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Let G be a connected semisimple Lie group with finite center and K a
maximal compact subgroup of G. We assume that the quotient manifold
X=G/K carries a G-invariant complex structure, so that X is holomorphically
isomorphic to a symmetric bounded domain in CN. Let Γ be a discrete subgroup
of G acting on X freely and such that the quotient M=T\X is compact. The
quotient Γ\G is then also compact. Suppose now an irreducible representation
r of K be given in a finite-dimensional complex vector space V. We know that
r defines an automorphic factor Jr on Xy called the canonical automorphic factor
of type T, and this defines in turn a holomorphic vector bundle E( Jτ) over the
complex manifold M=T\X. The vector bundle E(Jr) is in fact diίferentiably
equivalent to the vector bundle over M which is associated to the principal
bundle Γ\G over M with group K by the representation τ of K in V. We shall
denote by E(Jτ) the sheaf of germs of holomorphic sections of the vector bundle
E(Jr), and by Hq(M, E(Jτ)) (q=0y 1, •••) the q-th cohomology group of M with
coefficients in the sheaf E(Jr).

In a series of papers [6], [7], [8] (cf. also [9]), Y. Matsushima and one of the
present authors have discussed the cohomology groups H9(M, E(Jr)) and in
particular the vanishing of these cohomology groups. The aim of this note is to
prove anew a vanishing theorem for these cohomology groups which generalizes
one of the main results in [7], In [7] (and also in [8]), the result has been obtained
after proving the following two kind of assertions. (1) Vanishing theorems for
the cohomology groups of M with coefficients in certain locally constant sheaves,
and (2) Isomorphisms between cohomology groups of this type and the groups
Hg(M, E(Jr)). In this note we will apply a formula proved in [8] which ex-
presses the dimension of the space of automorphic forms in terms of the unitary
representation of G in L2(Γ\G). As this formula has nothing to do with the
earlier results as (1), (2), we get in this way a direct proof to a theorem in [7].
We note that N. Wallach and one of the present authors [3] have recently applied
a similar kind of formula proved by Matsushima [5], thus giving a completely
new proof to a theorem of Matsushima concerning the first Betti number of the
space T\X. The method used in this note generalizes that of [3] and depends
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on an argument used by R. Parthasarathy [11] who treated "L2-cohomologies"
of X. We remark also that a different kind of vanishing theorem for the
cohomology groups is found in [2].

We need also a formula on a laplacian operator, which is essentially the same

as the one given by K. Okamoto and H. Ozeki [10]. The proof of this formula
given here may be considered as a simplification of the method developped by

them (cf. [1] for another proof).

1. Preliminaries on Lie algebras. We retain the notation in the

introduction. Let g be the Lie algebra of G and ϊ the subalgebra corresponding
to the subgroup K. Since G\K carries a G-invariant complex structure, I
contains a Cartan subalgera ^ of g. We denote by gc the complexification of g

and by §c and Ic the subspaces of gc spanned by ή and ϊ respectively.

Let Δ be the root system of gc relative to §c and

be the root space decomposition. Then

Ic = ΐ)c+ Σ 9*
Λ(ΞΔ*

for a subset Δ^cΔ. Moreover, by our assumption on G/K, there exist abelian

subalgebras n+ and τt~ of gc such that

[fc,n±]ctt±, [n+,tr]cϊc,

τt+ = n~ ,

where — denotes the conjugation of gc with respect to g. It follows in particular
that

for a subset ΨczΔ. For each root αeΨ we can choose a vector Xa^Qa in

such a way that XΛ=X_Λ and φ(XΛ, X-Λ)= 1, φ being the Killing form of gc.

Let Ij0 be the real part of §c. All roots of gc and more generally any weight
of a finite-dimensional irreducible representation of the reductive Lie algebra Ic

relative to the Cartan subalgebra §c are real-valued on ΐ)0 and so are considered
as elements of the dual space ϊjo of ϊj0. We know that there exists a linear
ordering in t$ such that the roots in ψ are all positive. Choosing such an

ordering once and for all, let Δ+ be the set of all positive roots. Put Θ=Δ+ Π ΔΛ

and
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where <£)> denotes the sum of roots belonging to Q for any subset Q of Δ.

