
ON ABSOLUTELY SEGREGATED ALGEBRAS

MASATOSHΪ IKEDA

Cohomology groups of (associative) algebras have been introduced (for
higher dimensions) and studied by G. Hochschild in his papers [2], Q]] and [41
1% 2-, and 3-dimensional cohomology groups are in closest connection with some
classical properties of algebras. In particular, an algebra is absolutely segregated15

if and only if its 2-dimensional cohomology groups are all trivial. It is thus of
use and importance to determine the structure of algebras with universally
vanishing 2-cohomology groups, i.e. absolutely segregated algebras they form
a class which is wider than the class of all algebras with universally vanishing
1-cohomology groups, i.e. separable algebras in the sense of the Dickson-Wed-
derburn theorem.

In the present note we offer a structural characterization of absolutely
segregated algebras. As the preliminary we consider some simple lemmas on
Mo-modules of an algebra (Definition 1) which have been studied by W. Gaschϋίz2

in the case of finite groups and by II. Nagao, T. Nakayama,3) and the writer1

in the case of algebras (§1). Combining these lemmas with a criterion for an
algebra to have trivial ^-dimensional cohomology groups, obtained by G. Hochs-
child in terms of Hochschild modules (Definition 3\ we can refine Hochschild's
criterion and show that the w-dimensional cohomology groups of an algebra
are all trivial if and only if the same holds for Aκf Where K is an extension
of the ground field of A (§2). Next, after showing that A is absolutely segre-
gated if and only if the basic algebra of A is so (§3), we show a direct de-
composition of the Hochschild module of the basic algebra of A into two-sided
modules (§4). Then, by the direct analysis of Hochschild modules, we have
our structural characterization of absolutely segregated algebras (§5).

The writer wishes to express his gratitude to Professor T. Nakayama for
his valuable suggestions.

§ 1. Λfo-modales of an algebra

Let A be, throughout this paper, an associative algebra with a finite rank

Received April 17, 1953.
*> An algebra A is called absolutely segregated if any algebra B containing a two-sided ideal

C such that B/CT^A contains a subalgebra A' with IJ==C-tAf.
-> Gaschiitz [1].
:)] Nagao and Nakayama [6].
<> Ikeda [5].
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over a field F. Moreover we assume, without mentioning each time, that A
has unit element 1. Let

n fiκ) v fiκ)

K -. l i = l K = I Ϊ = 1

be direct decompositions of A into indecomposable left or right ideals res-
n fίK)

pectively. Here eKj are primitive idempotents such that ΣΣ^κ, ί = l and Aeκ,i

^ Aeλιj (eκ,iA^e)jA) if and only if K = λ. For the sake of brevity, we write
eκ,ι — e,c for each K. We use, moreover, matric units cκ,ij with cκ,ijcχ,h,k
= dκ,j,δjthcκ,itk9 cκ,i,i = eκ,i for K, λ = 1, . . . , n\ /, / = 1. . •/(*) and ft, ft = 1, . . . ,

/(/I).

DEFINITION 1. Let 50? be an A-module (one-sided or two-sided). 3)1 is called
an Mo-modzde if, for any A-moduίe 31 containing an Λ-submodule Ψιf such that
Ή/ίί'^Jΐ, there exists an A-subrnodule 31" of 5ϊ such that Ώ is the direct sum
sJf = 91' 4- 9ι".

Then we can easily verify

LEMMA 1. Let W be an A-left module. If 3R = 9#i -f !Όi2 ί's ^ direct decomposi-
tion of Έl into A-left modules 9)ΐi and 3Df2, then 3R is an Mo-module if and only
if Tli and %R2 are Mo-modules.

Recently H, Nagao and T. Nakayama5) proved

LEMMA 2. If 1 acts as the identity operator on an A-left module 3)1, then
3Ά is an Mo-module if and only if 3)1 is a restricted direct sum of A-submodules
isomorphic to indecomposable left ideals Aeκ of A.

By Lemma 2 we have

LEMMA 3. If 3R is an A-left module with finite rank over F on which 1
acts as the identity operator, then 3)1 is an Mo-module of A if and only if 3RK is
an Mo-module of Aκ* ivhere K is an extension of F.

Proof The "only if" part is trivial, We prove the "if" part. Assume
that s))lκ is an Mo-module of Aκ Then, by Lemma 2, 3)1K is a direct sum of
finite number of Λκ-submodules isomorphic to indecomposable left ideals of Aκ,

r

say 5}ίχ~Σiπ/, m, = AκeKi. Now, since eKί is a primitive idempotent of AK, we
i - i

can assume that AκβKt appears as a direct component of (Aeχ)κ for suitable eA.
Since {Aeχ)κ is a restricted direct sum of Λ-modules isomorphic to Aeχ, it is
an Mo-module of A. Therefore, by Lemma 1, its direct component Aj$H is also
an Mo-module of A. Then, being the direct sum of submodules isomorphic to
:>) Cf. Nagao and Nakayama [6].
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AκeKi. 9ft# is an Mo-module of A. Since fflκ is a direct sum of 9ft and a suitable
A-submodule 9ft', 9ft is an Mo-moduJe of A.

As for A-two-sided modules/5 we can consider them as A x A'-left modules
where Af is an algebra anti-isomorphic to A, and the above lemmas hold also
for them.

