢

We retain the notations in the previous section. Let &: V—Vy:=Pjf be
the shortest succession of quadratic transformations with centers at base points
(including infinitely near base points) of A such that the proper transform A
of A by & has no base points. As already remarked, & is the composition of
Euclidean transformations and EM-transformations. Since the process & is
uniquely determined, the Euclidean trasnformations and the EM-transformations
which constitute & are uniquely determined. Let C be a general member of
A, let dy=1(C, l;; P,) and let d,=mult, C (=the maltiplicity of C at P;). Then
we have d,<<d,=<d. Hence the process & starts with the Euclidean transforma-
tion o,:V,—V, with respect to a datum (P, l,,dy,d;). Write

G = 01T102T2"" 04Ty,
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where o’s (1=i{=mn) are Euclidean transformations and 7;’s (1<j=<n) are the
EM-transformations; if the EM-transformation, say 7;, is not necessary in the
process &, we understand 7;=id..

Let p,=o7°**0,, Wwith m<n. Then the totality of (irreducible) excep-
tional curves obtained in the process p,, is contained in one and the ssme me-
mber of the pencil p,,A. Indeed, the pencil p,A has the unique base point
P,, on the last exceptional curve E,, which does not lie on any other exceptional
curves appeared in the process p,. Since each exceptional curve, which is an
irreducible component of py!(P,), is contained in a member of p,A and since
ow'(Py), is connected, E,, and all other exceptional curves are contained in one
and the same member of p,,A. A similar assertion holds true for p,r,. Since
the last exceptional curve E obtained in the process & is a cross-section of the
pencil A=s'A, we know easily that 7,=1d. if D is of the first kind and 7,=1d. if
D is of the second kind. Moreover, if D is of the second kind, one of two multi-
ple members aF and bG of A, say aF, has the corresponding irreducible member
a\r'(F) in the pencil \»'A, where {»=p,, or p, 7, With m<n;'(G) then belongs
to the member of yr'A containing all the exceptional curves; in the final step,
&'(F) becomes an irreducible component of a reducible member of ¢’'A, whose
irreducible components (except &'F) are exceptional curves arising from the
Euclidean transformation ¢, (cf. the configuration in [5; p. 95]).

Since A=&'A has no base points, A defines a surjective morphism
p:=@x: V—P} such that, if P}—{P;} is naturally identified with an open
set of ¥, p coincides with the rational map @, on Pi— {P}, and that the general
fibers of p are non-singular rational curves. The curve E is a cross-section of
p. We shall construct a P'-bundle from V by contracting, one by one, all
possible exceptional curves of the first kind contained in fibers of p. This
contraction process is possible by virtue of the following:

Lemma 3 [5; Lemma 2.2, p. 115]. Let f:V—B be a surjective morphism
from a nonsingular projective surface V onto a monsingular complete curve B such
that almost all fibers are isomorphic to Pi. Let F=n,C\+-+-+n,C, be a singular
fiber of f, where C; is an irreducible curve, C;C;if i= j, and n;>0. Then we have:

(1) G.C.D.(my-,n)=1 and Supp(F):= U C; is connected.

(2) For 1<i<r, C; is isomorphic to P} and (C3)<0.

(3) Fori%j, (C;-C;)=00r 1.

(4) For three distinct indices i, j and I, C;NC; N C)=¢.

(5) Omneof C/s, say C,, is an exceptional curve of the first kind. If 7: VW

is the contraction of C, then f factors as f: viw —g>B, where g: W—>B is a fibration
by Pi.
(6) If one of m;’s, say m,, equals 1 then there is an exceptional curve of the first
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kind among C;’s with 2<i<r.
Let 6,: V=W be the contraction of all possible exceptional curves of the

first kind contained in the reducible fibers of p. Then p factors as p: Vﬁ WiPi
(cf. Lemma 3, (5)) and W is a P'-bundle over P;. If A is a reducible fiber of
2, the irreducible component A, of A meeting the cross-section E has multipli-
city 1. Hence we may assume that A, is not contracted in the process 0,
i.e., 0,(4,) is the fiber of ¢ lying over the point p(A), (cf. Lemma 3, (6)); we
assume that this assumption is valid for all reducible fibers of p. Then 6,(E)
is a cross-section of ¢ with (8,(E)?)=—1. This implies that W is the Hirze-
bruch surface of degree 1, i.e., W=Proj(Op@®O0p:(1)). Then, by contracting
6,(E), we obtain the projective plane P} and all fibers of ¢ become lines through
the point Qy:=0,(0,(E)), where 8,: W— P} is the contraction of 6,(E). Let
6=0,-0, and let @p:=0-67:P}—>V—>P}. Then ¢ is the required Cremona
transformation. By construction of ¢, it is now straightforward to see that the
assertion (2) of the theorem is verified by .