Then Δ+=ΘUΨ and S=8k+Sn.
The Killing form φ defines a positive definite inner product on Ij0 and this

induces in turn a linear isomorphism ϊ$=ϊ)o which assigns to λeϊ$ the element
#λ<Ξlj0 such that \(H)=φ(Hλy H) for all H^0. Then

[XΛ, X. J = HΛ

for any root αeϊΨ. We define an inner product in φff by putting

for λ,

2. The cohomology groups #0'*(Γ, X, Jτ). We recall some results
obtained in [6], [7]. Let τ be a representation of the group K on a finite-
dimensional complex vector space Vy and Jr the canonical automorphic factor of

type r on the space X=G/K (Cf. [6], [9]). We denote by A*«(T, X,Jτ) the
vector space of F-valued C°°-differential forms η of type (0, q) on X such that

for all γeΓ and x^Xy where L y denotes the transformation of ^defined by γ.

Then we get a complex 2 ̂ 4°'*(Γ, -XT, /τ) with coboundary operator J". The

cohomology groups of this complex, which were denoted by HS;,*(T> X, Jr)

in [6] [7], will be here denoted by H*«(Γ9 X, Jr) (q=0, !,•••)• The group
H°'9(Γ, X,JT) is isomorphic, via the Dolbeault's isomorphism, to the cohomology
group Hg(M, E(Jr)) defined in the introduction. Now in the space A°'*(Γ, X,Jr)
we can introduce a "laplacian" operator Π in a canonical way and we know
that each cohomology class of H°'g(T, X, Jr) is represented by a unique har-

monic form, i.e. a form -η such that Π7?— 0. The group H°'g(T, X, Jr) is thus
isomorphic to the group J#°'*(Γ, X, Jr) formed by the harmonic forms in
A* '(T,X,JT).

The space A°'g(Γt X,JT) is canonically isomorphic to the space of V- valued
informs η on the manifold Γ\G satisfying the following conditions. An element

X^QC being a left-invariant complex vector field on G, X projects to a vector
field on Γ\G which we write also by X. Let i(X) be the operator of taking
interior product by X for differential forms on Γ\G. Then the conditions to

be satisfied by the forms η are the folio wings.

97 o Rk = τ-^% for k<=K,

(2.1) \ i(X)η = 0 for

0 for
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where R& is the transformation of T\G defined by an element k^K. Now,
there exists a bijection between F-valued g'-forms satisfying (2.1) and V®Λ*n+-
valued C "-functions /on Γ\G which verify

(2.2) /(**) =

for x^X and k^K, where adj. is the representation of K on Λ*tΐ+ induced
from the adjoint action of K on rt+. To be more precise, put ψ= {aly •••, aN}
and write Xi9 Xi for XΛ., XΛ{(l^i^N) respectively. Then the function cor-
responding to a form η is given by

/(*) - Σ **-*, (*)** Λ

where

and jΊ, •••ijg run over integers such that l^jl< "<j^N. We shall denote
this function also by η and identify the space ^40><7(Γ, X, Jr) with the space of
V®Λ.gn+ -valued C°°-functions satisfying the condition (2.2). If we denote by
C°°(Γ\G) the space of all complex- valued C°°-functions on Γ\G, the space of
all F®Λ*n+- valued C°°-functions on Γ\G may be identified with the tensor
product space C°°(Γ\G)®F®Λ*tt+. The group K acts on this space by
Rk®τ(k)®adl(k) (k(ΞK), and then A°'g(Γ, Xyjr) coincides with the subspace
of C°°(Γ\G)<g)F®Λ<7n+ consisting of all J^-invariant elements.

