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On Modified Bent-Functions and Phragmen-
Lindelof’s Principle

By Yoshimi MATSUMUMA

§ 1. Phragmén-Lindel6f’s principle is usually stated as follows:
Let f(z) be a function, regular in the right half-plane and bounded
on the imaginary axis, e. g. we assume -

1.1 lim isyup [f)]<1, z=u2a + iy,

and we shall denote by M (») the least upper bound of the absolute
values |f(z)| on the semi-circle |z|=# and [6(<3—2’, i.e. M(r)=1u.b.
| f(re™)|, and put for the sake of simplicity |91<n/2

a=1lim inf 18 M) g jim sup 108 MO)
Then, there may happen two cases: Either the absolute value |f(z)|
increases to infinity so that « is positive, or the function f(z) is
bounded so that we have |f(2)|< 1 at every point of the half-plane.
Especially, if a =— <, then f(z) is identically zero [2].

Since E. Phragmén and E. Lindelof established this famous prin-
ciple [1], many authors have studied cn this subject. E. and R.

Nevanlinna introduced the bentfunction m (») = S * log* |f(re'®)| cos 8d6

ol

[2], (3] and proved the monotonousness of m (»)/r. A. Dinghas has
obtained this result by using the Poisson representation [6]. L. Ahl-
fors discussed the same property from a standpoint of a certain diffe-
rential inequality and proposed a question if we have a = £ so that

the limit of 1°% 71_”@, for  — + oo exists [5]. M. Heins has answered

this question, showing that for 0 << @< + oo we have « = & and the
case —oco<_a<_0 does not occur {8].
In this Note, we first introduce Modified Bent-Functions as follows :

1.2) () = Sﬂ _ log [f(re'") | cos 0d0
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and we shall prove the montonousness of . (»)/r, so that we can put

(1.3) p=lim 2@ o —1im ™0

73+ 00 7 7>+ 00 7

Next, in §4, we shall establish the following Fundemental In-
equality ‘

(1.4 log | f(pe'®)| <

from which we can deduce the relations between 5 and 5*, as well as
Heins’ results containing the Phragmén-Lindelof principle (Theorem 5):

SR

nepcosy, [p|<G

i) if n= + o0, then a_—_B:n:-(-oo_
i) if 0< p< + oo, thena=/3=_72;,,_

iii) if —co< <0, then ¢ =R8=0.

iV) if 7P =—00, then a:ﬁzﬂz—oo_

Simple examples show that the quantity 5 may be really negative.
§ 2. We use the following inequality as the starting point of our
study, which can‘be derived from the theory of harmonic majoration:

T
2 22— p2

7=+ p*—2p7 cos (p—6)

2.1 log [f(pe®)< 5 |

T J-T
2

tog | (re)| {

r—p } do. v
2+ p*+2p1 COS (6 +¢)

r—p?

7+ p*—2p7 cos (6 —p) and

The Poisson’s kernels

,l-.‘:_ps
1* 4 p* +2p7 COS (0 + )

- are expressible as power series of p/» which

converge uniformly for p<# < r. That is,

@2 e LY 27,; (7’)‘) cos n (0—g)
and
2.3 T’+p2+;;;g;)S g =1+ zz'l(_ﬁ_) cos (6 +p—).
Hence we have
r—p _ 7 —p* :
72+ p*—2pr cos (6 — ) 72+ p*+2p7r coS (6 + )

1) The detailed proof of this inequalfty is found in (2], p. 5-18.
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— 4N () sinn (" —o) sinn(—

= 42_'1 (7) sin n(z (p) sin n( 5 6) ,
which converges uniformly for p <# < r. Consequently, we can inter-
change the signs 33 and | in (2. 1):

2.4)  log |f(pe®)| < ;2; i ({j_)“sin n(g—,)

n=1
X ‘ _ log | f(rre'™) | sin n (%—0) a0 .

v o—

ol

2

By multiplying both sides of the inequality by cos and integrating

them with respect to ¢ from —A2 to -72’—’ we obtain for p <,

@5 - | tog 170 e cospap < L|* 1o | fre) | cos 6ao,

'y

Thus we have

THEOREM 1. pu(9)/r is a non-decreasing function of r.

The monotonousness of m (+)/r was given by Nevanlinna, Ahlfors
and Dinghas.

