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1. Introduction

Let 5 be a fixed real number greater than 1 and be a positive real number. Then

the expansion of the form > .\ a; 3" is said to be a3—greedy expansioif

(1) <p"

X — Z a; !

M<i<N

holds for everyM , where; ’'s are nonnegative integer witki @; < 3. In this case,
we denote

2) X =ayay_1---a1do.d_1a_z--- (in B),

where we may omit a cosequence of 0’s, if exists, in the tail. We .ealja_, - -- the
fractional part of x.

A Pisot numberis an algebraic integer greater than 1 whose conjugates other than
itself have modulus smaller than 1.

Let Q(B) denote the smallest field containing the field of rational numigsnd
6> 1.

Theorem 1 (A. Bertrand [5], K. Schmidt [4]). Let 5 be a Pisot number. Then a
positive realx has a periodic greedy expansion in basé and only if x € Q(3).

Let Fin(3) be the set of all elements i@(3) which have finite greedy expansion
in baseg, that is, the set of all nonnegative numbears for whigh = 0 hold except
for finitely manyi’'s in (2). Consider the property

(F) Fin(3) = ZI5 >0,

whereZ[3~!]>0 is the set of all nonnegative elementsZfi3—!]. Akiyama [1] studied
the property (F) for Pisot numbers. In Theorem 3, we prove that the Pisot number
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3 satisfying the equatiors® — 3> — 1 =0 has the property (F).

Let 3= ﬂ(l), 5(2), . ﬁ(m) and ﬁ(’l"'l), Bl ﬂ("l“’z)l B1r2) be respectively
the real and the complex conjugates/fWe also denote by() (j =1, 2 -, ri +
2r,) the corresponding conjugates of ¢ Q(5). Let p be a nonnegative integer and
defineM; p) G =1 2---, ro+2rp) as an upper bound of

P
Z apfi(ﬁ(j))’
i=0

E}

where > ja; 37" runs through finite greedy expansions of length at mest + 1. Let
M; be an upper bound off; p( )p( =1,2 ). One can takeM; =A]/(1— |8Y)).
Here [x] is the greatest integer not exceeding . bet j ( =22, r1 + 2rp) be

the positive real numbers and G b1( by, -- -, b,,42,,) be a set of elements if[5]
such that

|x(/)\ < b,.

Theorem 2 (S. Akiyama [6]). Let 8 be a Pisot number. Thefi has the property
(F) if and only if every element of = C(1, M2, M3, ---, M, +3,) has finite greedy
expansion in base.

Define a mapp Q(3) — R1*22~1 py
@) @W)=(x?. X REOT), SOT), o R, S D))

Proposition 1 (S. Akiyama [6]). Let 3 be a Pisot nhumber of degree . Then
@(Z[A)) is dense inR"L.

Let A € Fin(8) and A =apa;_1---ay be the greedy expansion df [ where
ap # 0 anday # 0. Put deg(A) = deg(d) =L and org(A) = ord(A) = M . Define
S4 = Sa,a,_1-ay 10 be the set of all elements iRin(5) whose greedy expansion has
the tail aza;_1---ay. It means that each element 8§ has the form:

bibi—1---bryiarar_1---ay.

Let K4 =®(Sa). A tile is a setK, with deg{ ) =1 and asubtileis a setK, with
deg@d )> —1. We write byS := S = {x € Fin(3) | ords(x) > 0}. Also, let K := &(S)
which is called thecentral tile

For a Pisot unit3d of degreen with property (F), we recall some important prop-
erties of the tiles due to S. Akiyama [6]:

1. R1= U K4,
deg(d )=—1
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K .oooo1

K.o1oo001

_'glfi a-

Fig. 1. Space tiling forx® —x2—-1=0

2. If x € Sthen® )< Inn(K) and, especially, the origin is an inner point of the
central tile IC,

3. If x €Sy thend (k)€ Inn(K,), moreoverInn(K,) = Ky,

4. The set)(K,) of boundary elements ok, is closed and nowhere densgtirt,

5 LetB" = a_18" 1 +a_p3""2+ ... +a_, be the characteristic equation of If
a_, =1 then each tile is arcwise connected.

2. Tiling generated by the real root of the equationx® — x> -1 =0

In [7] and [2], extensive studies on the tiling generated by the Pisot numbers re-
lated to the equations® — x?> —x — 1 =0 andx® —x — 1 = 0 were done.