§ 2, Hochschild modules and absolutely segregated algebras

Now we turn to lemmas from the cohomology theory.7)

DEFINITION 2. Let 9ft, 9Ϊ be A-two-sided modules. Then we call an A-two-
sided module 2 an extension module of 91 by W if 8D9Ϊ and 8/91:== 9ft. If a
direct decomposition 8 = 91 + 931' holds with an A -right submodule 2ft', which is
necessarily (.A-right) isomorphic to 9ft, then we say that 8 is a right inessential
extension. If a direct decomposition 8 = 91 -f Wr holds with an A-two-sided sub-
module 9ft", which is necessarily isomorphic to 2ft, then we say the extension
splits.

LEMMA 4. (Hochschild) Let 9ft, 91 he A-two-sided modides. Then every right

inessential extension of 9Ϊ by 9H splits if and only if H{1) (A i?(9ft, 9?)) =0,

where R(Wl, 9ΐ) is an A-two-sided module consisting of right operator homo-

morphisms of 9ft into 9Ϊ and the operation of an element a of A on Λ(9W, 9?)

is defined by (a*λKm) = σλ(m)9 (λ*a)(m) = λ(atn) (wie9Jt, Λei?(2ft, 90).

DEFINITION 3. Let Pm- A® . . . ® A be the ra-fold direct product of the
underlying vector space of A. We make Pm into an A-two-sided module as
follows: Let A£#o, Pm^ai S). ®am. Then we define

and

We call P w thus defined the m-dirnensional Hochschild module of A.
In distinction from ordinary direct products, we use the notation ® for

the Hochschild module Pm, while we use the notation x for ordinary direct
products of two-sided modules, that is, A{m) = AiX . . . x Am is an A-two-sided
module under the operation ao(aιX . . . xam) -aoaιX . . . xam and
x tfm)tfo

LEMMA 5. (Hochschild) The m-dimensional cohomology groups of A are
all trivial if and only if every right inessential extension of any A-two-sided
6> "A-two-sided module" means "A-double module" (A-Doppelmodul). Namely a module ffl

is an A-two-sided module if 2ft is an A-right as well as A-\eft module and satisfies (am) b
=a(mb). (a, be-A, we5W).

7 ) Lemmas 4, 5 and 10 are in Hochschild [4].
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module by Pm splits.
Since Pm is an Mo-module as an A-right module, every extension of any

A-two-sided module by Pm is right inessential. Therefore

LEMMA 6. The m-dimensional cohomology groups of A are all trivial if and
only if the m-dimensional Hochschild module Pm of A is an A-two-sided Mo-
module.

LEMMA 7. Let SM be an A-hvo-sided module. If 9ft is an M^-module as an
A-right rnodide and if 1 9ft = 0, then 9ft is an A-two-sided Ma-module.

Proof. Since every extension of any two-sided module 9ϊ by 9ft is right
inessential, it is sufficient to show that H{1)(A i?(9ft, 9ί)) = 0. From the de-
finition, we have (λ*a)(m) = λ(am) = 0 for every ΛEΞi?(9J?, 9?) and mEϊW.
Therefore R(M, 9ϊ)*A = 0. Let p be a 1-cocycle from A into R(W, 9?). Then
dpi a, b) = a*pib) - piab) -f p(a)*b = 0. Since i?(9ft, 9ΐ)*A = 0, we have a*p{b)
— piab). This shows that p is an operator homomorphism of A into i?(9ft, 91).

Since A has unit element 1, pia) =a*ρ(l) =a*p{l) — pil)*a= iδρ{l^)ia). Thus
any 1-cocycle is a coboundary.

Since Pm - l*Pm-f Pm where Pm is the two-sided submodule of Pmconsisting
of elements annihilated by 1 on the left-hand side, we have, by Lemmas 6 and 7,

LEMMA 8. The m-dimensional cohomology groups of A are all trivial if and
only if \^Pm is an A-ttvosided Mv module, that is, l*Pm is isomorphic to a direct
sum of indecomposable left ideals of Ax A'.

On the other hand we have, from Lemmas 3 and 6,

LEMMA 9. Let K be an extension of F. Then the m-dimensional cohomology
groups of A are all trivial if and only if the m-dimensional cohomology groups
of AK are all trivial.

DEFINITION 4. Λn algebra A is called absolutely segregated if any algebra
B containing a two-sided ideal C such that B/C^A contains a subalgebra A'
with B = C + Af.

Then

LEMMA 10. {Hochschild) An algebra A is absolutely segregated if and only

if the 2-dimensional cohomology groups of A are all trivial

By Lemmas 9 and 10, we have

PROPOSITION 1. An algebra A is absolutely segregated if and only if Aκ is
absolutely segregated, where K is an extension of F. If A is an algebra over
an algebraic closed field, then A is absolutely segregated if and only if 1*P2 is
isomorphic to a direct sum of A-two-sided modules isomorphic to the modules
of the form Aeκ x e>Λ.
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Now we give the next proposition which gives the relation between l*P?u

and Aιmι.

PROPOSITION 2.8) By the correspondence aiX . . . xam-*al*(ci2S> . . - &am\
A{m) is mapped homomorpJrically onto P Pm-ι and the kernel of this homomorphism
is isomorpliic to l*Pm

Proof. The above mapping is obviously "onto." Since («0«i)*(<73® . . .
. . . g:-a?n) -a^(a28) . . &am)) and aι: :(a>'S: . . . &amfttn+i) = tfr:ί((tf2 8> . . .

