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Introduction

In the previous papers [5], [6] and [9], we studied the structure of a special
type of separable extension, called H-separable extension, which is a ring extension
T'c A such that AQ A is isomorphic to a direct summand of a finite direct sum
of the copies of A as two sided A-module. Such an extension becomes neces-
sarily a separable extension, that is, a ring extension I'C A such that the
map 7 of AQrA to A with 7(x®y)=xy splits as two sided A-module.

Recently K. Hirata has characterized the structure of an H-separable
extension in case A is isomorphic to a direct summand of a finite direct sum
of the copies of T' as two sided I'-module. He called that A is centrally
projective over T in this case. He proved that in such case V/,(T") is a central
separable C-algebra and A=T'Q V ,(T"), where C is the center of A, and that
there exists a one to one correspondence between the set of H-separable
subextensions of T" in A and the set of central separable C-subalgebras of A
=V ,(T") by corresponding the centralizers of each of them. (See [6].)

In §1 we shall concider the H-separable extension in a weaker condition,
' {®rAr which means that T" is a direct summand of A as two sided TI'-
module. In this case we can find a one to one correspondence between the set
of separable subextension B of T" such that zBz{P AT and the set of separable
C’-subalgebras of A by corresponding their centralizers in A, where C’ is the
center of A (Theorem 1.2). This theorem generalizes a result of T. Kanzaki
Theorem 2 [7] in the case of central separable algebras to the case of ring exten-
sions. In §2 we extend this correspondence to a larger class of subextensions
and class of subalgebras of A. In §3 we concider a relation between separable
extensions and quasi-Frobenius extensions.

In this paper we always assume that a ring has the identity element and
subrings have the common identity.

1. Centralizers in H-separable extensions

Throughout this paper whenever we consider the ring extensions TCBCA,
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we denote by A, D and C respectively V,(T"), VA(B) and V ,(A), where V' ,(X)
={AeA|rx=a) for all x& X} with XCA.

Let M be a left A-module (or left A and right I'-bimodule) and N a left
A-submodule (or a A-I'-submodule). When we denote \N<{&P M (or ,M <P
AMy), we mean that N is a direct summand of M as left A-module (or A-T'-
bimodule). When we denote \M{P (NP BN) (or \M<PA(NSD-+-DN)rp),
we mean that M is isomorphic to a direct summand of N@---PN as left A-
module (or A-T'-bimodule).

As usual we denote by M" the subset {m& M | Am=mx for any NET} for
any two sided A-module M and any subring T of A

First, we shall give a characterization of centrally projective H-separable
extension.

Theorem 1.1. For any H-separable extension ADT the following con-
ditions are equivalent;

1) A is centrally projective over T in the sence of K. Hirata (i.e., A<D
(T @ BT)), where T'=V ,(V ,(T)).

2) A is a central separable C-algebra and A=T'® :A.

3) Hom (vA, rA) is an H-separable extension of A regarding A as a
subring of Hom (pA, rA) by right multiplications of elements of A.

Proof. If A is H-separable over T, A is also H-separable over I"’ (See
Theorem 1.3’ [9]). Hence the equivalence 1)=2) is a direct consequence of
the results of K. Hirata (See the introduction of this paper). On the other
hand, for any H-separable extension ADT the map 7: AQ A — Hom (rA, rA)
such that 7(d ®y)(x)=dQy for dQyE AR A and xE A isa A-A-isomorphism by
Prop. 3.3 [6]. 'Then 2)=3) is clear by Prop. 1.7 [9], since A is central separable
over C. Suppose 3). This implies that A@Q A is H-separable over A. Since
A is finitely generated projective over C, A (P ARQcA,. Then A is
separable C’-algebra by Prop. 4.7 [6], since (AQcA)*=(Hom (rA, rA))*
=Hom (pA 4, rAy)==A, where C' is the center of AQ A. Clearly C'C(AQ A
=A®]1 and we see that C’ is equal to the center of A. Since \A,{P AR Ay,
Viea(AQD) =V ea(Vrea(A)=CRQcA=A by Prop. 1.2 [9]. Then ARQ.A
~ARNARQAN)®=ARA. Then we have A=V ,(C)=Hom (LARQcAn,
sA)=Hom (LARAn, sAL)=V,(C'). Hence we have V,(C')=A, and
C’'cC. Since CcC’, we see C=C", and A is a central separable C-algebra.
A=T'®cA is due to Theorem 3.1 [1].