In this paper, we concentrate on the Pisot numberhich is the positive root of
the equationx® — x2 — 1 =0. It is a unit algebraic integer angl= 1.4655712--. For
a sequence of nonnegative integers

aayN—1---dao.d—1a_o- -

to be a greedys-expansion of a nonnegative number in thiss that,a; € {0, 1} with
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the condition:
(1) a, = 1— Ap+l = Ap+2 = 0
for anyn € Z.

Let 5’ = 5@ be one of the complex roots of the equatioh— x?> — 1 = 0. The
mapping in (3) for our case i® @Q(3) — R2. We study the tiling ofC ~ R? for
the 8 (Fig. 1). The central tile is known as tridragon, which is a typical example of a

class of fractal sets called Rauzy Fractal.

Proposition 2. For any distinct tiles7; and 75 it holds thatu(7h2N72) = 0, where
1 denotes Lebesgue measure.

Proof. It suffices to show whefl;, = K, T, = K;. Recalling the admissibility
condition (1), we have thal U K ; = 5”116 andK ; = ﬁ”l + ﬂ’ZIC. So it holds that

pOCU K1) =6 Puk) = Bul) and u(K 1) = |8 2u(K) = -2u(K)
Since 1+3-2 — =0 we have that

(K N K1) = p(K) + (K1) — p(K UK 1) = (1— B2 = B)u(K) =0 O

Theorem 3. Z[B]>o = Fin(B)
Proof. We use the Theorem 2. From (1), we can take= (1 — |5'|°)~ 2. Let
C={xezZ[fl|0<x<1[x|<@— |83

Each element ofZ[3] can be written as: 3 + ¢3? with a, b, ¢ € Z. Thus, for

x=a+bB+cB? € C, we have
X
= xl
x'

1’ ﬁ’ ﬁZ a

1L8,8%| b
LA, p%) \e

with 0 < x < 1, x| = |x/| < 1/ — |p'[®). Multiplying by the inverse matrix and

considering the absolute value, we get that

la] <2, |p| <2, || <1

Among them the acceptable possibilities are:
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a b c X

-2 0 1 0.14789 -

-2 2 0 0.93114 --

-1 1 0 0.46557. - -
0 -1 -1 0.68232 - -
0 2 -1 0.78324 - -
1 -2 1 0.21675 - -
1 1 -1 0.31767 -
2 -1 0 0.53442 -

These eight elements have finite greedy expansion in Base

“24P= 570 2420 =440 1= 57
—B+P =T 28— = 1-25+p%=57",
14 —fP=pp, 2-p=p2+5"7 H

Let D(x,r)={x e C||x—r| <r}.

Lemma 1. 1. There exists a positive constant and a nonnegative integep
such that for anya; (i =0, 1 ---, p), which admits greedy expansion’_,a; 5" with
ap = 1, we have that > a;(8')| — |3'|P* M2 > c1|3'].

2. D) CK.

Proof. 1. It suffices to show that for any positive constarihere exists a non-
negative integerp , such that for amy i ( 7 0-1-, p), which admits a greedy ex-
pansion) /_,a; 3" with ag = 1, we have

V4
Z a3y

i=0

> (1+6)|5 |7 M,

because we can take = ¢|5'|” M,. Assuming the contrary, then there exists a positive
constante, such that for any nonnegative integer there existi ( ,=,0 1, p)
satisfying the above conditions and

P
S a3y

i=0

< (@1 +918 7 M.

So, we have

< (1+6)|6'|M>.

P
Zai(ﬁ/)iip
i=0
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Then, we see that the algebraic integers

Zar(ﬁ)l b= Z al+])(ﬁ)

i=—p

must lie in C’ = C(|3], (1 +e)|ﬁ [M2) N Z[B]. As ap = 1, the integers ofQ(5) ex-
pressed by greedy expansuZ, =) a;+p(B)" must be distinct. Since we can take in-
finitely many p, this contradicts with the fact that is a finite set.