. . . &am)*cim+i) — (aι*{a2& . . . ®β«)) : «//zfi, this is an A-homomorphism.

Since l*(aι&> . . . ®am) = a\ χ> . . . %am~ 1 S (tf rK #2 & Θ #?/*)), the rest of

the proposition is clear.

Remark. Since aa*(aι® . . . %ahι) = β.jΛi Sx - S «m — ao&iai^ia^S) . . .
®fl/»)), we see that the left multiplication of an element of A to an element
of l*Pm coincides with the ordinary multiplication.

§ 3. The basic algebra of an absolutely segregated algebra

DEFINITION 5. The subalgebra Ao = EAE of A is called the basic algebra
n

of A, where 2 ? = Σ ^ .

LEMMA 11. (Hochschzld)9) An algebra A is absolutely segregated if and
only if any algebra B containing a two-sided idval C such thai B/C^Λ and
C2 = 0, contains a subalgebra A' such tliat B ~ C -f Λ'.

PROPOSITION 3. An algebra A is absolutely segregated if and only if iίs

basic algebra Ao is absolutely segregated.

Proof. First we prove the "if" part. Assume that Ao is absolutely segre-
gated. Let B be an algebra containing a two-sided ideal C such that B/C^. A.
Then, by Lemma 11, we can assume C2 = 0 and consequently we can construct
matric units {cκ,ij) such that each CRJJ belongs to the class cKt1 j mod C. Then

, i , i)=J3o contains (XιCκ,i,ι)C(ijζc,i,i) = Co and BQ/CO^AO.
Kr-1 K = l K = l K- I

Therefore Bo contains a subalgebra Aί such that JR> = Co-fA'. Since Aύ~Άo,

Ao contains idempotents c* corresponding to eK~cK%i,i and, since Σ ^ K , t,i is the
κ = l

n n

unit e lement of 5o- we have Σ S = Σ ζ ί , i , i . T h e n ?<t,/,ί ( ί # l ) and ?'- forms
K rr. 1 K -_ 1

mutually orthogonal primitive idempotents and therefore there exists matric
units {cljj} such that cf

κ,ij belongs to the class cκ,ij mod. C and ?<,/,/ = δc,/,/ for
a^rl and ?ί,i,i = ̂ ί. Now we consider A'= Σ S,/,iAici,i,y- It is clear that

K, λ, /, 3
s> Cf. Nakayama [7], Lemmas 4,1 and 4,2.
») Hochschild [2].
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A! is a subalgebra and B = CU A'. From C0Π Aό = 0, it is clear that CΠAf = 0.
Thus A is absolutely segregated.

Next we prove the "only if" part. Assume that A is absolutely segregated
and Bo is an algebra containing a two-sided ideal Co such that Bo/Co- Ao. Let
{eκ} be a system of idempotents in Bo constructed in such a way that eκ cor-
responds to eκ of AQ. NOW let {?κ,ί,y} U = 1, . . . , n\ i, j = 1, . . . , f(κ)) be a
system of symbols, Bo = Σ£c#c£λ + Σ-Bo1'?* 4- Σ£c£ί>2) -h #o3), where B^, B^ and

K, λ K K

Bίv consist of elements annihilated by left, right or two-sided multiplications of
n

Σδc, respectively. It is clear that Bo

1]

9 BΌ2) and B(

0

3) are contained in Co. Let

B be the direct sum of modules cκ,i,ieκBoeλcλtlj, B[l)eκcKitj, cKtitleκBo2) and BQ

3):
B= Σ cκ, i, ieκBoeλcλ, u 4- ΣBol)eκcκ, lf , -f Σ ?κ,», i eκBf] + J50

3;. Now we set cκ,i jcλt h, k
K, λ, i j κ,i K, i

= ,̂λ ,̂A?ιe.ί,*, ^,1,1 = ̂ , ScuSo" = 0, BPCK.U^O and ?κt,\i5i?) = B[Z)cκJj = 0.
Then it is clear that J5 becomes an algebra. Let C- ^cKjtieKCoe\cx,hj

K. Λ , * , i

+ SSo1)2ie&fi,i + S5«.i.i?cBo2) + Bo8>, then C is a two-sided ideal of 5 and it is
K, i K, t

not hard to verify that B/C-A. Therefore B contains a subalgebra A! such
n n n n

that B = C + A' and consequently (Σδc)-B<Σ?ιe) = Σ?«Bo£λ contains (Σ&) A'(Σ&)
κ = l κ = l K, λ κ = l <c = l

= -Aί and Σ&Bo?λ - M + (ΣSt)C(Σge). Since J50 = Σ ^ B 0 ^ λ U C 0 and
K, λ κ = l κ = l it, λ

= 0, we have Bo = ̂ 45 -f Co. This shows that -Ao is absolutely segregated.

§ 4. A direct decomposition of \*P<> into two-sided submodules

In this section we assume that A is an algebra with rank m over an alge-
braically closed field Ω and coincides with its basic algebra, i.e. satisfies the

condition (B): if A = Σ-A£« = Σ ĉ-A are direct decompositions into indecom-

posable left and right ideals of A, respectively, then Aeκ%Aβ\ (eκA&eκA) for

LEMMA 12. (1*P2 : Ω) = m2 - m.