As an immediate consequence of the above theorem we have.

Corollary 1.1. Let A be an H-separable extension of T'. Then A is cen-
trally projective over T if and only if Hom (v, pA) is an H-separable extension
of A and V \(V A\(T"))=T".

The next lemma is a generalization of Cor. 4.2 [6].
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Lemma 1.1. Let TCBCA be ring extensions such that gBR A\ {P
s(AP--DBA)s. Then if T <BcBr, A is separable over D, if B {P
(LD Py, A is H-separable over D.

Proof. zBRrA\{PBp(AD--PA), implies that ,A is finitely generated
projective and zpB®pA,=zHom (,A, ,A) (See Prop. 2.1 [6] or Theorem 1.2
[5]). Hence we have A-A-isomorphisms

AR®pA=Hom (rA,, rA,)R®pA=Hom (rHom (p4A, pA)s, rA4)
=~Hom (:BQrA,, rA)=Hom (:By, rHom (A, A,)r) = Hom (pBr, rAr)

the composition 7 of which is such that »(d®Qe)(b)=dbe for any d, e A and
beB. Then we have a commutative diagram of A-A-maps

T ARcA —> A (7(dRe) = de for ¥d, e A)

i*: Hom (pBP, [\AF)'—)Hom (FFP) I‘Ap)

where 7* is induced by the inclusion map ¢: T A. Hence if [I':<PBrBr, i*
and = split as A-A-map, and A is separable over D. If 1B {P(TD:-P)r,
2aAQpA,==,Hom (rBr, I‘AI‘)A<EBA(E®Hom (+T'rs FAI‘))AgA(Z®A)A) and A
is H-separable over D.

Proposition 1.1. Let TCBCA be any ring extensions. Then, if B is
separable over T, D {@PpAp, and if B is H-separable over T, pAL{P
p(DD ---PD), (See Prop. 4.1 [6]).

Proof. Suppose B is separable over I'. Then there exists >\¥;Qy; in
B® B such that >xx;Qy,=>%;Qy;x for all x&B and >Yx;y,=1. Then the
map f*: A—D such that f¥(d)=3>x,dy; for every d=A is a D-D-map. If
deD, then f*(d)=>xdy;=d>x;y;=d. Hence f* splits as two sided D-
homomorphism. Thus ,D,(PpA,. Suppose gBR Bz PyBP--PB)g.
Then, pAp==pHom (sBQrBpg, sAp)p<Dp(2 °Hom (5B, pAp))p=p(2 ®D)p.

To obtain the next proposition we prepare the following lemma

Lemma 1.2. Let TCBCA be ring extensions such that pB®pA\{P
(AP DA, and V(V(B))=B. Then we have

1) BB®F/AA<@B(A€B"' D)a.

2) If furthermore B is right finitely generated projective over T, the map
0: BRQrB— Hom (p,Ap, pAp) such that 6(aRQb)d)=adb for aQbsBR B and
de A is a B-B-isomorphism, where gHom (,Ap, pAp)p is induced by g_pAg_p.

Proof. 1). If pBRrA(Dg(AP-+PA),; then we have the B-A-
isomorphism 7 of B&QrA to Hom (,A, ,A) with n(b@\)(d)=>bdx and A is left
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D-finitely generated projective. Then % is factored through B® A —>BRrA
— Hom (,A, pA) where the first map is the canonical epimorphism and the
latter map is similar to 7. Hence we have the B-A-isomorphism 7’ zjBRQrA
—Hom (pA, pA) with 7'(b@\)(d)=bdr. This and together with the finitely
generated projectivity of ,A imply that pBR A\ Pg(AP---PA), by the
remark stated after Theorem 1.2 [5] (See page 110 [5]).