2. It suffices to show that € Q(8) and |x’| < ¢; implies thatx’ € K. We first
note that there exist infinitely many  such tHat(3" — 1) € Z[5]>o. From Theorem
1 we have that

b1 p2

i
— —i 171+1 ’ﬁ
- Za’ﬂ + ﬁl’z P— ’

i=po

which shows that for everyy  that is a multiple p§ — ps, it holds that|x|(3" —1) €
Z[B]>o. Then, from Property (F) we have that

-1
— Dlx| = Za,ﬁ’ > ap

i=—m

If we suppose that:_,, # O (it means that’ ¢ K) then, by conjugating both sides,
we get

-1

@ -1l = Y a@) + Y @)
i=0 i=—m
=181 |3 a3
i=0
Z 5/|1( Z ai—m(ﬂ/)i - |B/|p+1M2)
0<i<p
> C1

(Here we can take sufficiently larg€  such that- p.) Taking the limit whenN —
oo, this inequality implies thatx’| > ¢, which is a contradiction. O

By computer calculation, the minimum ¢1§: 0a,(ﬁ’)"| under the conditionig =
1land (1) is

1+ (3)°+(3)° + (32 + (8 + (8)° + (572 + (8)%° + (8)%°] ~ 0.342683
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On the other hand, sinc&f; = 1/(1 — |3’|®), we obtainc;:

|1 + (ﬁ/)s + (ﬁ/)g + (ﬁ/)lz + (ﬁ/)lS + (Bl)lB + (ﬁ/)ZZ + (BI)ZS + (ﬁl)29| _ |6/|32M2
']

Cc1 =

0.4087313

%

Proposition 3. 1. Every point of C is an inner point of/C U (K1 U K gooo1 U
K 01U K 100001Y K 001U K 0100001Y K 0001)-
2. Consider seven tileX 1, K gooo1 K 01 K 100000 K. 001K, 010000K. oodld this order
‘cyclically’, so we consider thak ; and K goo1 are also adjacent.
Then, K has infinitely many common points with any of these tiles. Also, two adjacent
tiles have infinitely many points in common, while two tiles, which are not adjacent,
have no points in common.

Proof. 1. Let.a_ia_,---a_, be an admissible word of length . We say also
that the tile K, _,,_,.._, has lengthm . Since we have that|3’|~° < M, and
c1|8'171° > Ms,, it holds that every point ofC is an inner point of §)~10K. Let
us see first only the tiles of length 10. There are 19 tiles of this type. (See Fig. 2.
Remark that there exist subtiles in this figure.)

K 0000000001 K. ooooo01001 K. 0001001001 K.  100100100:K. 0010091001
K 0100001001 K. 1000001001 K. 0000010001 K. 0010016000:K. 0100010001
K 1000010001 K. oooo100001 K. 0100100001 K.  100010000:K. 0001090001
K 1001000001 K. 0010000001 K. 0100000001 K. 1000000001

Since we have the inclusiok ¢ D(0, M) with M, =1/(1 — |5'[%), we can write:

K N K 0000000002:C D(0, M2) N D((B") %, M) = 0

K N K 0000001001C D(0, M2) N D((B") 0+ (") ", M) =0

K N K 0001001001C D(0, M2) N D((B) 0+ (3) "+ ("), M) = 0

K N K 1001001001C D(0, M2) N D((B") 0+ (3)) 7+ (3) "+ (3) . |3 M2) = 0
K N K 0010001001C D(0, M2) N D((B) 0+ (3) "+ (8") >, M) = 0

K N K 010000100:C D(0, M2) N D((B") 1+ (8) "+ (3) 72, |8 |M2) = 0
K 1 K 1000001001C D(0, M2) N D((B) *°+ (8") "+ (3) 1 |8/ PM2) = 0
K 0 K 0000010001C D(0, M2) N D((B") 10+ (8') 7%, M2) = 0

K N K o010010001C D(0, M2) N D((B) 0+ (3)~° + (8") >, M) = 0

K N K 0100010001C D(0, M2) N D((B") "+ (3))°+(3) 72, |3|M2) = 0
K N K 1000010001C D(0, M2) N D((B") 1+ (8")®+ (3) 1 |8/ PM2) = )
K N K 0001000001C D(0, M2) N D((B") 10+ (") ™4, M2) =0