Proof. By Proposition 2, A(2)/271 = 1*Λ = A and 9JΪ^1*P2. Therefore

LEMMA 13. Let {ui(κ9 λ)}, κ*λ, be an i2-basis of eκAβ\, and let {ui(κ, K)}

be an Ω-basis of eκNeκ. Then, if we put Vi(κ, λ) = eκ®Ui(κ, λ) -Ui(κ, λ)®e\,
A*Vi(κ, λ) and Vi(κ, λ)*A are contained in 1*P2, A*Vi(ιc. λ) is A-left-isomorphic
to Aeκ and Vi(κ, λ)*A is A-right-isomorphic to eλA. Moreover the sums U<A*ι>/U,

<» λ, i

λ) and \)vi(κ, λ)*A are direct.
K, λ, t

Proof. Since a*Vi(κ,λ) = aeκ®Ui(κ,λ) —a®Ui(κ,λ) — aui{κ,λ) ®eλ -f a® ut(K,
λ) = azΛg)Ui(κ, λ) - auihe, λ) <g)eχ, l*Vi(κ,λ) =Vi(κ,λ)el*Pt. Therefore A*ιnU,
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/.) and ViU,λ)*A are contained in 1*P2. If Σ β ( ^ λ, i)*ViU, λ) = 0 for some
K, X, i

a(κ, λ, i ) eA, then (Σfl(κ, /, i)*Vi{κ, λ) = )0 = Σ ( β U , Λ, i)eκ&Ui(κ, λ)-a(κ, λ,
K, X, i K, λ , /

?')«/( Λ\ Λ)®έ?λ)=ΣflU, λ i)eκ®Ui(κ, λ) - Σ ( Σ Λ U , Λ, ί )«,-(*, /0)®£x. Since

«/(*:, Λ) and £κ form an i2-basis of A, we have a(/c, λ, i)eK-0 and consequently

a(κ, λ, i)*Vi(tc, λ)=0. This shows that the sum \JA*vt(κ, λ) is direct. At
K, λ , i

the same t ime, this shows t h a t A*Vi(ιc, λ) •= AeK*v;Atz} λ) = Aeκ. By the same

way we have t h a t the s u m L M U , λ)*A is direct and Vi(κ, λ)*A = eχA.
K, λ, i

For the sake of brevity, we put (Aeκ : Ω) = sκ? (^KΛ : Ω) = r« and (^A^ λ .0)

L E M M A 14. l * P 2 = Σ A έ k ® £ λ A + ΣA*0,-(A:, /) = ^Aeκ®e^A + Σ ^ (^ ? A)*A
« # λ K, A, / K-VA K, λ, i

Proof. By direct computation, we see AeK&e\ACA*P2 if κ^h Since P2

= ΣA^κ®^λA and since *ΣAeκ&eκA contains ΣA^/(κ, A) and Σ^'(κ? A)*Λ,
K, λ K c, λ, i K, λ , i

the sum (Σ^®M)U(ΣA*t//(A:,il)) and (^Aeκ®eλA)\J(Έvi(κ9 λ)*A) are
κ=¥λ K, λ, / K ^ Λ /£, A, i

direct. We show that these direct sums coincide with 1*P 2 . To prove this, we

compute the ranks of *ΣAeκ®e)A + H>±Aυi{κ, λ) and *ΣiAeκS)eλAΛ-ΈiVi{κ, λ)*A.
By L e m m a 13 and the definition of witc, λ)9 ((ΣlAeκ^eλA + ^A^Vi{κ, λ)) : Ω)

K, λ, i

Σ ( )

, f Έ Σ Σ κ , λ ) Σ
K-rλ K, λ κ=rλ K λ Kφλ

- Σs,c = w2 - m = (1*P2 ^ ) . In the same way, we have ((ΣA*v®
λ

LEMMA 15. ΣA*#/(*;, A)=Σ^i(ic, ̂ )*Λ = 9Ji is α tivo-sidcd module.

Proof. Since ΣA*^U,λ)CT iA*Vi(κ, A)*ΛC(Σ-A^®^A)ni*P 2 , we have
K, λ , i /£, A , 4 fC

, Σ ® ^ λ A and consequently Σ / , ) Σ
κ - A, i K=ίFλ JC, λ, i K, λ , i

; .). By the same way, we have Σ A * ί / , U, A)*A = Σ ^ / ί ^ >l)*A
<, λ, i K, λ, ί

By these two lemmas and the fact that lL>Aeκ®eχA = *ΣiAeκxe>A, A is

absolutely segregated if and only if 3R is isomorphic to a direct sum of A-two-

sided modules A

LEMMA 16 'eκα*Vi(λ, v) = {e^αu^λ, v) — eκαu,(λ, v) %e^) - (e&®eκαe\ - eκαeχ
*ui(λ, v).

§ 5 Structure of absolutely segregated algebras

Consider an absolutely segregated algebra A over an algebraically closed
field Ω satisfying (B). As was mentioned above, 5Ji in Lemma 15 is a direct sum
of submoduϊes isomorphic to AeκxeλA, say ^Sl = ̂ tKt\{AeK^e\A) as we want

K, λ

to write.
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Now we assume that the indices 1, . . . , n are so arranged as Si *= . . . t=sn.

Then,

LEMMA 17. S\ = 1 -f Σ X \ s κ and rκ = 1 + Σfc,χrA . tκ,χ = O if tc^λ.
n λ

Proo/. Since 931 = ΣA*ί/, (ιr, Ό ^ S ^ U , λ)*A~Ύ]tκ,χ(AeκxeχA), we have,
K, λ , i K, Λ, t K, λ

comparing indecomposable summands isomorphic to ex A, *Σ(cκ,\ —δκ,x) = Sx — 1
K

= Σίfc,λ5κ. Since Sx^s* for Λί=κ, fK,x = O if λ^κ. By the same way, we have
K

x

COROLLARY, SI = 1, that is, Aβi = J2eι.