From (2. 5), we have for p <7,

2. 6) _#p) - m(p) o log M)
P T p r

Let 7 tend to infinity, then Lp)—<—'"3(8)—<2a.

Now, as u(p)/p mcreases monotonously, hm 1 (p)/p must exist.
Hence we have the following theorem.
THEOREM 2! For «a = + oo, 7 exists and we have furthermore

@2.7) 1<y <2a.
§ 3. Now let ]1. u. b. [f(pe'?)| be attained at a point z = p e'%'?,
ol<<=/2
p<r, |oa (p)|< 5, that is
M (p)=|f(pe®) | =1 ,u b. [f(pe®)|,v

le|<<=/2
then from (2. 4), we have

1) In case |9, (p)|=n/2, by the hypothesis (1.1), | f(z) /<1 for |z|=p». And then by
the maximal principle, we can proceed our discussion as in 5. Hence we obtain
—00 <{n£L0 and «==3==0.
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(3.1 tog M (0 2 Y (£ 'sinn (5~ ()

n=y1 °

xa:‘d

X X log If(o'ef")gn(zzr‘—H) ae .

By using the inequality nsind>|sinnd|, 0<6<~, we can

roly

estimate ‘,%rf log |f(re")|sinn (5 —0 j dé as follows:
1 ¢+ | .
BRUNIS T _
o f_" log | f(re )Ismn(-z 0) de

log | f(re'™) | sin n(izr«—ﬂ) a6

< ;j‘ _log| f(re)| cos 60

=" § 2 j_ _log* | f(re"")| cos 00— S log [ f(re") | cos ﬁdb‘} :

_ e
9

2 2

If « is finite, we can see from (2.7) that m (+)/» and pu(r)/r are
bounded for »— + co. Thus, if we let » tend to + oo, p fixed, all the

terms but the first in the right-hand side of (3.1) vanish. Conse-
quently, we have, if « is finite,

log M(p)

MO <2 cos 1 (p).

If >0, then log M (p)/pg—i—n. Finally, be making p tend to in-
finity, we have

2 g>+00 -

(3.2) 7 Yim sup _19g,,{,)1!{(£);< )

From the inequalities (2.7) and (3. 2), we have
THEOREM 3. If 5 is not negative and « is finite, then

-725—3_<_7/_<_2a-

COROLLARY. Under the same conditions as THEOREM 3,
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0<psta.
1

REMARK. If 7 is +co, then « and B are also +co, and conver-
sely, if a is +oo, then 7 is also +oco.

§4. For a fixed p, let » tend to infinity in the inequality (2. 4),
then

(L. 4 log | f(p )| < 2 ypcos .
If 5 is not negative, then we have
4.1) log [£(pe) | < 2 apcosp < L ap,

by virtue of (2.6). Consequently, we obtain
THEOREM 4. If 5 is not negative, then

log M(p) - 4 ,
P -z

for any positive p. Accordingly, if the equality holds identically in the
4y .
above inequality, then f(z) must have the form Ce™* where C is a
constant having absolute valve 1.
From (1.4), we have the following inequality for any positive p
and ¢

(4.2) o e <es" ", (jplF)-

Consequently, if » is not positive, then we have. for any positive p
and ¢

(4. 4) [fpe?|<1, (;(p;<g).

These results prove the famous Phragmén-Lindelof principle.
REMARK. From (4.1), we can see that, when « is not positive,
we have also |f(z)|< 1 identically.

§5. We are in a position to make the Theorem 3 more precise
and to deduce Heins’ results.

We shall express f(z) as follows, that is

(5. 1) f(2) = e=" g(z) .
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By the relation (1.4) and (1.1), g (2) is analytic and of modulus

less than 1 in the half-plane Rz >>0, and further lim sup |g(2)|<1,
z21Y

that is g (2) is a function of Phragmén-Lindelof’s type.
By virtue of (1.4) and (5.4), we have

%.2) lg@I<1.

Now let E, () be the set of angles, 6, of the 1nterval[ 7 2]
for which

(5. 3) log'|g (re)|<—é&r, (p fixed),
for an arbitrary given positive number &.

log | f(re'®) | = 2 — T cosf + log|g (re'®)|.