K 0 K 100100000:C D(0, M) N D((B) 10+ (8)~*+(3) 1 |8/ PM2) = 0
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K N K 0010000000C D(0, Mp) N D((B') 0+ (3) 3, M) = 0)
K N K 0100000000C D(0, M2) N D((B) 0+ (8) 72, |3'|M2) =0
K N K 1000000001C D(0, M2) N D((B) 0+ (871, |8/ [°M2) =0

because, by computer calculations, we have:

|(3')71° = 6.7613

1(8) 7+ (3) 7| = 9.9596

(3710 + (8" +(8) % = 10.9695

(820 + ()7 +(8) "4+ (8) 7Y = 10.8722

(8"~ + ()7 +(8) 3| = 113918 --
1(8) 10+ (8) 7+ (5) 73 =8.79182 --
1(8) 20+ (3) "+ (8) 7 =9.6507 - -
1(8") 710+ (3) 7% = 8.5613 - -

I(8") "0+ ()78 + ()73 = 10.3299 - -

(3) 71+ (8) 8+ (3) % =8.1416
[(8) 710+ (8) " + () "Y| = 7.64046
[(8") "0+ ()~ = 7.38089

(8") "0+ ()4 + (8) 71| = 7.1437-
1(8) 7+ (33| = 8.4072
(8")"°+(3') 72| = 5.90557.

(8) 2%+ ()| = 6.19203

-+ > 4.5832...=2M,

-+ > 4.5832...=2M,

-+ > 4.5832 =M,

- > 3.8552 - = (1L+|3'|)M>
> 4.5832 = M,

> 4.1845 - = (1 +|8')M>

> 3.8552 - = (1 +|3'|?)M;
> 4.5832 - = 2M,

> 4.5832...=2M,

<> 4.1845 .. = (1 + |5 )M>

- > 3.8552 .- = (1L+|3'|)M>
.- > 4.5832...=2M,

- > 3.8552. .. = (1+|5'|)M>

-+ > 4.5832...=2M,

<> 41845 .. = (1 + |5 )M,

.- > 3.8552 - = (1+|3'|)Ma.

Hereafter we call this type of arguments as ‘encircling method’. For the remaining
tiles we cannot confirm that the intersection is empty by simple encircling method. We
subdivide the tiles into subtiles, and useefinedversion of the encircling method. For
simplicity, we call also this version as ‘encircling method’. So, we have:

IC N K 0000100001= (Ko, U K1.) N (Ko.0000100001Y K1.000010000) =

because

Ko. N Ko.0000100000C D(0, |3'|M2) N D((B) '+ (8")°,|8'|M2) = 0

Ko, N K1.0000100000C D(0, |3'|M2) N D((B) '+ (8") >+ 1, |6/ °M2) =0
K1, N Ko.o000100000C D(L, |B'[*M2) N D((B)*°+ (8) >, |5'|M2) = 0

K1. N K1.0000100000C D(L, |3°M2) N D((3) 10+ (8) 2+ 1, |8'[°M2) = 0

since we have that
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|(3)"°+(8")"% = 4.2036 -- > 3.7858 -- = 2|3'|M>
(3) 7+ (8)°+1] = 5.1479 -- > 3.1845 .- = (|¢'| + |3'|>) M2
1(3)"0+(3)5—1] =3.2924 .. >3.1845 .. = (|52 + |#'|)M2
1(3) "1+ (3")7%| = 4.2036 - - > 2.5832 - - = 2|3 |* M.

In the same way we divide

K€ N K 0100100001= (Ko, U K1.) N (Koo.0100100008Y K10.010010000) = §

because

Ko, N Koo.0100100000C D(O, |3'[M2) N D((B") 0+ (3) >+ (3) 2 |3 M2) = 0

Ko, N K10.0100100000C D(O, |3'[M2) N D((B') "0+ (3) >+ (3) 2+ 3, |8/"M2) = 0
K1, N Koo.0100100000C D(L, |3'[2M2) N D((B) '+ (8") >+ (3) 2, |8/ °M2) = 0

K1 N K100100100000C DL, [B'[2M2) N D((B) '+ (8)) >+ (3) 2+, |8 *"M2) =0

since we have that

()10 +(8) >+ ()7 = 3.5484 - > 3.4565 - - = (|3'| +|5'|)M;

1(3) "2+ (3) 5 +(3) 2+ 3| =3.9632--> 29598 --= (|| + |5 |YM:
() 0+ (8) >+ (8) % — 1] = 28682 - > 2.8552 - = (|3* + |3'[*) M2
(3) 0+ () +(8) 2+ 8 — 1] = 42036 - >2.3585-- = (|3 + 3| ) M.