By this corollary, W - Σ A ^ / ( 1 , A) + Σ A*Vi(κ, λ) = Σ ^ / ( l , A) + Σ A*«;,-(A:,
λ, * κ # l ; λ, i λ , i /cφl λ, i

). We denote Σ A*ViU, λ) by Wi. On the other hand, W = ^Σtκ,χ{AeκxeλA)
κ^l λ, i /c, λ

and consequently 9JZ = Σ ^ I ( ^ J ^) . where, for each pair (K, A), 9Jl,-(/c, λ) are ίκ,λ
K, λ, i

two-sided submodules of %Jl isomorphic to AeκxeχA. Let nn(κ, λ) be the element

of D3?/Uf A) corresponding to ^><^x by the above isomorphism, then 9J?;U, λ) is

generated by nude, λ).

LEMMA 18. ϋRi = Σ^ft ίU, A); in particular, Wι is a two-sided module.

Proo/. Since 9K = Σ - ^ i ( l ? λ) + Ώίi, if Λ # 1 , W(Λ:, λ)*a = eΛ*mi(κ, λ)*a is

contained in eM = eMι(C.Ίίlι) for any β E A . Therefore nn(κ9 λ)*ΛCΏίi if

Λ : # 1 and consequently 9Jli i? Σ A-w/(/r, λ)*A = Σ %(«:, A). On the other hand

CΣQvid, λ) : ί β ) = Σ ( c , . λ - 3 i f λ ) = r i - l = Σ ί J r , c = ( Σ a K l (l, JC): ^) = (3R: i2)
λ, i X K. κ,i

- ( Σ 3K;U A) : i2). Therefore 5Jt\ = Σ 9Λί(«, A).
i c φ l . λ , i /c^pl λ, i

By Lemma 18, W3fti = Σfifκ(Aέ?iXέ?κA) = Σ ί i , κ ( ^ i x βκA). Since 5DI

= Σβ#/(1, A) + ^Ci. we can, for each K, take ίi,κ elements, say Xh(l, it) = Σω;(/c,

h)vi(l, κ)(ωi(κ, h)&Ω), as the representatives of the tίtK classes corresponding

to titKeιXeκS. Then, since Aeι = Ωeί9 9Jί = Σ^A(l, ic)*A + 5Wli. We donote
K , Λ

Σ ω / U , h)ui(l, fc) by ^/,(1,/c). Then ^ Λ ( 1 , Λ:) G^IA^K and ΛΓΛ(1, /C) =

LEMMA 19. CιN=Ύlwh{l, K)A and tohil, κ)A^eκA if tUκ
K, h

Proof. Assume that Σ ^ A ( 1 , κ)eκaκ,h — 0 for some β K ) / , G ^ v , where v is an
K, h

arbitrarily fixed. Since ίi,i = 0? Σ ^ Λ ( 1 ? tc)eKaK,k= Σ ^ A ( 1 , Λ:)̂ K«K,Λ = 0. Then
/c, Λ K^FI A

ΣΛΓΛ(1, tc)*eκaκ,h = ̂ i® ( Σ WΛ(1, κ)eκaκ,h) — Σ « Ά ( 1 , IC) <8)eκaκ,h = — Σ a>λ(l,
K ^ r l . A K = F 1 . A K Φ I Λ κ ^ l A

κ)&eκa,c,h. We can write eκaκ,h = eκaκ,hev = 'Σiβ(κ, h, j)uj(κ, v)+ δκ,vβ(h)e,,,
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where β( . . . )GJ2. Hence - Σ *I>A(1, /C) ®eκaκ,h = — Σί(κ,ft,./)(2iVι(l, *) & Z*ΛΛ%

W l , ^))g^v. Now let a(κ,j)eκ = -*Σiβ(κ,h, j)ιvh(l, tc). Then

= ~ Σ / 3 ( / c , ft, / ) ( w Λ ( l , κ)(guj(κ, p)) + ( Σ / 5 ( / c , ft, βtviλl, ιc)uj(h, v))&e*,.

Since Σ ^VΛ(1 ? κ)eκaκ,h = Σ /3(Λ:, /i? j)wh(l, K)UJ(K, v) + Σ 0 ( / Ϊ ) U » Λ ( 1 , /') = 0,

Σ /3(/c, ^5 j)ιv/ι(l, κ)uj(κ, v) = -*Σβ(h)Wh(l,ι>). Therefore Σ # Λ ( 1 , κ)*eκaκjt

= Σ β ( « , j)*Vj(κ9 p)E:Tli and consequently £κ<2,. A = 0.