Multiplying the both side by cos d and integrating with ¢ from
T

_2_' to o it follows that

,w

Il

log |g (re’") | cos 8d o

H

j 10g lg (ret®)| cos 046
(9

=% s ?li—-‘

+ 1L { log | g(re’®) | cos 8d6
'[gl“‘, 7:] £,00)

<9+ -717 J log | g (re'®) | cos 6d0 .

Er(ﬁ)

By (5.3)

”—w—gv,——fg—ﬂj.dsin(f.
r r

B,00)

Therefore we have u(#)/r + & meas E,(0) <1, where we denote

sine

by meas A, the measure of A with respect to the mass distribu-

sine

tion dsinéd:

meas sine A= g d sin 6.
4
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Let » tend to infinity, then we have

lim meas sine E.(6)<0ie. lim meas sine E.(6)=0.

r+ >0 7>+ 00
Hence, given any positive number &', there exist a positive number &
and a large R, for r >R we have
T 7T &'
meas (E', e N [—2— -3, 7] >< T and

meas (B, (O) N\ [~ 5, —F+58])."
On the other hand,

meas (%, @) N\ (=5 +8 5 —3] )= [dsino > cos (5-3)

BN [-5+8, 5 —8)

x jtw — cos<%~8> meas (E @ N[=F+s, _’2’_—5]).
5O N [- 548, 5 3]

Hence we obtain
(5. 4) " lim meas £, (6)=0.

7300

Case A. 0< np<+oco. In this case, for any sufficiently small
positive number &”, there exists an angle 6, () such that |6, (»)|<&”
and 6, () € E,(6).” For this angle 6,(r),

log M (r) >1log |f(re®a™) | = —?; 71 cos 0,(1) + log | g (re'®™)|.

From (5. 3) and the definition of 6, (+),

log M()

>E1] cos &"—¢.
r 7

Let » tend to positive infinity, we have a > % pcos&’—& As & and

&" are arbitrary, we have a > % » which proves a = 8= ;zt 7.
Case B. —co< %< 0. In this case it is clear that a« and B are
not positive. For any sufficiently small positive number &', there

would exist an angle 6 (+) such that = >> 6 () >>Z —8' and 0 () € E, (g).

2 2
For this angle 6 (),

1) This measure is used in the Lebesgue’s sense.

2) |0| means the magnitude of the angle 0.
4
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log M (v) = —i« 77 Ccos 0(r) + log | g (ve'*™)]|

> % 77 COS O(r)—E 7.
Hence
log M(r) —_ 2 7
08 T 2y cos (G0 )—e.

Let # tend to infinitly, then we have, by the definitions of & and
8', a« >>0. Consequenity, « = 8 =0. '

Case C. 5= + oo. In this case it is clear by the Remark in § 4
that a =08 =9 = + oo,

Case D. 7= — co. This case cannot occure except if f(z)=0.
Consequently, a =8 == — oo,

Hence we have

THEOREM 5. lim Jgg\%(fl vxists and. further

7>+00

1) if 5= + oo, then a = [B= 1y = + oo,

fi) if 0< p< + o0, then a— :%n.

fiD) if —oo<l <0, then a=p=0 and |f)|<<1 for all
Rz > 0.

iv) if 5= — oo, then a =8 =y= — co and in this case

f(z) must be identically zero.
COROLLARY. For a sufficiently large |z, the functions f(z), which

are of the Phragmén-Lindelof’s type, are expressible as Ce™except for
‘a set of almost measure zero, where C is a constant of modulus 1.

§6. Let #(2) b2 a harmonic or a subharmonic function in the
half-plane Rz >0, and further suppose that «(z) is not positive on
the imaginary axis. Then we are able to replace log | f(z)| by u (2) in
the inequality (2.1). Consequently, we obtain the following theorems.

l\"".'i

THEOREM 7. %j u (r€’®) cos 6d 8 is non-decreasing function of r

efd

and the limit exists for r— +co.
We denote this limit by K.

THEOREM 8. Let M (r) be maximum of wu(re’®) on the semi-circle
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lz|="r, 10]<—7-2t-. Then lim M (v)/r ewists and if K is not megative,
then

7 1im M0 — g,

2 T>+4 00
THAEOREM 9. If K is finite, then

0
lim ure) _ K cos @

r>+o0 r

for almost all 6.
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