Each vector field on Γ\G acting on C°°(Γ\G) in a natural way, we get a
natural representation / of the Lie algebra gc in C°°(Γ\G). The restriction of /
to ϊ is denoted by lk, and the representations of ϊ induced from the representa-
tions T, adj. of the group K will be denoted by the same letters. The action
of the group K on C°°(T\G)®V®A«n+ defines as its differential the tensor
product representation 4®τ(g)adϊ. of the representations 4, T, adj. of the Lie
algebra f. It follows that an element ^<EC°°(Γ\G)(g)F<g)Λ*tt+ belongs to the
subspace A°'«(Γ, X, /τ), if and only if

(2.3)

holds for all
Let {Y19 " , Ym} be a basis of ί such that φ(Ya, Yb)= — Sab (l<5α, b^

Then the laplacian operator Π in A°'g(Γ, X, Jτ) is induced from the operator,
denoted also by Π, in C°°(Γ\G)®V®Agn+ defined as follows.

(2.4) D = -
ί = l a — i

where 1 denotes the identity operator in each space (See [6], [7], [9]).

3. An expression of the laplacian operator. Let C be the Casimir
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operator of the Lie algebra QC. This is an element in the enveloping algebra
U(QC) of QC and, according to our choice of the basis {Xly •••, XN, Xι, •••,
Y19 •••, Ym} of gc, it is written as

C = -Σ
a = 1 , = 1

The operator C acts on C°°(Γ\G)(g)F®Λ*n+ via the canonical action of U(QC)
on the first factor C°°(Γ\G). Analogously we define an element CΛe U(QC) as
follows.

and put

From now on we assume that the representation r of K is irreducible.
Then r induces an irreducible representation, denoted also by r, of the reductive
Lie algebra ϊc. Let Λ (resp. Λ') be the highest (resp. lowest) weight of τ with
respect to the ordering in f}? chosen in §1. Then we see easily

(3.1) r(Ck) = <Λ, Λ+2δ*>l r(Hλ) = <Λ, λ>l

for Hλ belonging to the center of Ic.
The formula given in the following lemma is essentially the same as the

one of Okamoto-Ozeki [10] established for "L2-cohomologies".

Lemma 1. In the subspace A°'9(Γ, X, /τ)cC°°(Γ\G)® F(g)Λ*π+, we have

(3.2) D = y {-C+<Λ, Λ+2δ>l} .

Proof. For simplicity, we write X for l(X) (X^QC). In the following
summations a runs over 1, •••, m and i over 1, •••, N. We shall use the following
formula proved in [7. Lemma 4.1].

(3.3) Σ adi( Yaγ = -Σ adJ([JΓίf XΊ]) .

Now, in the subspace ^40>ί(Γ, X, Jτ), we have

[by (2.3) and (3.3)]
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-Σ Ή . ̂ τ]®l®l-l®Σ τ([̂ . . X?)]®1 [by (2.3)]

Note that Σ[̂ Γ, , Xι]= *ΣHΛ=H2ί , which belongs to the center of lc.
i Λ&T "

From (2.4) we get therefore

D = - i

>i-Σ y*®ι®ι
2

-Σ \xt,

= 1(-C+<A, Λ+2S*>1+<Λ, 28M>1) [by (3.1)]

This proves the Lemma.

4. The theorem. We shall prove the following

Theorem. The notation and hypotheses being as in the preceding sections,

let T be an irreducible representation of K whose highest weight Λ is a dominant
integral form with respect to Δ+. Then

for q satisfying one of the following conditions.

(I) <?<<?Λ> where qA is the number of roots a such that <Λ, α^
(II) q<r, if X is an irreducible symmetric space of rank r and unless q=0 nor

Λ=0.