Thus the sum U z ^ ( t «)A is direct. If ί i ,*^ 0, then U'Λ(1, /r) ̂ -0 and. as was
ic, Λ

shown above, WA(1, κ)A = eκA. On the other hand eiNE'Σtϋhd, tc^A and (<?iiV: i2)
κ,h

= r i - l = Σίi,κr κ =(ΣwA(l, Λ)Λ : i2). Therefore eiiV=Σκ>/ι(l, /r)Λ.
K K, h ic, ,Ί

LEMMA 20. 2Hi= Σ A ^ (κ5 λ) = Σ«i(κ, A)*A+ Σa( l .κ)^(κ,D*A.
κ Φ l : λ , * K φ l λ . i κ Φ l ; λ , Λ, i

Proof. B y L e m m a 1 9 , w e c a n t a k e ivh ( ! . /c) a n d ^ Λ ( 1 , κ)ut(κ, λ) (ic^l)

as an J?-basis of ^iV. By Lemma 16, Wh(l, κ)*ViU, λ) = (e\®Wh(l, fc)uiiκ, λ)

— iVhil, κ)uι(κ, λ)&e\) -Xh(l, κ)*ui(κ, λ). Consequently, using the above Ω-

basis, we have Σ w ( l , λ)*A= Σ ^ ( l , tc)*A-}~ 'ΣwiM, κ)*v,(κ* λ)*A. Since

3K= ΣΛΓA(1, A:)*AH-ΪJliand ( Σ ΪC;A(1, Λ) *Vi(κ, λ)*A)\J ( Σ /̂(/c, ;)*A) ^9J?i, we

have 3 J ϊ i = ( Σ w/,(l, /c)*^(/r, « * A ) U ( Σ » i ( « , A)*Λ). It is easy to see that

LEMMA 21. The following conditions (i), (ii) and (in) hold for every *.

( i ) 3J?κ= ΊlA*Vi(μ, A ) = Σ Ώ W / i , A).
μ>/e λ, i μ>κ λ, ί

(ii) There exist fc,λ elements U>H(K, A) in eΛAeλ such that eJtN='ΣιvjΛκ, λ)A,
λ, h

Neκ= Σ AWA(A, A:) βwtf */ fλ.K^O, AWA(A, K) is A-fe/ί -isonzorpliic to Aei, and
λ ί̂ /c ft

*/ ^,λ^0, ^Λ(Λ:, Λ)A is A-right-isomorphic to e\A.

(iii) % = Σ W ( A A)*A+ Σ WA(A v)*Vi(v, λ)*A+ . . . + Σ (iVhS/M,
^ > / c ; λ , i μ^/c; v>κ; λ, ft, i μ 1 < μ 3 < . . . - V r ^ κ : V>κ

λ,hu . . . , Λf , i

β^W}l2(μ2, Ma). . .Wfir(μr, P))*VAI>, λ)*A + . . . - f Σ b J U ) . . .WΛκ{κ,p))*Viiv9

v- ^κ :λ, ftj, . . . , ; i (<,i

A)* A.

Proo/. We assume t h a t ( i ) , (H) and (Hi) are satisfied for indices ΛT^/>.

(p is a fixed integer.) We w a n t to prove t h a t ( i ) , (ii) and Uii) hold for κ^p
i

+ 1. From (ii), we can see, for κ£p, sκ =1 +luU,K + Σ tμuμjμι.κ -f . . .
μ<;κ μj^μo^c

+ Σ ί μ i , μ Λ 2 , μ s - ί μ Γ , K + - + ' ^ 1 , 2 ^ 2 , 3 . . . ί κ - l , κ . F r O Π l ( ί ) a n d ( Ϊ U ) , A*l>i{p

VhJ/il βl) . .



72 MASATOSHI IKEDA

. . .Whriβr, ί + l ) ) * t f , ( ί + l , λ)+ . + Έ Ω(u>hM> 2 ) . . .Whv(p, p + l))*Vi(p
h], . . . , hp

4-1, /0.

T h e r a n k of t h e r i g h t h a n d s i d e is e q u a l t o 1 + *Σtμ,p+i 4- . . . 4- Σ ίμ2,μi
μrSp μi<μ2 <Mr==2'

ί μ r,/>n+ . . . 4- ίi, 2/2,3 - tp,p+i. Since sκ = 1 4- Σ fμ, * 4- . . . + fi, 2^2,3. . . ίκ-i,κfor

K —p. 1 4* ̂ LJ tμ,p±l + . . ^Ljίμi,U2 t[i.r,pA-\ 4" H~ίl,2^2,3- ί/>, jί>+l = 1 4" i j £y ,/> +1 Sμ.
μS2' μi<μ2 <μr=2; μ=i

= sί, + i=(A*t;/(/> + l, A) : £ ) . This shows that A*z;/(£ + l, A) = ΩviipΛ-1, Λ)

μ ^ z> Λ μi<...<μ? = ρ;Λi, . . - , Λr

+ 1, ; 0 + . . . + Σ β ( ^ A i ( l , 2 ) . . .Whv(p,P + l))*Vi.{p + l,λ). Since
hi, . . . , hp

Σ Wh(μ £ + l)-f . . . 4- ΣΣ
ί 4 - l ) ) 4 - . . - 4- Σ Ω(whM, 2 ) . . .WhJp,P+D). Then it is easy to see that

hi, . . . ,hr

- 4- Σ
hi

Nep+i = Σ AίVh(κ,P + D and Awh(κ, ί 4-1) = AeκWh(fc,p + l)~-Aeκ. This proves
κ<2; + i Λ

the second part of (ii) for /e =
As was shown above, Σ A * v , ( ί + l , λ) =*ΣΩvi(p + l,λ) + . . . 4- Σ