Also

K N K 1000100002= (Koo U K1. U K10) N (Kooa 1000100004+ K100 100010000} = §

because

Koo, M Kooa 100010000€ D(0, |[8'?M2) N D((B") 0+ (3) >+ (8) . |3 M2) = 0

Koo, N K100 100010000 P(0, [3'[*M2) N D((3) 710+ (8") >+ (8) 1+ (3%, |8'°M2) = 0
K1. N Kooa 100010000€ D(L, [3'°M2) 0 D((B') 10+ (3) >+ (3) % |8'[°M2) = 0

K10 M Koo 100010000 D(B', |3'[*M2) N D((B) '+ (8)) >+ (3) 1 |8/ °M2) = 0

K10 N K100 100010000 D(3', [8|*M2) N D((B") 10+ (8) >+ () + (82, |8|°M2) = 0

since we have that

(8710 + (8)7°+ (8) 71 =3.5929 - > 2.8552 - = (5] + |5'[P) M
(8710 + (8) 2+ (8) T+ (87 =3 > 2.4449. - = (|5 + |5 P) M,
(870 +(8)°+(8) "~ 1/ =26002 - > 2.5832 - = (5[ +|5']°) M2
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D e85 5| ﬁ.‘aMl\«

R_x&: .
Do, |81, P
7
DIL, |&[*My] remrursty (R NP
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D" 6L, | 812 M) D&, M,)
D~ 1% g4 M)

Fig. 2. Encircling method fokC and tiles of length 10.

1(3) "2+ (3) 5+ (3) - | =3.83023-- > 2.3585 -- = (|5'|* + |3 [P)M>
(B) 10+ (B) 2+ (B) +(B) - | =42036 - > 3.3285 - = (|8'|* + |3 )M

and

K1 N K100 1000100007 (Kooor U K1001) N K100 1000100001

C(D |B'[*M2) UD(L+ (33 |8'°PM)) N D((B) 1%+ (3") >+ (8") 1+ (82 |8 °M2) = 0
because

I(B) 2+ (B) 2+ (B) T+ (F) -1 =2 > 1.9482 - = (|/|" + |58 P)M>
I(3)70+(8) 5+ (8) 1+ (3)? - 1— (8% = 1.6166> 1.6092 - - = (|5'° + |5 |°)M>

So we showed, actually, that each elementkofs an inner point of §)~°. In the
same way, we show that the intersection /6fwith the tiles of length 9 and 8 is
which means that each element /6fis an inner point of §')~"K.

Using the encircling method we have th&t does not intersect each of the tiles
of length 7,6,5,4,3,2 except for the tiles:

K 0100002 K. 100001 K. 00061 K. 0001 K. 001K, ,01K. .1
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Since we have that:

@ e e R COM GO GOy o
and that
@Y 2= @) T+(E) -1
= @)y L
©) 1-()3
= (3) T+ (@) (FPH (B (B

€ K 100001

we get that—(ﬁ’)‘z € K N K 010000150 K N K 0100001 % 0.
Multiplying by 8’ in (2) and (3) we get:

@ ) s ) O () € Kao
and that
PSS
RGO RN R GO ne

5
© = (B)C+ () T+ (B + (8)0+ ()0 + -

€ K 100001

which shows that—(ﬂ’)‘l € K N K 100001 SO K N K 100001 # 0.
Multiplying by 8’ in (4) and (5) we get:

JAVA
© 1= Ol =R EP P I € Ko
and that
(7) —1=(@) P +1+ @)+ (B) +(B)O+ - € Koooor

which shows that-1 € X N K gooo1 S0 K N K gooo1 # 0.
Multiplying by 8’ in (6) and (7) we get:

, ﬂ/ 3
®) = (L,)g

= (B +(8)°+(3)° +(B)?+ - € Kiona
and that

9 3= (@) + B+ B+ (BB +(B)+ - € Kooor

313
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which shows that-3' € K N K ggo1 S0 K N K goo1 # 0.
We have another greedy expansion fof3’)~*

_(RN-1 = n—-3 _ - N—3 (ﬁ/)z
(10) ()= ()= 1=0) "+ G

= (B) 2+ (32 +(B)+(F)+ - € Koo

From (10) and (4), we have that(5')~* € K N K go1, SOK N K go1 7 0.
Multiplying by 5’ in (10) we get:

1 = N—2 _ @l = (3N—2 (ﬁ/)3
(11) 1=@)" -0=0) Y107

= (B) 2+ (@P+ )P+ () + € Kow

From (11) and (6), we have thatl ¢ KX N K g1, SOK N K1 # 0.
Multiplying by 3’ in (11) we get:

(12) —(B) =)= (B =@+ (@) +(B) + () O+ €K
From (12) and (8), we have that3 e KN K1, SOKN K1 #0.

2. Consider the map’(x) = #'x + (3)~*. Then we can show that

K K 0001 SN K.0100001'n—/> K.
by showing that
S+ Sooor —— S.o100001—— S.
wheren(x) = fx + 374, For example, ifx =--.0001€ S goo; then
n(x) =---0.0011 =---0.0010101 = - - 0.0100001 S p10000%
Since
_ _ B
(13) (B2 = (@) "+ 17
= (B) "+ 3+ (B H+(B) +(B)0+ - € Kooo
and (2), (8), (9), we havé—(5")"2, —3'} C KN K goo1. AS

(1)) = (8)°x +1
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is a contraction map with fixed point(3)~2, {(n)*(-3) | n =0,1,2---} is an
infinite set contained ik N K ggo1. Also we have that

(17a) (KNK1)+1=KnNK o1

(17b) (K N K 100000 *+ (3")~* = K N K o001,

(17c) (K N K 01000008 = K N K 100001

(17d) (K N K 00009(8") 2 = K N K 0100001
(17e) (KN Koo1) — (8")72 = KN (Koo001U K 1)
(171 (KN Ko1)+1—(8)?=KnN K ow00001

which show thatN K 1, XN K 100001 KN K 0100003 KN K gogos, LN K go1, and N K o1
are also infinite sets. So we showed that the intersectiok efith each of 7 tiles is
an infinite set.

Since
(18a) K 01N K 100001= (KX N K 002) + (3') 2
(18b) K 1000011 K001 = (K N K 01) + (8) 3
(18c) K 001N K 0100001= (K N K 100000 + (8) 72+ (8') 7
(18d) K 01000021 K 0001 = (K N K g01) + (3")~*
(18e) KooorNK1=(KNKo)+(3)™*
(18f) K1 N K o0001= (Koo N K1) + (31
(189) K 00001N K 01 = (KX N K 002) + (3')°

KNKi1, KN Ki100001 Ko1N Koo, Koo1N Ko10000z K.0100001M K 0001 K.0001 M K 1,
K 1N K o001, @and K o001 K 01 are also infinite sets. Using the encircling method we
can show that

(19a) K 01N (K 001U K 0100001U K 0001U K 1) =)

(19b) K 1000011 (K 0100001 K.0001U K.1 U K 00001 = )

(19¢) K 001N (K 0001U K.1 U K go001U K 01) =0

(19d) K 01000011 (K .1 U K 00001U K 01 N K 10000) =

(19¢) K 0001 (K 00001U K .01 U K 100001 K .001) = 0

(19f) K1 N (K.01U K 100001U K .001U K 0100000 = ()

(199) K 000011 (K 100001U K001 U K 0100001 K.00012) = () U

A common point of at least two tiles is called an element of loeindaryof the
tiling. A common point of at least three tiles is called an element of whdex of
the tiling. We defined(K ,_,._,..x_,) to be the set of all boundary points of a tile
Ky v pox_yandV Ky ,x ,..x_,) to be the set of all vertices ik, ,x ,..x_,-
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X7
7ﬁ|2_5|-3