As mentioned in the introduction, the case (I) has been proved in [7] (and also
in [8]) in a different way, while the case (II) is a slight generalization of a result

in [3].
To prove the theorem, we recall first a formula in [8, Part II] which we will

apply. Let σ be a representation of K in a complex vector space Vσ. By an
automorphic form of type (Γ, σ, λ) we mean a Fσ-valued C°°-function / on

G satisfying the following conditions, (i) f(gk)=σ(k~1)f(g) for g^G, k^Ky

(ii) f(7g)=f(g) for γeΓ, g^G, and (iii) Cy=λ/, where λ is a complex number
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depending only on σ. By what we have observed in §§2 and 3, we can identify

the space M°'g(Ty X,JT) with the space of V®A.*n+- valued C°°-functions/on
Γ\G satisfying (2.2) and such that

Therefore, Jft°'g(Γ, X, Jr) may be considered as the space of automorphic forms

of type (Γ, τ<g)adi, λ) with λ=<Λ, Λ+2δ>.
Let π be a unitary representation of G in a Hubert space HΛ. Then π

gives rise to representations of the Lie algebra g and of the universal enveloping
algebra C/(g) in H^ which we shall denote also by π. The operator π(C) is

known to be a self-adjoint operator of H^ with a dense domain. Assume now

that π is irreducible. There exists then a complex number X^ such that

π(C)= λrfl, i.e. that π(C)u=\«u for all u in the domain of π(C). On the other
hand, the space H« being considered as a ^-module by the restriction of π to

K, decomposes into a countable sum of irreducible ^-submodules among which
each irreducible K-module occurs with finite multiplicity. So we can define

for a representation σ of K on a finite-dimensional complex vector space Vσ, the
intertwining number (π\K\ σ) as the dimension of the space of all ^-homomor-

phisms of H* into Vσ. If σ is irreducible, (π\K\ σ) is equal to the multiplicity
of σ in the restricition of π to K.

Let now p be the unitary representation of the group G in the Hubert space
L2(Γ\G) induced from the action of G on Γ\G. We know that p decomposes
into sum of a countable number of irreducible representations, in which each

irreducible representation π of G enters with a finite multiplicity that we denote

by mJ[Γ).
Now, for a representation σ of K, let A(Γ, σ, λ) be the space of automor-

phic forms of type (Γ, cr, λ). Then we have obtained the following formula
[8, Theorem 3].

(4.1) dim A(Γ, σ, λ) = Σ mJ(T)(π\K , σ*)
*6EZ>λ

where σ* denotes the representation of K contragredient to σ and Dλ is the set

of irreducible unitary representations π of G such that τr(C)=Xl. Actually this

formula is established in [8] for the case that σ is irreducible, but it follows that
the same formula holds for any finite-dimensional representation σ of K, since

σ decomposes into a finite sum of irreducible representations. Moreover, if π*
denotes the representation of G contragredient to an irreducible unitary repre-

sentation π of G, we can easily see (π\K\ σ*}=(π*\K\ σ) and that π(C) and
τr*(C) are the same scalar multiple of the identity operators. The representation

σ of G in L2(Γ\G) is self-contragredient, from which it follows that mJ[T)=
m<a*(Γ) for any irreducible representation π of G. Combining these results, the
formula (4.1) can now be written as
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dim A(Γ, σ, λ) = Σ fn£T)(π\K\ σ) .
rel>λ

Applying this to our case, we get the following formula.

(4.2) dim cΛβ «(Γ, *, Λ) = Σ ™JF)(* I ̂  T® adl)

where π runs over the irreducible unitary representations of G for which π(C)=
<Λ, Λ+2δ>l.

Using this interpretation, we have the following lemma whose proof depends
on a computation similar to Parthasarathy's [11] (See also [3, Lemma 3.7]).