,ιι;Ap(A ί 4 - l ) ) * e ; ( ί 4 - l , A). Since l ^ Σ A ^ ί ί + l , λ ) 4 - ^ + i , we have
i

t P
λ,i,hU . . . ,hp

Then, by the same way used in Lemma 17, we have 30VM ϋ Σ %(«:, A). On
κ^>p + l ; λ, /

the other hand, ( Σ A * v / ( ί 4-1, A) : Ω) = s/>+ι(Σ (^+i f λ - 5/,+J,λ)) = sp+ι(rp+i - 1)
Λ, i λ

= sp+ΛΣtP+u) n) = ( Σ 9 J ϊ i ( ί 4 - l , A) : J2) = ( ^ : Ω) - ( Σ ^ ( Λ : , A)). Therefore
λ λ, i κ>p + l; λ, i

5 D V M = Σ ^ / ( / c , A). This proves (i) for κ^pΛ-1.
κ^pi-1 λ, i

Now Wp/Wlp+i^Yitp+x^iAep+ίXeλA). Since ^ = Σ^Kjf>4-l, A) 4- . . .

4-Σ- < 2(H>A 1 (1,2) . . .w;Λp(ί,ί4-l))*ί;/(ί4-l, λ)+ΊHP+U we can take ^ M , K elements,
λ z Λ Λpsay ΛΓΛ(ί4 l, /c)=Σω/(/c, h)vi(p-\-l, tc)(ωi(tc, h)^Ω) as the representatives of

the classes corresponding to ^+i, κ ep+iXeκ's. Then Tip = ΣA*AΓΛ(^4- 1, /c)*A

4- 5JΪ/,+i. As before, we denote Σω/(/c, h)ui(p-\-1, /c) by u^(i> 4-1, Ar)(G^+tA^K).

If Σ ^ / ι ( £ 4 - l , A)^A«X,A = O for some ^ A G A then, since />+i,χ = 0 for λ *=p + l,
λ,h

l. λ)eιd\,h— Σ ^ ' ή ( i ) 4 - 1 , λ)e\d\,h — 0 and consequently, by the same
λ i hλ, h

way used in Lemma 19, we have Σ xiλpΛ 1, Λ)*eλ«λ,A Ξ=0 ( 9 ^ + I ) which implies
λ>?>-hl h

eχαχ,h = 0. This shows that ep+iNB'Σiυhip + l, λ)A and ^7,(^4-1, λ)A^eλA if
λ, /I

//>+i,x=^0. Comparing the ranks of βp+iN and Σ ^ Λ ^ + 1, A)A, we have ep\-ιN
λ, Λ

= ΣMJA(./>4-1, A)A. This proves the first part of (ii) for κ—pΛ-1.
λ, Λ

Now we consider (iii). From the facts that ep+iN= Σ^/^i>4-1, «)A and
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that tp+i,κ = O for *: = 1, . . . , ί + l, we can take Wh(p + 1, ιc) and ivh(β + l, κ)ui(κ,
λ) U # l , . . . , i>-f 1) as an i?-basis of ^+JiV. Using this 42-basis, we have
ep+t&tVh(P + l9 κ)ui(κ, λ)-Wh(p + l9 rc)ui(κ, λ)®eλ = tch(p + l, κ)*Vi(κ9 λ)-hxώp
-hi, κ)*Ui(κ9 λ). Consequently *ΣχVi(p + l9 « ) * Λ = Σ # A < ί + l 9 κ)*A-h Σ WA(.P

+ 1, tc)*Vi(rc, λ)*A and Σ ί t t M / n , /^) . . . u>hr(/tr, p + l))*Viip + l,' κ)*A
i

κ>p\-l-Λ κ>p + ί

p+l)wh(p + 1, *))*»,-(*, A)* A Then, by the facts that 9B/> =
K, A

βl) .

+ D)

λ)*A

λ)*A

that (

κ,ί

• m^

*vΛp+l,

+ . . 4

κ>p+l λ

4- . . . 4-

κ>p+l λ, t

κ>p+l;.+ Σd
+ 1 X,i,hu . .

!r, p+l))*Vi(p +

κ)*Al-}- ΐΣvi(κ,
κ>p+l;X,i

X, i, Aj, . . . ^ Λ p '

, ί, A

l , * :

κ>p + l

Σ ( x f Λ i ( l , 2 ) . . . Zt'A,
,i,hu . . , Λ p

Σ (t^Λid, 2 ) . . . HMjΛ
, ftj, . . . , Λp̂ .ι

j #j: V /Γ, / / * J* 4" 4"
λ, i <c>p+l;μi<

w Ajd, 2 ) . . . t ^ + 1

(p,

Spi

Σ

+ . . . + Σ
/c, i.Aj, . .

. . . 4" Σ(^Ai(/J
μi< . . . -cμr^ϊ^ λ, /
Λi, . . . , hr

κ))*Viiκ, λ)*Al

κ))*Vi(κ, λ)*A

+ I)whp+I(p + 1,

:μr~p + l; λ, i

1. κ))*Vi(κ, λ)*A.

μi< . . . -cμr^ P ! K, i

(iVhSh 2 ) . . . M ^ A ^ ί A p
. ,hp

19 /i 2 ) - - IV hr ( βr, K ) ) * V i ( K,

] and that Ίflp+ί E ΐΣvi(κ,

1 + C Σ ivtSp 4-1, κ)*Vi( K
κ > p + i ; λ , *,A

/c))*i;/(/£:, λ)*A~], we have

.ΐVhr(μr, κ))*Vi(κ, λ)*A

This proves (iii) for K

= p -f 1. Therefore we have Lemma 21 by induction.