2) Since By is finitely generated projective, we have

B rBp=~=gBQrHom (,Ap, sAp)s (Since B=V ,(D)=Hom (,Ap, rAp))
=~ ,Hom (AHom (Br, Ar)p, aAD)g

On the other hand,

sMAQpA,s== Hom (A, A\)RpAs= Hom (Hom (A, pA)s, Ap)s
=~ Hom (B®rA,, Ap)s== Hom (B, Hom(A,, Ay)r)s
=~ Hom (Br, Ap), (See Prop. 2.1 [6]).
Hence

sBRrBg=gHom (,AQpAp, aAp)p==gHom (,A,, pHom (AL, sA)p)s
= pHom (pAp, pAp)s

The composition of the above maps is exactly . Thus we have completed
the proof of this lemma.

Proposition 1.2. Let T CBCA be ring extensions wihich satisfy the condi-
tion in Lemma 1.2. Then, we have

1) A is a separable extension of D if and only if vT''v{@ By, and A is
an H-separable extension of D if and only if vBy{P(T''P---PT")

2) If furthermore B is right T-finitely generated projective, then B is a
separable extension of T if and only if ,Dp,{PpAp, and B is an H-separable
extension of T if and only if ,Ap{Pp(DP---PD)p.

Proof. Since the ring extensions I''C BC A satisfy the same condition
by Lemma 1.2, the ‘if’ parts of both statements of 1) have been proved by
Lemma 1.1. All the ‘only if’ parts of both 1) and 2) have been proved in
Proposition 1.1. Hence we need to prove only the ‘if’ parts of 2). Since we
have obtained the B-B-isomorphism 6 of B®iB to Hom (pAp, pAp), we
have a commutative diagram of B-B-maps

7: BB

—>B (n(x®Qy) = xy for any x, ye B)

*: Hom (,Ap, pAp)—Hom (,Dp, pAp)

where ¢* is induced by the inclusion map i: DCA, and all the vertical maps
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are isomorphisms. Hence if ,D,(P,A,, 7* and = split as B-B-map, and
B is separable over T. If LA, (Pp(DP--PD)p, gHom (pAp, pAp)slP
s(>2®Hom (,Dp, pAp))s. Then, zZBRB(Pz(BPB B B)g, and B is H-separ-
able over T..

Corollary 1.2. Let A be an H-separable extension of T. Then A is
separable (resp. central separable) C-algebra if and only if T 'v{PrAy (resp.
P’AF’<€BP’(PI@"‘€BF,)P’)-

Proof. Since A is a finitely generated C-module, A is central separable
over C if and only if A is H-separable over C by Cor. 1.2 [9] on page 270. On
the other hand, since A is H-separable over T', A is H-separable over T’ by
Theorem 1.3 [9]. Hence the proof is immediate from Proposition 1.2.

Corollary 1.3. Let A be an H-separable extension of T' and B an inter-
mediate subring of A such that zB{@gAr. Then, A is separable (resp. H-
separable) over D if and only if vT'v{PBy (resp. vBr{Pr(T'PH--PT')).
If furthermore By, is finitely generated projective, B is separable (resp. H-separable)
over T' if and only if ,Dp{PpAp (resp. pAlPBp(DB -+ PD)p).

Proof. zB P pArimplies zBR AP pARQrA P g(AD---PA),. Then
by Prop. 1.4 [9], VA(VA(B))=B. Hence Proposition 1.2 can be applied to
this case.

Proposition 1.3. Let A be an H-separable extension of T such that
DB rAr, A=V (T), C’ the center of A and A'=AT. Then, 1) A is separ-
able over C and V,\(A)=T, 2) N'=V,(C’) and C'=V,(A"), 3) A" is a
direct summand of A as two sided A'-module, 4) A is H-separable over A’ and
A’ is H-separable over T with A" :{P(TP--PT)r.

Proof. 1). See Lemma 1.1 and Prop. 1.2[9]. 2). C'=V,(A)=ANV,(A)
VaO)NV(A)=V,(AT)=V,(A’). Since A 1is central separable over
C', V(CY=V,(A)QA=AT by Theorem 1.2 [9]. 3). Since A is separ-
able over C, C’' is separable over C. Hence /A’ <{P,/Ay by 2) and
Proposition 1.1. 4). Since A is central separable over C’', A'=T®A is
H-separable over T" by Prop. 3.4 [5] (or Prop. 1.7 [9]). It is clear that
A LPA(TPPT)r, since A'=TR®A. Since A’ is separable over T", A is
H-separable over A’ by 3) and Prop. 4.3 [6].