Lemma 2. Assume H*'q(T, X, /T)Φ(0). Then there exists a subset QdΨ
with cardinality q, satisfying the following conditions]

(1) there exists an irreducible unitary representation πμ. of G whose highest
weight with respect to the (new) positive root system Δi — Θ U (— Ψ) is μ,=Λ+<£?)>
That is, there exists a non-zero vector v in the representation space of πμ, such that

v = b (αe=Δί),

(2) <Λ,α> = 0 / o r αeΞΨ-ρ and \8k-Sn\ = |δ,-δM+<ρ>|, where

Proof. By the assumption and (4.2), there exists an irreducible unitary
representation π in a space H^ containing an irreducible -KΓ-module U inter-
twining with τ(g)adj. Let μ be the highest weight of U and v be the non-zero
eigenvector for μ. Note that there then exists QcΨ such that μ,=Λ+<£)>.
We know that v is in the domain of all operators π(X) (X^ U(QC)). Since
τr(C)=<Λ, Λ+2δ>l, we have

= Σ {^

[by (3.1)]

= {\Λ+δ\2-\μ+Sk-Sn\
2}v [as |δ| =

= {2<Λ, 2δrt-<ρ»+ |δ.-δΛ|2- |δ,-δΛ+<ρ>|2}^ [as μ-

Since π is unitary, if follows

= {2<Λ, 2δB-

where 1 1 1 1 denotes the Hubert norm on Hn. But by the assumption on Λ,
<Λ, 2δM-<ρ»^0 and by a result of Kostant [4],
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Hence π(X^)v=Q\ thus π satisfies the requirement for πμ in (1) and simulta-

neously Q satisfies (2). Q.E.D.

Proof of Theorem. We are now ready to prove the case (I). Assume

H°'g(Γy Jί,/τ)Φ(0). Let ρcΨ be as in Lemma 2. Then <Λ, α>=0 for

—Q. Setting

we thus have Q^dQ. Hence qA^q.
We shall next prove the theorem for the case (II). Under the assumption

of (II), the Lie algebra gc is simple and so there exists a unique root α?0eψ

which is a simple root with respect to the positive root system Δ+=Θ U Ψ. If
<Λ, #0>ΦO, then clearly <Λ, α>>0 for all #eΨ, which means qA=N=dimcX.

Hence, in this case (I) implies the assertion in (II).

To treat the remaining case, i.e. the case <Λ, #0>=0, we use a criterion
of the unitarizability of representations with highest weights obtained in [3].

Assume again that HQ'q(Γ, Jf,/τ)Φ(0). By Lemma 2, there exists an irreducible

unitary representation πμ with highest weight μ=Λ+<£)> with respect to the

positive root system Δ+=Θ U (— Ψ). To simplify our notation, put 8'=8k— 8n

and Q'=— Qd — Ψ. Then by (2) of Lemma 2,

By Kostant [4], there then exists an element s^W such that s(— Δi)Π Δ+=Q',

where W is the Weyl group for (QC, \f). Note that <ρ'>=δ/-ίδ/ and /(*)=?,
where l(s) is the length of a minimal expression of s as product of Weyl reflec-

tions for simple roots in Δi.

Since π^ is an irreducible unitary representation with highest weight μ with
respect to the positive root system Δ+, we have by [3, Lemma 3.4],

if μφO, where β0 is the highest root in Δi. By what we have seen above,

μ = Λ-ίδ'-ίδ')

with l(s)=q and ίΔi iDθ.

Now, as we suppose <Λ, o:0>
=0> <Λ, /30>=0. Hence applying [3. Lemma

3.6], we have

'-δ', /30>

= ^δ'-S', /80> - 0

when <?=/(ί)<r=rank X. Thus we should have q^.r unless μ=0.
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We shall see that if <Λ, aoy=0 and μ=0, then Λ=0 and q=Q. Since

(αeθ)

(see, for example, [3, Lemma 3.5]). But we assume that <(Λ, cO^O for

. Hence if μ=0, i.e. if A=S'—sδ', then

<Λ, α>=0 (αeθ).

Since the center of ϊ is one-dimensional, it follows that there exists a scalar c EΞ C

such that λ=cSn. By [9, p. 96, Corollary], we know

(actually, <2δΛ, α>=y(αeΨ)). Hence £ = <Λ, α0>/<δM, α0> and so c = 0,

because <Λ, αr0)>=0. Thus we have Λ=0. We have also q=Q> since μ=

Λ+<<2^=0 We have thus completed the proof for the case (II).
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