PROPOSITION 4. I>ί A be an absolutely segregated algebra over an algebraically
dosed field satisfying (B), then there exists a system of non-negative integers
{tκ, k) such that eκN=*Σtκ,χeχA and Ne* = *Σh,κAeχ for each K. Moreover eκAeΛ

x λ

= Ωeκ for each K.

Proof. As was shown above, we have that, for each K, Neκ =
λ

Since h,κ = 0 for λ>K and Atϋh(λ, κ)~Aeχ if tχ,κ^Q, we have N
λ

Then it can easily be seen that Neκ has only Aeχ(λ<κ) as its composition residue-
modules. This shows that eκAeκ - Ωeκ * In the same way, we have eκNΣ

x
Now we consider a general algebra over an algebraically closed field, and

prove

PROPOSITION 5. Let A be an algebra over an algebraically closed field. Then
A is absolutely segregated if and only if there exists a system of non-negative
integers {tκ>χ} such that Neκ = *Σtχ,κAeχ, that is, N is an A-left M^module.

X

Proof. By Proposition 2 and the fact that there exists such a system {tκ,λ}
for A if and only if the same holds for the basic algebra AQ of A9 it is sufficient
to prove our assertion for an algebra satisfying (B).
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As the "only if" part has been settled above, we prove the "if" part. As

before we assume that Sy <= . . . ^ sn. Then, by the above relation, we have

that sκ - 1 = Σ*λ,*sλ and tλtK = 0 if λ ̂  K. Therefore Neκ^^]tλ,κAeλ. Now let
λ λ<κ

iVh(λ, K) be h%κ elements corresponding to ex by the above isomorphism. Then it is
not hard to see that eκ, wιH(tc\, K2)9Wh1(κι9 tc2)wh2(κ2, /c3), . . . , w^ih 2)wh2i2,3). . .
iVhu-Sn — l, n) (ΛΓI = 1, . . . ,n; ta> ta-i) form an i2-basis of A. By this J2-basis
we can decompose Wl (of Lemma 15) into indecomposable left modules. Here,
by L e m m a 16, ^ ^ M A ^ I , tc2)ιvh2itc2, κ3) . . .Whr(κr, κr+ι) - u)hL(κu tc2). . .Whr(κr,
ICr+l)®eKrH=(lVhL(κi, K2) - Whr-^Kl-r, Kr))*(eKr!8)Whr(/Cr9 Kr + l) ~ Whr(κr9 Kr+l)
'<8)eKrH) -f (eKι®Whx(κι, K2) . IVhrSiCr-l, Kr) - WhL(fCu K2) c . . WhrSlCr-U Kr)
®eKr)*Whr(κr, Λrr+j). Therefore, by induction, we have e^^Wh^fci, κ2). . .
ιvhr(κr, κr+i) —Whx(κu κ2). . .w/ιr(fcr, κr+ι) ̂ 8>eKr^ is contained in U i ^ ^ ^ ^ l ί , A)

<c, λ , Λ

-z^(/c, λ)(g)eλ)*A. This shows that 5DΪ = \JA*(eκ®u>h(κ9 λ)-whU, λ)g>eλ)*A.
K, λ , A

On the other hand, (A*(eκ(8)iϋh(κ, λ)-Wh(ιc, λ)($)e\)*A : Ω) £sκn and conse-
quently *Σ>{A*(eκ®whU, λ)-White, λ)®eλ)*A : Ω) ̂ ^tK,xsKrx = Σ n ( Σ / κ , λ s κ )

K, λ, h K, λ λ K

= Σlnίsλ - 1) = Σ^c^λ ~ (Σ-A^®^λ-A : J2) - WΪ = (3R : i?). Therefore the sum
λ K, λ K φ λ

UA*(^8w/,(r λ)-White, λ)'&e\)*A is direct and A*(^K®^Λ(Λ:, A) —White, λ)
K, λ, Λ

Thus A is absolutely segregated.
THEOREM. Let A be an algebra with unit element over a field F. Then

A is absolutely segregated if and only if
(i) A/N is separable,
(ii) the A-hft-module N is directly decomposed into submodules isomorphia

to some left-ideal direct components Aeκ of A, i.e. there exists a system of non-
negative integers {tKt-,} such that

Proof. We prove the "if" part. Assume that A satisfies (i) and (ii).
Then from (ii), Nϊs an A-left Mo-module, therefore NΩ(Ω is an algebraic closer
of F), the radical of AQ, is also an Λo-lef t Mo-module. Therefore AΩ is absolutely
segregated and consequently A is absolutely segregated.

Next we prove the "only if" part. Assume that A is absolutely segregated
and A/N is inseparable. Then (A/N)a contains a nilpotent element belonging
to the centre of (A/N)Q. Let c be a representative of that class. Then c
belongs to the radical A77 of AQ and there exists a primitive idempotent of A,
say e, such that ceφNa. Since the residue class of c mod No. is in the centre
of (A/N)Ω, ece^O. Therefore eA&e~DeN'e*Q. This contradicts eAQe - Ωe.
Thus A/N is separable, and NQ is an Aβ-left Mc-module. Hence N is an Λ-left
M)-module. This completes the proof.
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COROLLARY. Let A be an algebra without unit element, then A is absolutely
segregated if and only if A* = (1, A), the algebra obtained by adjunction of 1
to A, has the properties stated in our Theorem.

Added note. T. Nakayama and H. Nagao have given simpler proofs of our
theorem. These will appear in this journal.
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