Proposition 1.4. Let A be an H-separable extension of T'. Then for any
separable subextension B of T such that zBg{@ gAp, we have; 1) A is a left (resp.
right) finitely generated projective D-module, 2) D is a separable C-algebra and
VA (VA(B))=B, 3) if furthermore BC AT, D is a C’-separable algebra.

Proof. 1) has been proved in Prop. 1.3 [9]. 2). Since B is separable over
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T, A is H-separable over B. Hence D is separable over C, as pBgz(PgAp.
VA(VA(B))=B is due to Prop. 1.3 [9]. 3). D=V ,(B)DV,(AT)=C". Dis
separable over C’, since D is separable over C.

Proposition 1.5. Let A be a central separable C-algebra. Then for any
separable C-subalgebra T of A, T is a direct summand of A as two sided T'-
module and V ,(V \(T"))=T".

Proof. Let C’ be the center of . Then, C’ is separable over C. Hence
by Proposition 1.1, V,(C’) is a direct summand of A as two sided V,(C’)-
module. Since A is H-separable over T by Prop. 4.3 [6], V,(T') is a finitely
generated projective C-module. Butsince C’ is separable over Cand V(") D C’,
V() is finitely generated projective over C’'. Then we see C’ is a direct
summand of V,(T') as C’-module. On the other hand, since T' is central
separable over C', V,(C')=V ,(T)®T. Therefore, we have I''{@®rAr.
This implies V ,(V ,(T"))=T by Prop. 1.3 [9].

ReEMARK. The equality V,(V,(T"))=T in Proposition 1.5 has been proved
in Theorem 2 [7]. And in more general case, this equality has been proved
in Theorem 4.2 [2].

Proposition 1.6. Let A be an H-separable extension of T such that +I'v{D
vAr.  Then for any C’'-separable subalgebra D of A, we have: 1) V(D) is
separable over T, 2) V \(V ,\(D))=D, 3) V (D) is a direct summand of A as two
sided V y(D)-module and is contained in TA.

Proof. 1). Since A is central separable over C’ and D is separable over
C’, A is H-separable over D. Hence V,(A)®¢ VA(D)=V A(D), while V(D)
is separable over C’, since ,D,{@PpA, by Proposition 1.5. Then V(D) is
separable over V,(A) which is equal to T'. 2). V,(VA(D))=V,(TVD))
=VAD)NVAVA(D)=ANV o(D)=V ,(Va(D))=D, where V (D)=TV (D)
has been shown in 1), and the last equality is due to Proposition 1.5. 3). Since
D is separable over C' and C’ is separable over C, D is separable over C. Then
V(D) is a two sided V ,(D)-direct summand of V ,(C) which is equal to A.
VAD)=T'Q®c'V (D) implies V,(D)=TV ,(D)CTA.

Theorem 1.2. Let A be an H-separable extension of T' with I't{PrAr.
Then the correspondence V: A w—V \(A) provides a one to onme correspondence
such that V:=identity between the set of separable subextensions B of T" in TA
such that pBg{@ zAy and the set of separable C'-subalgebras of A.

Corollary 1.4. Let A be an H-separable extension of T with AP
o(TD-PT). Then the above correspondence V provides a one to one cor-
respondence between the set of separable subextensions B in A such that gBp{P
p\p and the set of separable C-subalgebras of A.
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Proof. Theorem 1.2 is an immediate consequence of Proposition 1.4 and
Proposition 1.6. In case [ALP(T'P---PT), C'=C and A=AT. Hence,
Corollary 1.4 is direct from Theorem 1.2.

In Theorem 1.2 we could treat only separable subextensions contained
in AT. Denote A’=AT. Then by Proposition 1.3 we see that A is an H-
separable extension of A’ with /A’ \{Py/A, and V(A )=C’, V,(C)=A',
where C’ is the center of A’. Hence we consider general ring extension ADT
with the above conditions, i.e., the following conditions which we shall call
altogether the condition (x):

(*) 1) A is an H-separable extension of T" with [I'n{@PrAr.

2) VA(I)=C’ and V(C")=T, where C’ is the center of T'.

Proposition 1.7. Let ADT be a ring extension with the condition (x).
Then for any separable subextension B of T' such that gBp{@ gAg, BT A satisfies
the condition ().