The converse of the theorem follows from the analogue of Enriques’ char-
acterization theorem of ruled surfaces (cf. [7] and [11]).

3. Further properties of A

In this section, we consider the case where D is of the second kind. We
retain the notations and the assumptions in the previous section. Let C be a
general member of A, and let d, and d, be the same as defined as before. The
pencil A has two multiple members aF and bG; we assume that ay/'(F) is an
irreducible member of A for r=p,, or p,7, with m<n. Let b=i(F,l,;P,)
and let by=mult,, F; then b,<b,<b=deg F. Define positive integers dy, --,ds
and ¢y, ", by the Euclidean algorithm with respect to d, and d, (cf. Intro-
duction). Similarly, define positive integers by, +++,bg and p,, +*-,psg by the Eucli-
dean algorithm with respect to b, and b,.

Let a,: V\—>V,:=P} be the first Euclidean transformation with respect
to a datum (P,,/,,dy,d,). Then, since

(e4(C)) = (C)— 2} gid} = d*—dod >0,

the pencil o{A has still a base point P{ on the last exceptional curve E{ ob-
tained in the process o,. This implies that =g, p,=¢q; for 1=i<a and
do=(01(C)-E{)=(aci(F)+E{)=abg. Therefore we have d;=ab; for 0=ZiZa.

For 1=m<un, let 3,,=p, 7., let E, be the last exceptional curve obtained in
the process 7,, and let P, be the base point of the pencil 7,A, i.e., P,==7,(C)
NE,. Letd{”=i(n,C,E,;P,)=(qnC+E,), d{”=mult, 7,C, b§"=i(y,F,E,;P,)
=(mF+E,) and b{=mult, n,F. Set d{¥=d,, d{¥=d,, b{’=b, and b{"=b,.
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Then it is easy to obtain the following relations:

(1) d§” = G.C.D.(d§"", d{") and
b™ = G.C.D.(b§""Y, b{"~V) for 1=<m<n;

(2) G.C.D.(§", dfP) = G.C.D.(by~", bV) = 1;

(3) di™ = ab{™ and d™ = ab{™ for 0<m<n—1.

Note that A=&’A has no base points and that &’F is the unique exceptional
curve of the first kind in the reducible member of A of which &’F is an irredu-
cible component. Hence we obtain:

(4) ((ThsC)?) = d§=1de and (nh-1F)?) = b§=Vb=—1.

Since 7;_,C is linearly equivalent to an,_,F and since d{"P=ab{""", we obtain
by a straightforward computation with the relation (4) taken into account:

(5) di" P =a%d{" P =ab{"P—1and by =a.

Let r,, be the length of the EM-transformation 7, for 1<m<n. Then we
have:

(6) #=3 dPdP+33 (), and B = 33K+ (67,1
Since p,(6'C)=p,(¢’F)=0, we obtain:

(7) 3d= do—i—g AP+ 7,1, and 35 = b0+fgb§M>+:2: Br, .
Since dy<<d=ab and a?|d, by (5), we have:

(8) a<b.
Since b{""P=a by (5) and by~ |b{™ for 0<m<mn, we obtain from (6):

(9) a|(*+1).

On the other hand, by vittue of Noether’s inequality (cf. Hudson [2; p. 9]),
the sum of three highest (or three equally highest) multiplicities of the singular
points (including infinitely near singular points) of C centered at P, is larger
than d. Hence we have:

(10) If a=2 then ¢y=1; if a=1 then q<2. Hence we have d<<3d, and
b<3b,.

Finally, we consider Yoshihara’s quintic rational curve F which is defined by
the following equation:

F: (YZ—X?) (YZ'—X?Z—2XY?)+ Y =0.
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Then F has only one singular point Py:=(X=0, Y=0, Z=1), which is a cuspi-
dal point (i.e., a one-place point) of multiplicity 2. The tangent line of F at
P, is given by

lo: Y == O .
New consider the conic G defined by
G:YZ-X*=0.

Let A be the linear pencil on Pj spanned by 2F and 5G. Then, with the fore-
going notations, we have:

d=10, a=2, b=5, d,=8, d;=4, by=+4, by=2. 'Then &7}, UF UG) has the

following configuration on V:

NN
X~

general members of A

where [:=06"(l,), F:=6'(F) and G:=4&'(G). Let 0 be the contraction of G,

E, E,E,E,E, F E, E,and E in this order. Then the resulting configura-

tion on Pj} is given by:

(1)

where 6(I;) is a nonsingular conic. Moreover, p=60-6"! is a Cremona trans-
formation of degree 10.
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