Fig. 3. Subset o N (K 01 U K 00001U K .1 U K 0001 U K 0100001V K 001U K 100003-

Theorem 4. V(IC) = {_1’ _(ﬁl)z_(ﬁl)_ss _ﬁl’ _(ﬁl)_z’ _1_(ﬁl)_5’ (ﬁ/)_lv _ﬁl_
n—4
B~}
Proof. If we prove that the intersection of each 3 adjacent tiles in Proposition 3

is only one point, then there are exactly 7 verticeskin From what we proved in
Proposition 3, we have:

—1 € KN Ko1N K oooo1
-3 € KNK1NKgoo1
—(8)7" € KN K.o01N K 100001
—(8)7% € KN K.0001M K 010000

From (6), (7) and (11) we have that

—1-(B)°=(3) "+ (@) 2+ B (B (@)
(14) =1+ @)+ (B) +(B)0+(B) B3+
= ()2 (B P+ EP
so it holds

—1—(8)"° = K 01000011 K N K 001.
Multiplying by " and (3')? in (14) we get:

—B" —(3)"* = K 1000010 Ko. N K 01
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—(8)2 - (8) 72 = K.00001N Koo N K 1.

The only thing left to be proved is that the intersection of 2 adjacent tiles iitis
only one point. So let us show, for example, that K goo1 N K 0100001 IS ONly one
point. Since we know that-(8')"2 € K N K ooo1 N K 0100001 it iS €nough to show that
K N K 001N K 0100001= {7(ﬁ/)72}. We have that

K N K po01M K 0100001= (K N K g001) N (K N K 0100009

For the contraction{)3(x) = (3')3(x) + 1 we showed that

! ’ !
n n n
K +—— K ooo1 — K 0100001— K.

We have that{')3(X N K 0001) = K1. N K001 and (Koo M K 0001) N K 0100001= 0. Also,
(1')3(K N K 0100000 = K N Koo.01000018Nd (€ N K10,010000) N K.0001 = . S0 we have that

(7)3(K N K 0001 M K 0100000 = K N K 0001N K 0100001

Since )% is a contraction map with fixed point(3’)~2, we have that

K N K 001N K 0100001= {—(3") 2} U

Theorem 5. The boundary ofC is a union of7 self-affine sets(SeeFig. 3) The
Hausdorff dimension of the boundary 1s47131: - -.

According to this theorem we say that is an edge between(8')2—(5)~2 and
—3', which is denoted byt 4(3)? — (8) 3, —'), and so on.

Proof. In the proof of Proposition 3, we already showed that
d(K) =K N (K1U K go001U K01 U K 100001U K 001U K 0100001U K 0001)-
Let us denote by

X1 =KNK;

X2 = KN K ooo1
X3 = KN K 0100001
X4 = KN Koo1

Xs = KN K 100001
Xe =KNKg

X7 = KN K ooo01
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From (17) of Proposition 3 we get

(21a) X;+1=X,
(21b) X5+ (3) =X
(21c) B' X3 = Xs
(21d) (8)2X7 = X3
(21e) Xa—(B)2=X7UX,
(21f) Xe+(1—(8)) = Xs

so all the edges are self-similar. First consider By using the encircling method we
have that

X2 = (Koo, N K10.000) U (K1 N K10.0009-
For the transformationn()3(x) = (3)%x + 1 we have that
(n")%(X2) = K1. N K10.0002
Since
Koo N K10.0001= (8)2X5 = (8)2(X2 — (8") %) = (83"} X2 — (8)) 2,
then
X2 = ()2 X2 — (6) 2 U (((3')°X2 + 1),

We use here the criterion of Exercise 3.3 in [3] to show that the Hausdorff dimension
s of X, coincides with the upper and lower box counting dimension and Hausdorff
measureH*(X,) is positive. It is also proved in Corollary 3.3 of [3], th&t*(X2) <

oo. Noting that

(8" X2 = (BN ((B)X2+ 1) ={-(8)° - (8) %}
we get
H(X2) = H (B X2 — (3) ) + H((B)° X2+ 1) = |62 H (X2) + |6 PH (X2)
and
1= |52+ |5
So, the Hausdorff dimension of, is

A
log |5

=1.47131--

S =
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where )\ is the real root of the equation® + x> — 1 =0. O
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