Proof. (%) 1) is clear by Prop. 4.3 [6]. (%) 2). Denote D=V (B). D
is a commutative ring, since DCC’. Hence DCV \(D)=V \(V ,(B))=B.
Then the center of B=V z(B)=BN V ,(B)=BN D=D.

Corollary 1.5. Let ADT be as in Proposition 1.7. Then for any H-
separable subextension B of T" in A, A DB satisfies the condition ().

Proof. The proof is clear by the next proposition.

Proposition 1.8. Let A be any H-separable extension of T' such that
DB rAr.  Then for any H-separable subextension B of T in A, gBz{® pAp.

Proof. Since B is H-separable over I', A=D® "V 4(T"), where A=V (T,
D=V \(B) and C” is the center of B. Since I gx(T) is a finitely generated projec-
tive C”"-module, ,D,<{PpAp, and p,A and A, are finitely generated projective.
Hence AQA° is left D@ D’-projective. Then, A is DX D-projective, since
Ais AQA’-projective.  But ,D,{PpAp, hence D is D® D’-projective. This
implies that D is separable over C. Then V(D) is a direct summand of A
as two sided V ,(D)-module by Proposition 1.1. But V ,(D)=B by Lemma 4.5
[6]. Thus we see gBg{PgAp.

Proposition 1.9. Let ADT be a ring extension with the condition (%).
Furthermore suppose that A is right T-finitely generated projective. Then for any
intermediate ring B between A and T such that pB{PgzAr, both ADB and
BOT satisfy the condition ().

Proof. B {PpAr implies that C’ is a finitely generated projective D-
module by Prop. 1.3 [9]. Then B is H-separable over I" by Corollary 1.3,
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since C’ and D are commutative rings and B is right T'-finitely generated pro-
jective. I <{PrAr implies (' (PrBr. Vg(T)=BNV,(I')=BNC'=C"'=the
center of T, and Vy(C')=Vz(VKxT))=T, since I':{PrBr. Thus BDOT
satisfies (). ZB P pAr and the separability of B over I" imply Bz P zAp.
Hence A DB also satisfies (*) by Proposition 1.7.

Corollary 1.6. Let A and T be as in propolition 1.9. Then for any
separable C-subalgebra R of C’, both V \(R)DT and ADV \(R) satisfy the condi
tion (*).

Proof. Since R is separable over C, V,(R) is a direct summand of A as
two sided V' ,(R)-module.

Now combining Proposition 1.2, 1.7, 1.8, Corollary 1.5 and 1.6, we obtain
the next theorem.

Theorem 1.3. Let A be an H-separable extension of T with the condition
(%). If A is left (or right) T-finitely generated projective”, there exists a one to
one correspondence V:Aw—>V \(A) such that V*=identity between the set of
H-separable subextensions of T in A and the set of separable C-subalgebra R
of C' such that V \(V ,(R))=R. In this case V corresponds B an H-separable
subextension of T to its center.

ReEMARK. It is an open question whether or not V ,(V ,(R))=R holds
for any separable C-subalgebra R of C".

2. Splitting of BR4— 4 and semisimple subalgebras of A

In this section we consider ring extensions TC BC A with the condition
such that the map z: BQrA — A such that z(x®y)=xy for x, y= A splits as
B-A-map. This condition is weaker than the separability of 'c B. Through-
out this section we shall call briefly that BQ A — A splits in this case. If A
is a separable extension of I', then BQ A — A splits if and only if 7 splits
as B-T'-map, because there exists > x;®y; in (AQrA)" such that 3> x;y,=1.
Let @ be a B-T'-map of A to BQrA with zp=1,. Then the map @* of A to
B®rA such that *(A\)=3>) p(\x;)y; is a B-A-map with zp*=1,, since =p*
=(np)*=(1,)*=1,. From this fact we obtain

Proposition 2.1. Let A be a separable R-algebra and B a left semisimple
R-subalgebra of A, then BQgrA— A splits.

Proof. Since B is semisimple over R, the map z: BRrA— A splits as
B-R-map. Hence the proof is clear by the above remark.
As a slight generalization of Prop. 4.3. [6] we have

1) In the subsequent paper [11], we will see that A is left I'-finitely generated projective
if and only if A is right I'-finitely generated projective in this case.
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Proposition 2.2. Let TCBCA be rings such that BRQrA—> A splits.
If A is H-separable over T, A is H-separable over B, too.

Proof. zAKPsBRrA, implies \A® pAN{DAAR (BRrA) == y\AQrA,
{PA(AD:--PA),. Hence A is H-separable over B.

Corollary 2.1. Let A be an H-separable R-algebra and T' a semisimple R-
subalgebra of A. Then A is H-separable over T'.

Proof. This is clear by Proposition 2.1 and Proposition 2.2.

Proposition 2.3. Let A be an H-separable extension of T'. Then for any
intermediate ring B between A and T" such that zB{P gAr and BRQrA—A splits,
pD<{PpA and DRXQ:A—>A splits where D=V \(B). Conversely for any C-
subalgebra D of A such that DR .A— A splits, gBi{@ gAr, and if furthermore
B is finitely generated projective and ,D{ BpA, BRrA—> A splits, where B=V (D).

Proof. Splitting of B® A—>A induced a left D-splitting z*: Hom
(gAa, AA)—Hom (3BQrA,, gA,), which implies ,D{Pp,A. On the other
hand,

pDRcA=Hom (zA,, pA\)RcA=Hom (zHom (A, cA)x, sA4)
=Hom (3A®rAr, pAr)=Hom (zAr, gHom (A, Ay)r)
=Hom (gA4, gA4)

as D-A-map. The composition 7 of the above maps is such that 7(d ®e)(b)

=dbe. Then pB<{@PzAr induces the splitting of DQA— A by the follow-
ing commutative diagram of D-A-maps.

D® A-—>Hom(zAr, gAr)

A——>Hom (gBr, gAr)

Next suppose that D is a C-subalgebra of A such that D® A — A splits.
Then B=V,(D)==Hom (pA,, pAs){PHom (DR A4, pAs)=V,(C)=A as
B-V,(A)-map. Hence zB{@PpAr. Suppose B is finitely generated projective
and ,D{PpA. Then,

BRrA=B®Hom (A, yA)=Hom (,Hom (B, Ar), rA)
=~Hom (,LAQpA, AA)_ (Br<{PpAr implies sBRrAN P (AP @A)A)
=~Hom (,A, pHom (LA, ,A))=Hom (pA, pA)

as B-A-map. Then in usual way we see that ,D{P,A implies that B A — A
splits.
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Theorem 2.1. Let A be an H-separable extension of T with (I't<{@rAr.
Then the correspondence V: A W V(A) provides a one to one correspondence
such that V?=identity between the set of intermediate rings B between T A and T
such that gB{@pAr and BQA— A splits and the set of C'-subalgebras D of A
such that D<@ pA and DQ A — A splits.

Proof. Let D be any C’-subalgebra of A which satisfies the condition of
the theorem. Since C’ is C-separable, DQ A —A splits if and only if
D®A— Asplits. Then A is H-separable over D by Proposition 2.2. Hence
we have V,(D)=VA(A)V(D)=TV (D). Then V (VA(D))=V,(T'V (D))
=ANV,(VA(D)=V,(Va(D))=D, since ,D{PpA. Clearly V,(D)=TV (D)
CTA. Denote B by V(D). Since T'A is I'-finitely generated projective and
sBr{PpAr, pB{Ppl'Ar and B is right I'-finitely generated projective. Hence
B®rA— A splits by Proposition 2.3. The rest of the proof of this theorem
is immediate by Proposition 2.3, since BCTA implies V(B)DV (T)N VA(A)
=ANT=C’

Corollary 2.2. Let A be an H-separable extension of T with AP (T
@-+PT)r. Then the above correspondence V yields a one to one correspondence
between the set of intermediate rings B between A and T such that zB{® zAr and
BRrA— A splits and the set of C’-subalgebras D of A such that ,D{PpA and
DR cA— A splits.

Proposition 2.4. Let A be an H-separable extension of T with (T {@rAr.
Then for any C'-semisimple subalgebra D of A, V\(V \(D))=D, gB{PAr and
BQrA— A splits where B=V (D).

Proof. Since D is a semisimple subalgebra of a central separable C’-algebra
A, pD<{PpA by Prop. 4.1 [2] and DQ A — A splits. Hence the proof is clear
by Theorem 2.1.

RemARk. It is easy to see that for any rings TC ACBCA the following
statements hold;

1) If BQrA— A splits, then BRQ 4A— A splits.
2) If A is separable over T (or more generally ARQA— A splits) and
B® ,A— A splits, then BQA— A splits.

The proof of the above remark is almost same as Prop. 1.3 and Prop. 1.5
[3], hence we shall omit it. Thus in Theorem 2.1 and the proof of Proposition
2.4, splitting of D® A — A is equivalent to splitting of DR A — A.

3. Relation between quasi-Frobenius extension

In this section we shall obtain a necessary and sufficient condition for a
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quasi-Frobenius extension to be a separable extension.
The next lemma have been shown in [10].

Lemma 3.1. Let A be a ring and T a subring of A. Then, A is a left
quasi-Frobenius extension of T if and only if LA is finitely generated projective
and there exist ) x* Qy¥ €(ARQrA)* and o, Hom (;Ar, I'r) k=1,2,-,n
such that 33 3 xPa(yi¥)=1. (Lemma 1.1 [10]).

k i

In the same way as Lemma 3.1 we have

Lemma 3.2. Let A be a ring and T a subring of A. Then A is a left
quasi-Frobenius extension of T if and only if A and A, are finitely generated
projective and there exist 33 ui’Qvi¥e(ARrA)* and B, Hom (rAr, rI'v)
k=1,2, -, n such that v=3) Byy(ui*)v$" for all ye Hom (Ar, T'y).

Ik

Proof. A is a left quasi-Frobenius extension of I' if and only if A
and Ay are finitely generated projective and there exist

\Jl‘ke Hom (FHOm (AF) FP)A’ PAA) y ,8,,6 Hom (I‘AI‘) 1"1-‘1") k——':l, 2, "‘, n

such that y=>37 B,oyr,(v) for all yeHom (Ar, T'y) by Satz 2 [6].
Since Ar is finitely generated projective, we have the canonical A-A-
isomorphisms

AQrA — AQHom (T, rA) = Hom (Hom (Ar, T'y), rA)

Let 6 be the composition of the above maps. Then 6(3u;Qv;)(v)
=3V v(u;)v; for any > u,Qv,e AQ A and yeHom (A, T'r), and (AQrA)N
is mapped onto Hom (yHom (Ap, T'r),, rAs) by 6. Hence the proof is imme-
diate by Satz 2 [8].

Let ADT be a left quasi-Frobenius extension, and r, and 8, be as in
the proof of Lemma 2.1, i.e, as in the condition 4) in Satz 2 [6]. Then for
any I'-A-map + from Hom (A, T') to A, yr(7v)=> Y (Be)Ve(y) for any
yeHom (A, T'r). Since B, is a T'-T'-map, 7B8,=,or for any r in T and any
k=1,2, --.;n. Then r{(Br)=(rBr)=y(Bror)=+r(B;)r for any r&T'. This
implies that J(By)=A for any k. Thus =3 y(Br) V=] Ay, and
we see Hom (tHom (Ar, T'r)a, rAx)=2>" AYr, as left A-module. On the other
hand, let > u{® Qv{® be the element of A@Q A which is mapped to +r, for
k=1,2,.-.,n. Then for any deA, >} ui® ®dv{® is mapped to d-y, for any
k. Thus we see (A®rA)A=§] (20 uf@Av§P), since (AQrA)* is mapped

J

onto Hom (Hom (Ap, T'p)s, rA,) by 8. Then we obtain

Proposition 3.1. Let A be a left quasi-Frobenius extension of T' and
D uPRvP k=1,2, .-, n be as in Lemma 3.2. Then A is a separable extension
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of T if and only if 2 (3] uf® Avi¥)=C, where by (3 u$P Av$®) we mean the set
k i i
(D uPdo® |de A}
Proof. Let 7 be the map of A A to A with z(x®y)=xy. Then, A is a

separable extension of T" if and only if #((A®Q A)*)=C by Prop.2.1[4]. Butby
the remark stated above (AR A)*=>1 (3] ¥ ®Av§”), which is mapped onto
k i

(X uiAv§®). Therefore, A is separable over I' if and only if
P
g (ZJ] u AviP)=C.
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